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Foreword 

The Symposium on Reliability of Engineering Systems is organized by Taiwan 

Tech and Tongji University.  Following the symposium (SRES’ 2015) held by Tongji 

University on Oct. 15-17, 2015 in Hangzhou, the symposium (SRES2015-Taiwan) is 

held by Taiwan Tech on Oct. 21-24, 2015 in Taipei. 

As many countries in Asia are continuing their development of major infrastructure 

systems while the threats of natural disasters and the uncertainties induced by climate 

changes become more severe, there is increasing recognition of the importance of the 

safety and reliability of these systems in order to ensure their life-cycle performance and 

sustainability.  Thus, the main objective of this Symposium is to provide a platform to 

integrate the research in the field of reliability engineering and risk management in 

Taiwan as well as the neighboring countries, and to encourage wider implementations of 

reliability-based concepts and principles in the planning, design, construction, and 

operation of engineering systems throughout the region.  Moreover, it is also expected 

that in the near future, applications of the reliability-based concepts and techniques are 

not only utilized in a regional planning but also in the national or even international 

spatial planning to open up a new horizon for our countries to reduce the threats from 

natural hazards and climate changes. 

This Symposium attracted 40 technical papers, 5 keynote papers and 2 invited 

speech papers from many parts of the world, including countries in Asia, Europe, and 

America. The total number of participants from the government, the academia and the 

industry are expected to be more than 200.  

Finally, I would like to express my sincere gratitude to all the keynote speakers, 

invited speakers, the authors, the session organizers, the sponsors, and the participants 

for their contributions;  to the members of the Steering Committee, the  International 

Scientific Committee, and the Local Organizing Committee for their devoted time and 

efforts that makes SRES2015-Taiwan a successful event.  

 

Prof. Shi-Shuenn Chen 

Symposium Chair 
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General Information 

Date: 21-24 October, 2015 

Venue: International Building Room 101, Taiwan Tech (No.43, Sec. 4, Keelung 
Rd., Da’an Dist., Taipei, Taiwan) 

Language: English 

Registration: 
 16:00-17:30, 21 Oct.(Venue: Howard Civil Service International House) 
 08:30-09:00, 22 Oct. (Venue: International Building 101,Taiwan Tech) 
 08:30-09:30, 23 Oct. (Venue: International Building 101,Taiwan Tech) 

Official Symposium Website: http://www.sres2015-taiwan.ntust.edu.tw/ 

Social Events 

Welcome reception 
Time: 17:30-19:30, Wednesday, 21 Oct., 2015 
Venue: Howard Civil Service International House (No.30, Sec. 3, Xinsheng S. 

Rd., Da’an Dist., Taipei, Taiwan) 
Website: http://intl-house.howard-hotels.com  

Banquet 
Time: 18:00-20:00, Friday, 23 Oct., 2015 
Venue: La mar'ee (2F., No.16, Siyuan St., Zhongzheng Dist., Taipei, Taiwan) 
Website: http://www.lamaree.com.tw/html/homepage.htm  

Visit Program 
Time: 09:00-16:00, Saturday, 24 Oct., 2015 
Tour Spots: Yehliu Geopark、Juming Museum、Jinguashi、Hongmao Castle 

Fee: NT$1,200 (Lunch excluded) 

Internet Service 

Internet service will be provided in all the meeting rooms during the symposium. 
Internet ports are available on the tables in the rooms. Wireless internet service is 
also available. Please contact the registration desk for accounts and passwords. 

How to access Wireless internet: 
Turn on wifi on your device and connect “NTUST–UAM’’ 
The portal window pops up automatically or open your browser. 
Input the user ID and password that you get at the Registration Desk. 
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Program Overview 

21 Oct 22 Oct 23 Oct 24 Oct 

Wednesday Thursday Friday Saturday 

 

08:30-09:00 Registration 08:30-09:30  

Registration  9:00 Opening Ceremony 

09:30-10:10  
Invited Speech  
Mr. Ding-Fu Su 

09:30-10:50  
Keynote Speech 

Prof. Bruce R. Ellingwood 
Prof. Dan M. Frangopol 

09:00-16:00 

Visit Program 

Coffee Break Coffee Break 

10:30-11:50 
Keynote Speech  

Prof. Alfredo H-S. Ang  
Prof. Jie Li 

11:10-11:50 
Keynote Speech 

 Prof. Bilal M. Ayyub 

Lunch Break Lunch Break 

13:00-13:40  
Invited Speech 

Dr. Wan-chi Huang 
13:00-15:00 

(IB201) 
FA1:Risk Assessment and 
Maintenance Optimization 13:50-15:50 

(IB201) 
TA1: 

ISSMGE 
TC304 

Organized 
Session 

13:50-15:50
(IB202) 

TA2: 
Mechanical 
Behavior of 

RC and Steel 
Structural 
Members 

Coffee Break 

15:20-17:20 
(IB202) 

FE1: Integrated Structural 
Identification and 

Reliability Evaluation 

Coffee Break 

16:00-17:30 
Registration 

(Howard Civil Service 
International House) 

16:10-17:30 

(IB202) 
TE1: Safety Assessment of 

RC Structures 

 

17:20 Closing Ceremony 

18:00-20:00 
Banquet 

(La mar'ee) 

17:30-19:30 
Welcome Reception 

(Howard Civil Service 
International House) 
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Daily Program 
Day1: Wednesday, 21 Oct. 

Time Content 

16:00-17:30 Registration 

17:30-19:30 Welcome Reception(Venue: Howard Civil Service International House) 

Day2: Thursday, 22 Oct. 

Time Content 

09:00-09:30 Opening Ceremony 

09:30-10:10 

Invited Speech: Quality management, Risk Management & Engineering 
insurance during the construction of the Taipei Rapid Transit Systems  

Chair: Prof. Shi-Shuenn Chen, Symposium Chair 
Mr. Ding-Fu Su, Deputy Commissioner, Department of Rapid Transit 
Systems, Taipei City Government, Taiwan 

10:10-10:30 Coffee Break 

10:30-11:50 

Keynote Speech: An Intuitive Basis of the Probability Density Evolution 
Method (PDEM) for Stochastic Dynamics 

Chair: Prof. Shi-Shuenn Chen, Symposium Chair 
Prof. Alfredo H-S. Ang, NAE Member, Emeritus Professor, University 
of California, Irvine, USA
Keynote Speech: A Quantitative Approach to Stochastic Dynamic Stability 
of Structures 

Chair: Prof. Shi-Shuenn Chen, Symposium Chair 
Professor Jie Li, Distinguished Professor, Tongji University, China 

11:50-13:00 Lunch Break 

13:00-13:40 

Invited Speech: Carbon management for road infrastructure – carbon 
footprint inventory of the Suhua Highway Improvement Project 

Chair: Professor Jie Li, Tongji University, China 
Dr. Wan-Chi Huang, Environmental Engineer, Sinotech Engineering 
Consultants, Ltd., Taiwan 

13:50-15:50 

TA-1: ISSMGE TC304 Organized 
Session 

Chair: 
Prof. Kok-Kwang Phoon, Singapore 
Prof. Jian-Ye Ching, Taiwan 

TA-2: Mechanical Behavior of RC 
and Steel Structural Members 

Chair:  
Prof. Chien-Kuo Chiu, Taiwan 
Mr. Kai-Ning Chi, Taiwan 

15:50-16:10 Coffee Break 

16:10-17:30 
TE-1: Safety Assessment of RC Structures 

Chair: Prof. Kuo-Wei Liao and Dr. Fu-Pei Hsiao, Taiwan 
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Day3: Friday, 23 Oct. 

Time Content 

09:30-10:50 

Keynote Speech: Life-cycle performance goals for civil infrastructure: 
managing risk in an era of climate change 

Chair: Prof. Alfredo H-S. Ang, University of California, Irvine, USA 
Prof. Bruce R. Ellingwood, NAE Member, Colorado State University, 
USA 
Keynote Speech: Life-Cycle Performance, Reliability, Risk, and 
Sustainability of Bridges and Bridge Networks  

Chair: Prof. Alfredo H-S. Ang, University of California, Irvine, USA 
Professor DAN M. FRANGOPOL, Fazlur R. Khan Endowed Chair 
Professor, Lehigh University, USA

10:50-11:10 Coffee Break 

11:10-11:50 
Keynote Speech: Practical Resilience Metrics for Critical Infrastructure 

Chair: Prof. Alfredo H-S. Ang, University of California, Irvine, USA 
Prof. Bilal M. Ayyub, University of Maryland, USA 

11:50-13:00 Lunch Break 

13:00-15:00 
FA-1: Risk Assessment and Maintenance Optimization 

Chair: Prof. I-Tung Yang and Prof. Min-Yuan Cheng, Taiwan 

15:00-15:20 Coffee Break 

15:20-17:20 
FE-1: Integrated Structural identification and Reliability Evaluation 

Chair: Prof. Ying Lei, China 

17:20-17:30 Closing Ceremony 

18:00-20:00 Banquet(Venue: La mar'ee) 

Day4: Saturday, 24 Oct 

Time Content 

09:00-16:00 Visit Program 
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Oral Presentation Schedule 

Time: 13:50-15:50, Thursday, 22 Oct. 

TA1: ISSMGE TC304 Organized Session                         Venue:IB201
Chairman:  
Prof. Kok-Kwang Phoon, Dept. of Civil and Environmental Engineering, National 

University of Singapore, Singapore  
Prof. Jian-Ye Ching, Dept of Civil Engineering, National Taiwan University, 

Taiwan 

TA1-1 

First Two Moments of Effective Young’s Modulus for a Three-dimensional Spatially 
Variable Soil Mass 
- Prof. JIANYE CHING, Dept of Civil Engineering, National Taiwan University, 
Taiwan 

TA1-2 Identification of Representative Slip Surfaces for Reliability Analysis of Soil Slopes 
- Prof. JIANZENG MA, Dept of Geotechnical Engineering, Tongji University, China 

TA1-3 
Risk Evaluation of Earth-fills Due to Severe Earthquakes and Heavy Rains 
- Prof. SHIN-ICHI NISHIMURA, Graduate School of Environmental Science and 
Life Science , Okayama University, Japan 

TA1-4 
Effect of Load Test Database Size on the Characterization of Model Uncertainty 
- Prof. KOK-KWANG PHOON ,Dept of Civil and Environmental Engineering, 
National University of Singapore, Singapore 

TA1-5 
Efficient Reliability-based Design of Shallow Foundation Using Subset Simulation 
- Prof. DIANQING LI, State Key Laboratory of Water Resources and Hydropower 
Engineering Science, Wuhan University, China. 

TA1-6 

The Variability of Levee Stability for Various Flood Return Periods – a Case Study in 
Southern Taiwan 
- Prof. WEN-CHAO HUANG, Dept of Civil Engineering, National Central 
University, Taiwan 

TA2: Mechanical Behavior of RC and Steel Structural Members     Venue:IB202
Chairman:  
Prof. Chien-Kuo Chiu, Dept of Civil and Construction Engineering, Taiwan Tech, 

Taiwan  
Mr. Kai-Ning Chi, Dept of Civil and Construction Engineering, Taiwan Tech, 

Taiwan  

TA2-1 

Fragility Analysis of Code-Designed Steel Plate Shear Walls using Maximum 
Likelihood Fitting 
- Prof. WENSHEN PONG, School of Engineering, San Francisco State University, 
USA 

TA2-2 

Modified Axial-Shear-Flexure Interaction Approach for Load-Displacement 
Prediction of Uncorroded and Corroded Reinforced Concrete Beams 
-Prof. YU-CHEN OU, Dept of Civil and Construction Engineering, Taiwan Tech, 
Taiwan 
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TA2-3 
A Study on Comparison of the Salt Spray Test Specification ISO-9227 and CNS-8886
-Prof. CHU-TSEN LIAO, Dept of Creative Design and Architecture, National 
University of Kaohsiung, Taiwan 

TA2-4 

Experimental Investigation on Mechanical Properties of Mortar with Fly ash for 
Patch Repair 
-Mrs. YU-CHUAN KAO, Dept of Civil and Construction Engineering, Taiwan Tech, 
Taiwan 

TA2-5 
Study on Bond Performance and Splitting Index of Threaded Bars in Reinforced 
Concrete 
-Mr. KAI-NING CHI, Dept of Civil and Construction Engineering, Taiwan Tech, Taiwan 

TA2-6 
The Role of Risk Aversion in Building Rehabilitation Decisions 
Prof. HEUI-YUNG CHANG, Dept of Civil and Environmental Engineering, National 
University of Kaohsiung, Taiwan 

Time: 16:10-17:30, Thursday, 22 Oct 

TE1: Safety Assessment of RC Structures                        Venue:IB202
Chairman:  
Prof. Kuo-Wei Liao, Dept of Civil and Construction Engineering, Taiwan Tech, 

Taiwan 
Dr. Fu-Pei Hsiao, National Center for Research on Earthquake Engineering, Taiwan 

TE1-1 
Sensitivity Study on Marine RC Structures Using the Third-Moment Method 
- Ms. JIAO WANG, YAN-GANG ZHAO, Dept of Architecture, Kanagawa 
University, Japan 

TE1-2 

Influence of Reinforcement Corrosion on Cyclic Behavior of Reinforced Concrete 
Beams  
- Prof. YU-CHEN OU, Dept of Civil and Construction Engineering, Taiwan Tech, 
Taiwan 

TE1-3 
Bridge Safety Evaluation via a Probabilistic Approach 
- Prof. KUO-WEI LIAO, Dept of Civil and Construction Engineering, Taiwan Tech, 
Taiwan 

TE1-4 
Seismic Assessment for Factory Building with Fragility Analysis 
- Dr. FU-PEI HSIAO, National Center for Research on Earthquake Engineering, 
Taiwan 
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Time: 13:00-15:00, Friday, 23 Oct 

FA1: Risk Assessment and Maintenance Optimization              Venue:IB201
Chairman:  
Prof. Prof. I-Tung Yang, Dept of Civil and Construction Engineering, Taiwan 

Tech, Taiwan 
Prof. Prof. Min-Yuan Cheng, Dept of Civil and Construction Engineering, Taiwan 

Tech, Taiwan  

FA1-1 
Parallel Computing in Multiobjective Life-cycle Maintenance Optimization 
- Prof. I-TUNG YANG, Dept of Civil and Construction Engineering, Taiwan Tech, 
Taiwan 

FA1-2 

Exploring Critical Infrastructure System Interdependency and Importance using 
Fuzzy-based DANP Method 
- Mr. CITRA SATRIA ONGKOWIJOYO, Architecture, Building and Planning, 
University of Melbourne, Australia 

FA1-3 
Corrosion Hazard Map on Reinforcement of Reinforced Concrete Bridges in Taiwan 
- Prof. YU-CHI SUNG, Dept. of Civil Engineering, National Taipei University of 
Technology, National Earthquake Engineering Research Center 

FA1-4 
Multi-objective Optimization under Uncertainty for Urban Flood Risk Management 
-Prof. SAI Hung CHEUNG, , School of Civil and Environmental Engineering, 
Nanyang Technological University, Singapore 

FA1-5 

Analysing Uncertain Rainfall in Flood Mitigation using MCDA  
- Ms. VELAUTHAM DAKSIYA, Nanyang Environmental & Water Research 
Institute, Interdisciplinary Graduate School, Nanyang Technological University, 
Singapore 

FA1-6 
A Response Spectrum Method for Surface Strata Site-Amplification 
-Mr. HAIZHONG ZHANG, Graduate School of Engineering, Kanagawa University, 
Japan 

Time: 15:20-17:20, Friday, 23-Oct. 

FE1: Investigation of Current-dependent and Load Rate-dependent Behaviors of 
Magnetorheological Dampers                                 Venue:IB202 
Chairman:  
Prof. Ying LEI, Dept of Civil Engineering, Xiamen University, Xiamen, China 

FE1-1 
Application of Wireless Module for Mobile Bridge Health Monitoring System 
-Prof. MING-JING WANG, Dept of Civil Engineering, National Chiao Tung 
University, Hsinchu, Taiwan 

FE1-2 
A Random Field Model for the Analysis of Reinforced Concrete Shear Wall 
-Mr. JINGRAN HE, School of Civil Engineering & State Key Laboratory of Disaster 
Reduction in Civil Engineering, Tongji University, China 

FE1-3 
PDEM-based Reliability Analysis of Nonlinear Structures with Uncertain Parameters 
-Mr. JUNYI YANG, School of Civil Engineering & State Key Laboratory of Disaster 
Reduction in Civil Engineering, Tongji University, China 
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FE1-4 

Wind Speed Evaluation based on Observed History Data and Wind Caused Structure 
Respond Analysis 
-Prof. LI LIN, School of Civil & Architecture Engineering, Xiamen University of 
Technology, China 

FE1-5 
Reliability Evaluation of Tunnels under Strong-motion Earthquakes 
-Prof. QINGXIA YUE, Shandong Jianzhu University, China 

FE1-6 

Investigation of Current-dependent and Load Rate-dependent Behaviors of 
Magnetorheological Dampers 
-Prof. YONGBO PENG, Shanghai Institute of Disaster Prevention and Relief & State 
Key Laboratory of Disaster Reduction in Civil Engineering, Tongji University, China

FE1-7 
Integrated structural identification and reliability evaluation of structures with 
uncertainties- Prof. Ying LEI, Dept of Civil Engineering, Xiamen University, 
Xiamen, China 

FE1-8 
Numerical Analysis for First-passage Failure of Quasi Non-integerable Hamiltonian 
Systems 
- Prof. Zhonghua Liu, Dept of Civil Engineering, Xiamen University, Xiamen, China 
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Keynote & Invited Speeches 



 



Invited Speaker : 9:30-10:10, 22-Oct.  
 
Quality management, Risk Management & Engineering insurance 
during the construction of the Taipei Rapid Transit Systems 
 
Deputy Commissioner Ding-Fu Su 
 
Department of Rapid Transit Systems, Taipei City Government, 
Taiwan 

 

Personal Data: 

Birth Date: Aug, 10, 1950 

Birth Place: Pingtung, Taiwan  

Nationality: Republic of China 

Education: 

Sept. 1969～ Jul.1973 Bachelor of Science degree in civil and 
transportation engineering from National Taiwan 
University 

Sept. 1977～ Mar. 1979 Master of Science degree in civil and 
transportation engineering from National Taiwan 
University 

Employment Records: 

- Civil engineer of Taiwan Power Company and consulting civil engineer of 
Taiwan Power Mission to Kingdom of Saudi Arabia  

- Section Chief, Deputy Director, and Director of Quality Assurance Center, 
as well as Director of the North District Project Office of Department of 
Rapid Transit Systems 

- Committee member, Chinese National Laboratory Accreditation (CNLA) 
& Taiwan Accreditation Foundation(TAF) 

- Board member, Complaint Review Board for Mediation of Public 
Construction Commission, Executive Yuan 

- Committee member, Procurement Dispute Settlement Committee of New 
Taipei City 

- Committee member, Public Construction Committee for Examination of 
Taipei City Government 

- Associate Professor of Tamkang University 

- Deputy Commissioner, Department of Rapid Transit Systems (at present) 
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Quality Management, Risk Management, and Engineering 

Insurance during the Construction of the  

Taipei Rapid Transit Systems  

Ding-Fu Su, Hua-Yu Chiu, Meng-Jen Yang 

Taipei City Department of Rapid Transit Systems (DORTS), Taipei, Taiwan 

dfsu@dorts.gov.tw, chy@trts.dorts.gov.tw, april@trts.dorts.gov.tw 

 
At the 26th meeting of ISO/TC 176 on February 2009 in Tokyo, updates 

were completed to the ISO 9000 series and ideas for the next version of ISO 
9001 were outlined. In the following November, the third version of ISO 9004, 
“Managing for the sustained success of an organization − A quality 
management approach,” was released. This addressed 15 clauses related to 
risk and reminded enterprises and organizations to refer to the ISO 31000 
“Risk Management” when dealing with the risk events. While the 
process-oriented ISO 9001 leads organizations to sustained management, they 
should further develop and implement a risk management system..  

RISK MANAGEMENT AND QUALITY MANAGEMENT 

When the new ISO 31000 and ISO 9004 were released in 2009, the 
connection between these two international standards had been studied (as 
shown in Table 1) by the Department of Rapid Transit Systems (DORTS), 
which employed ISO 31000 into its ISO 9001 certified quality management 
system (QMS, DORTS QMS as shown in Figure 1). Figure 2 illustrated the 
association between ISO 31000 and ISO 9001 in DORTS QMS. 

Table 1 Risk Management in ISO 9004:2009  

No. ISO 9004:2009 Clauses Content 

1 
4.2 Sustained success 

 
⎯ identify associated short and long-term risks and 

deploy an overall strategy for the organization to 
mitigate them, 

2 

4.3 The organization's 
environment 
 

An organization's environment will be undergoing 
change continually, regardless of its size (large or 
small), its activities and products, or its type (for profit 
or not-for-profit); consequently this should be 
monitored constantly by the organization. Such 
monitoring should enable the organization to identify, 
assess and manage the risks related to interested 

15



No. ISO 9004:2009 Clauses Content 
parties, and their changing needs and expectations. 
NOTE: For more information on risk management, see 
ISO 31000. 

3 
5.3 Strategy and policy 
deployment 

5.3.1 General 

⎯ evaluate strategic risks and define adequate counter 
measures, 

 

4 

6  Resource management 
6.1 General 
   

To ensure the availability of the resources for future 
activities, the organization should identify and assess 
the risks of potential scarcity, and continually monitor 
current use of resources to find opportunities for 
improvement of their use. 

5 

6.4 Suppliers and partners 
6.4.2 Selection, 

evaluation and 
improvement of 
the capabilities of 
suppliers and 
partners 

⎯the risks associated in the relationships with the 
suppliers and partners. 

 

6 

6.5Infrastructure 
 

The organization should identify and assess the risks 
associated with the infrastructure and take action to 
mitigate the risks, including the establishment of 
adequate contingency plans. 

7 6.7.4 Technology ⎯the evaluation of risks related to changes in 
technology, 

8 

6.8 Natural resources 
 

The organization should consider the risks and 
opportunities related to the availability and use of 
energy and natural resources in the short and long term.
The organization should give appropriate consideration 
to the integration of environmental protection aspects 
into product design and development, as well as to the 
development of its processes to mitigate identified 
risks. 

9 7.2 Process planning and 
control 

⎯potential financial and other risks, 

10 

8.3 Measurement 
8.3.1 General 

 

The methods used for collecting information regarding 
key performance indicators should be practicable and 
appropriate to the organization. Typical examples 
include 

risk assessments and risk controls, 

11 
8.3.2 Key performance 

indicators 
 

Specific information relating to risks and opportunities 
should be considered when selecting the KPIs. 

12 

8.3.3 Internal audit 
 

Internal auditing is an effective tool for identifying 
problems, risks and nonconformities, as well as for 
monitoring progress in closing previously identified 
nonconformities (which should have been addressed 
through root cause analysis and the development and 
implementation of corrective and preventive action 
plans). 
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No. ISO 9004:2009 Clauses Content 

13 

8.4 Analysis 
 

Top management should analyses information gathered 
from monitoring the organization's environment, 
identify risks and opportunities, and establish plans to 
manage them. 

14 

8.5 Review of information 
from monitoring, 
measurement and 
analysis 

Data can be collected from many sources, such as 
-… 
-risk assessment, and 
-… 

15 

9.3.5 Risks 
 

The organization should assess the risks related to 
planned innovation activities, including giving 
consideration to the potential impact on the 
organization of changes, and prepare preventive actions 
to mitigate those risks, including contingency plans, 
where necessary. 

 

Figure 1 DORTS QMS  
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Figure 2 Risk Management of DORTS QMS 

 

PROGRESS OF QUALITY MANAGEMENT AND RISK 
MANAGEMENT OF DORTS 

Establishment of a QMS 

When the construction of Taipei Metro began in 1987, the ANSI/ASME 
NQA-1 standard for nuclear power stations was used to establish quality 
management of DORTS. After the International Organization for 
Standardization (ISO) issued the first edition of its standards for quality 
management in 1987, DORTS transferred to ISO 9001. Table 2 shows the 
progress of the DORTS QMS.  

Tracking of DORTS’ QMS development shows that a key point for 
DORTS to achieve the goal of QMS is to maintain the spirit of quality 
management (Figure 3) – Plan, Do, Check, Action. This has been used for 
DORTS to maintain quality management for decades. With the 
implementation of management by objective (MOB), the quality policy has 
become fully developed and is applied to each unit of DORTS (Figure 4).   
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Table 2 Development and progress of the DORTS QMS 

Stage Duration Standard Developed items 

I 1987~1990 
 ANSI/ASME NQA-l 
Quality Assurance standard of 
nuclear power station 

Quality Assurance Program, Quality 
Policy, Quality Assurance Plan and 
procedures. 

II 1991~1996 
 ISO 9001:1987  
(CNS 12681) 

Adopt the ISO 9000 series to establish 
the DORTS QMS and standards for 
the Detail Design Contractor and 
Constructer. 

III 1997~1999 

 ISO 9001:1987 
(CNS 12681) 
 Operational Directions for 
Performing Quality Management 
of Public Construction Works, 
Executive Yuan, Taiwan, ROC   

Carried out in conjunction with the 
Taiwan ROC joining the WTO, 
opening of the initial network, and 
design of the future network. 
 

IV 2000~2003 

 ISO 9001:2000 
(CNS 12681) 
 Operational Directions for 
Performing Quality Management 
of Public Construction Works, 
Executive Yuan, Taiwan, ROC  

DORTS and five district project 
offices (East, North, South, Central, 
and System-wide E&M) 
simultaneously applied ISO 
9001:2000 certification. (Six ISO 
9001 certification sheets in total) 

V 2004~2008 

 ISO 9001:2000 
(CNS 12681) 
 Operational Directions for 
Performing Quality Management 
of Public Construction Works, 
Executive Yuan, Taiwan, ROC   

Maintenance and Innovation of the 
Total QMS 
Combination of six to one 9001 
certificate 

VI 
 

2009~ 
Up to Now 

 ISO 9001:2008 
(CNS 12681) 
 Operational Directions for 
Performing Quality Management 
of Public Construction Works, 
Executive Yuan, Taiwan, ROC   

The DORTS QMS was updated and 
certified as ISO 9001:2008 in 
conjunction with the issuing of the 
ISO 9001 4th edition.  

 

Implementation of Risk Management 

From the beginning of 2010, DORTS started to implement QMS risk 
management based on the Handbook of Risk Management and Hazard 
Treatment issued by the Executive Yuan Taiwan ROC in 2009. Through the 
end of 2010, it followed the first edition of risk management, “ISO 31000 
Risk management – Principles and guidelines,” released by ISO in November 
2009.   

Risks affecting organizations can have consequences in terms of economic 
performance and professional reputation, as well as environmental, safety and 
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societal outcomes. For this reason, managing risk effectively helps 
organizations to perform well in an environment full of uncertainty. ISO 
31000 provides principles, framework and a process for managing risk. It can 
be used by any organization regardless of its size, activity or sector. ISO 
31000 can help organizations increase the likelihood of achieving objectives, 
improve the identification of opportunities and threats, and effectively 
allocate and use resources for risk treatment. Figures 5 and 6 show the 
outcome of implementation with risk management.  

 

Figure 3 Spirit of quality management in DORTS 

 

 
 

Figure 4 Adoption of management by objective (MOB) 
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Figure 5 Risk Management by DORTS 

 

 
 

Figure 6 Risk Management structure for metro engineering project by DORTS 
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MRT CONSTRUCTION INSURANCE 

Insurance Purchased by Contractors  

A practice used in traditional construction. The client arranges an 
insurance premium sum that is included in the construction contract and asks 
contractors to take out an insurance policy based on the items regulated by the 
client. Contractors provide a receipt and ask for a refund from the client.  

Blanket Insurance Purchased by the Client 

Blanket insurance refers to a policy that integrates the client, main 
contractors, all subcontractors, and related contracts into an insurance policy. 
The client is responsible for payment of the insurance premium and 
management of the overall insurance program. Also known as an 
owner-controlled insurance program (OCIP). 

 Reduces the overall insurance premium and construction costs 

 Streamlines insurance procedures and cuts red tape associated with taking 
out insurance policies for individual contracts 

 With stronger negotiations, the client is able to control the insurance 
policy. This policy provides for expanded insurance coverage. 

 Prevents lawsuits and shirking of responsibility among contractors, 
thereby preserving construction progress 

 Avoids overlapping or missing insurance items 

 As each contractor is co-insured for an individual insurance policy, the 
insurer has no subrogation rights over an individual contractor. 

 When major damages arise, the client is able to use its powerful 
negotiation stance to assist contractors with claims against the insurer.  

Construction insurance taken by contractors or the client has benefits and 
shortcomings. They can be evaluated based on the following three 
considerations: 

I. Construction Scale 
Typically, a blanket insurance policy is adopted for large-scale 

construction. However, it is difficult to manage the sum and the scale of a 
construction project. A practice adopted in the U.S. requires that the client 
take out a blanket insurance policy for a construction project costing over 
US$50 million. 
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II. Number of Contractors 
In order to avoid damages among various interface contractors at the 

same construction site, leading to shirking of responsibilities between 
contractors and insurers, clients typically adopt the blanket insurance model. 
If a contract is conducted by a single contractor, it is better to have the 
contractor personally take out the insurance policy.   

III. Personnel Allocation 
If the client takes out a blanket insurance policy, the client has to be 

equipped with insurance expertise. Otherwise, it is better that the contractor 
take out the insurance policy. 

Blanket Insurance Is Primary 

 DORTS regulates related insurance coverage based on individual MRT 
routes 

 Main contractors and each individual subcontractor of designated MRT 
routes are listed as co-insured 

 Overall arrangement of taking out an insurance policy and paying the 
insurance premium 

 Taipei MRT routes, including the Muzha, Xindian, Tamsui, 
Zhonghe-Yonghe, Nangang, Xinzhuang, Luzhou, Songshan, Xinyi, Neihu, 
and Circular lines, adopt the blanket insurance model 

Contractor Self-Insurance Is Complementary 

 Contractors take out an insurance policy based on the conditions fixed by 
the clients then ask for a refund from the clients. 

 Insurance items cover the period between expiration of a blanket 
insurance policy of the original section and the subsequent contracted 
miscellaneous construction, such as MRT digital radio construction and 
the MRT Nangang eastern extension. 
 DORTS was commissioned to conduct the Sanchong-Taipei section of the 

Taiwan Taoyuan International Airport MRT line by the Bureau of High 
Speed Rail.  
 DORTS was commissioned to conduct other construction by the Taipei 

City government, such as the ticketing system for the International Taipei 
Flora Exposition. 

CONCLUSION 

While quality is a means used to promote operational efficiency, risk is 
an invisible killer. Only effective management can prevent risk to transform 
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hazards into opportunities and turn threats into advantages. Organizations that 
achieve this goal will gain greater momentum and fulfill sustainable 
management.  

Since receiving ISO 9001:2000 certification in 2001, DORTS has put a 
lot of effort into improving and enhancing its QMS, which resulted in it 
achieving ISO 9001:2008 certification in 2009. Potential risk factors, such as 
a lack of domestic MRT construction resources and natural workforce 
downsizing, have led DORTS to evaluate methods of reducing potential 
damages through innovation, learning and organizational restructuring. ISO 
9004:2009, meanwhile, provides new thinking and guidelines, using 
improvement, innovation and learning to promote sustainable management. In 
order to achieve sustainability, innovations are needed to reshape the 
organizational environment. Changes to the management system can turn 
experience into valuable knowledge. This can lead to organizational 
restructuring, putting organizations on the path to sustainable operations.  

While there is never a perfect management system, those who pursue 
QMS can take heart from this quote from Toyota motor company founder 
Kiichiro Toyoda: “Every single error is a real treasure.” A key to success is to 
gain strong support from management and all staff members in fulfilling 
DORTS’ quality policy: “To build a safe, convenient, high-quality, 
world-class rapid transit system.” 
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An Intuitive Basis of the Probability Density Evolution    Method 

(PDEM) for Stochastic Dynamics 

A. H-S. Ang 

University of California, Irvine 
 

ABSTRACT – The recently developed Probability Density Evolution Method 
(PDEM) is described in intuitive terms in order to permit a better understanding 

and wider application of the PDEM in practical engineering problems, particularly 

for assessing the risk and reliability of large and complex engineering systems. In 

implementation, the PDEM is similar, in a limited sense, to the basic Monte Carlo 

simulation (MCS) in that it also requires deterministic response solutions of a 

system. However, in principle and in theory it is very different from the MCS. 

The practical effectiveness of the PDEM is emphasized and illustrated.  

INTRODUCTION 

 The recent development by Profs. Jie Li and Jianbing Chen of Tongji 

University, Shanghai, China represents one of the significant recent advances in 

the field of reliability and risk analyses. The mathematical theory of the 

probability density evolution method or PDEM has been rigorously established by 

the authors. The rigorous theory may require good mathematical background to 

comprehend. However, because of its practical significance in advancing the field 

of reliability engineering, it is important that the method be more widely 

understood and appreciated by practicing engineers.  

In this spirit, the purpose of this paper is to provide an intuitive explanation 

or description of the PDEM, in terms that will enlighten better understanding 

and/or appreciation of the true significance of the method, especially of its 

effectiveness in solving complex problems in engineering, without the full 

exposition of its underlying mathematical and theoretical basis.  
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PRACTICAL SINIFICANCE OF PDEM 

The best way to describe the PDEM is that it is similar in implementation to 

the basic Monte Carlo simulation (MCS), but only in the sense of the required 

deterministic sample response solutions of a system.  

It starts with the deterministic response solution of a system just as with the 

MCS. However, each simulated deterministic response solution is associated with 

a mathematically assigned probability; the determination of the associated 

probability is a non-trivial mathematical problem (Chen & Li, 2008). In contrast 

to the traditional MCS which requires random sampling of all possible 

deterministic response solutions, the number of sample size (or representative 

points) by PDEM is much smaller than that required of the MCS. A sample size of 

the order of 200-400 is sufficient even for systems with very large number of 

degrees-of-freedom (e.g., several million) nonlinear dynamic systems. 

Brief Theoretical Basis --  The comprehensive and theoretical basis of the PDEM 

is well documented by Li and Chen (2006, 2009). Summarized below is a brief 

summary of its fundamental mathematical basis.  According to Li and Chen 

(2006), the probability density evolution equation is  
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where pXΘ (x,θ,t)is the joint PDF of  X and Θ ; and is the velocity of 

the structural response. 

The initial condition of Eq. 1 is 
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θδθ Θ=Θ −= pxxtxp tX                                                  

(2) 

Eq.(1) can be solved with the initial condition of Eq.(2) using finite-

difference method. 

The solution of Eqs. 1 and (2) may be summarized with the following steps: 

1. Generate the “representative or sample points” and their respective 

probabilities in the solution space. That is, obtain the deterministic solution 

of the system response for each representative point and its associated 

probability. 
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2. Determine the joint PDF using finite-difference method.  

3. Apply numerical integration to obtain the numerical values of the PDF.  

4. On the basis of the “complete system failure process”, the reliability of a 

system is defined by the one-dimensional PDF of the extreme-value of the 

ultimate capacity; integration of this PDF yields the system reliability. 

The computational implementation of the PDEM is seemingly similar to the 

MCS – in the sense that it requires the deterministic solution of the system 

response for each representative point (or sample solution) in the solution space. 

However, each of the representative points in the PDEM carries an associated 

probability; determining these associated probabilities for the respective 

representative points is central to the PDEM and is a significant and non-trivial 

mathematical problem (Chen & Li, 2008). Experience shows that the number of 

representative points need not be large to obtain accurate results (of the order of 

200-400 points even for very large and complex systems). In contrast, the 

representative points, or sample size, in MCS are randomly generated to virtually 

cover the entire population of possible deterministic response solutions; in this 

case, the corresponding number of representative points (with the MCS) can be 

extremely large compared to that for the PDEM. 

Reliability of Complex Systems -- Thus far, for a complex engineering system, 

the assessment of its reliability invariably requires Monte Carlo simulation (MCS) 

or its improved versions such as by variance reduction. However, there is a limit 

to the effectiveness of any MCS method, particularly for complex dynamic and 

highly nonlinear systems that involve many degrees-of-freedom (e.g., with several 

million dof) systems. The recent development of the PDEM (probability density 
evolution method) provides an effective alternative computational tool for the 

required reliability assessments that can and should serve to widen the practical 

implementation of the reliability approach particularly for complex engineering 

systems. 

Through the application of the PDEM and based on the complete system 

failure process  proposed by Chen and Li (2007), the reliability, R, of a system is 

defined as the system capacity is greater than the applied load, and can be 

obtained through the integration of a one-dimensional extreme-value PDF of the 

ultimate system capacity Zmax, as follows:  
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 R = Zmax

Ω(x )
 (x)dx                                               (3) 

where Ω(x)  is the safe domain of the system. 

It is significant to emphasize that the above procedure, through Eq. (3), 

completely circumvents the need to identify the possible failure modes of a 

system and their respective mutual correlations which are necessary in any 

traditional methods (e.g., Ang and Ma, 1981) for numerically assessing system 

reliability. This is not surprising as the implementation of the PDEM may be 

interpreted, heuristically, as a “weighted” sampling process similar to the MCS; 

the non-trivial weight for each sample is the probability associated with each 

representative point.   

ON APPLICATION TO RELIABILITY OF COMPLEX SYSTEMS 

The role of the PDEM is especially significant in the assessment of the 

reliability of a highly complex system, such as a very high-rise building, a long 

bridge, a long underground tunnel, and others subjected to strong-motion 

earthquakes or severe wind storms. For such systems, the analysis of its reliability 

would traditionally rely on Monte Carlo simulations (MCS); however, because of 

the large number of degrees-of-freedom needed to model a complex system, and 

also requiring very large sample size (of the order of 106 for very small failure 

probabilities) necessary in any MCS for sufficient accuracy, it could be 

impractical or too expensive to apply the MCS. With the PDEM, and through the 

complete system failure process (Chen and Li, 2007), the reliability of any 

complex system can be assessed with relative ease and good accuracy.  

Moreover, for large or complex systems, the traditional numerical reliability 

approach (e.g., Ang & Ma, 1981) requires the identification of the major potential 

failure modes of a system which can be many, and the calculation of the failure 

probabilities of all the different failure modes many of which are mutually 

correlated. Also, for systems with correlated parameters the problem becomes 

even more complicated (Fan, Yang, Ang, Li, 2015). 

Instead of the traditional approach, the reliability of a system can be defined 

through the complete system failure process defined by Chen and Li (2007). On 

this latter basis, the reliability of a system becomes 
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 R = Prob [Zmax > 0]             (4) 

where Zmax is the maximum ultimate capacity of the system under the load 

effects; Zmax is a function of the system parameters and of the load effects.  

Numerical Examples 

Example 1: (a simple frame) – For simplicity in illustration, consider the first 

example of a one-story one-bay elastic-plastic frame structure as shown in Figure 

1; the moment capacities Mi  (i = 1.2.3) of the three members are mutually 

correlated with correlation coefficient, ρ , and is subject to a single load S that is 

independent of the Mi. The solutions for this example were discussed and 

illustrated in Fan, Yang, Ang and Li (2015).  

 
Figure1: A simple frame of Example 1 

All the Mi are lognormal variables with mean values μMi= 2000KN·m and 

standard deviations σMi=300KN·m, and S is also a lognormal variable with mean 

value μS= 500KN and standard deviation σS=200KN. The section area of all the 

elements are 0.3m×0.3m=0.09m2, and the initial elastic modulus of the material is 

E=2.06×105MPa. 

According to the complete system failure process, the reliability, R, of this 

system is  
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In general, especially for a complex structural system, the Zmax can be 

obtained effectively with the PDEM analysis. However, for this simple system, 

the Zmax  may be illustrated numerically as follows: 
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According to the first four moments, Zmax can be expressed by 

Zmax (Θ) = μZmax
+σ Zmax

(−l1 + k1U + l1U
2 + k2U

3)

             =1236018.48+287340.58U
               -15824.49U 2 + 4694.75U 3  

Because Zmax is an explicit function of U, it is possible to obtain the 

analytical solution for its PDF although it is analytically complex; however, its 

numerical solution can be obtained, as shown in Figure 2 (dotted line).  

The PDF (dotted line) shown in Figure 2 can be approximated with the fitted 

normal PDF as follows, 
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with mean-value  = 1.25x106 and standard deviation = 2.85x105. 

The comparison between the numerical solution for Zmax and the fitted normal 

PDF is shown graphically in Figure 2. 
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Figure 2: Comparison of the computed PDF for Zmax and the  fitted normal PDF 

According to Eq.4,  the safety index of the simple frame is 4.45.  This is, of course, 

the reliability associated only with the variability of information (aleatory uncertainty). 

As there are unavoidable epistemic uncertainties, assume that (based on 

engineering judgment) the mean-value of Zmax can vary with a c.o.v. of 15% 

(representing the overall underlying epistemic uncertainty) and a lognormal PDF 
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Figure 3: Histogram of safety index, β , for Example 1 

with a median of 1.0. Then, performing the convolution integration of this 

lognormal PDF with the fitted normal PDF of Figure 2 yields (by MCS) the 

histogram of the safety index of the structure as shown in Figure 3. Observe that 

the mean β  is 4.45, whereas the 90% β  is 5.29, and the 95% β  is 5.63. 

Example 2: (a tunnel subjected to strong earthquake) --  This example involves 

a long underground tunnel subjected to a strong-motion earthquake -- the 2008 

Wenchuan earthquake in Sichuan, China. The details of the solution for this 

complex problem are presented in Yue and Ang (2015b); the tunnel-soil system is 

modeled with 3-dimensional finite elements (see Figure 4) and includes the 

variability of the natural soil/rock deposit which is modeled as a random field 

(Vanmarke, 1977). 

        
                   9a) soil-tunnel system                     (b) tunnel model 

Figure 4  Three dimensional finite element model 
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Infinite elements on both sides of the tunnel and on bottom longitudinal side 

are added..  

The mean reliabilities of the tunnel, for different R/C tunnel lining 

thicknesses and ultimate strengths, obtained through Eq. 3 are summarized in Yue 

and Ang (2015b).   

Figure 5 shows the PDF of the Zmax  for the tunnel with a lining thickness of 

0.8m and the ultimate strength of 35MPa; this figure shows the PDF of the 

calculated Zmax  and an approximate fitted lognormal PDF as follows: 

( )
2

1 1 ln
exp

22

z μp z
σπσz

 − = ⋅ −     
 

with   μ = −0.1613,  and σ = 0.0990  

On the basis of the fitted lognormal PDF, the mean reliability of the  tunnel is 

0.94, which is close to the reliability of 0.91 obtained on the basis of the 

calculated Zmax. This reliability represents the effects of only the variability 

(aleatory uncertainly) of information of the tunnel lining and the surrounding 

soil/rock properties. 
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Figure 5: Computed PDF of Zmax and fitted lognormal PDF 

It would be of interest to compare the results of the 2D model (see Yue and 

Ang, 2015a) with those obtained here with the corresponding 3D model. For this 
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particular case, (with t = 0.8m, and  ultimate strength of 35MPa) calculations with 

the 2D model would yield a reliability of 0.59 or β = 0.23, whereas with the 3D 

model the reliability is 0.91 or β = 1.35 ; showing that the 2D model would yield 

very conservative results. 

The above safety indices, of course, does not include the effects of the 

epistemic uncertainties. To include the effects of the unavoidable epistemic 

uncertainty, assume (based on subjective judgment) that the median-value of Zmax 

of Figure 5 will have a c.o.v. of 0.20 with a corresponding lognormal distribution 

and a median of 1.0. On this basis, and performing a convolution integration using 

simple Monte  
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Figure 6: Histogram of safety index, β , of Example 2 based on fitted 

lognormal PDF with t = 0.8m, and 35MPa. 

Carlo simulations, the histogram of the possible values of the safety index of 

the tunnel is obtained as shown in Figure 6, from which the mean, the 90% and 

95% values of the respective safety indices are 1.67, 2.13, and 2.33 

(corresponding to reliabilities of 0.9525, 0.9834, and 0.9900). 

IMPLICATIONS TO DESIGN 

The process of design of a specific system may be based on the FORM 

procedure to achieve a target reliability (in terms of the safety index) with the 

90% or 95% confidence as suggested above. 
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CONCLUSIONS 

• Currently, the reliability assessment of complex engineering systems 

invariably must rely on Monte Carlo simulations (MCS), but its application to 

complex systems is limited. 

• The PDEM provides an effective alternative procedure for assessing the 

reliability of complex engineering systems. 

• The PDEM represents a recent major break-through in the field of stochastic 

dynamics, useful in reliability analysis and design of engineering systems, 

especially relevant for highly complex systems.  
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In this lecture, a quantitative approach is proposed for stochastic dynamic 
stability analysis of structures. The classical concept of stochastic dynamic 
stability is firstly revisited and a new criterion of dynamic stability of structures 
is introduced. The generalized density evolution equation for 
probability-dissipated system is derived according to the principle of preservation 
of probability. On the basis, the probability of stability/instability can be obtained 
via solving this equation by introducing the physical mechanism of dynamic 
instability of structures. According to the obtained probability, it is readily 
applicable to quantitatively evaluate the dynamic stability of structures in the 
sense of stability in probability 1 or stability in a given probability. The 
effectiveness of the proposed approach is verified by typical examples for 
dynamic stability analysis. Figure 1 shows a two-bar truss structure for stochastic 
dynamic stability analysis. Numerical investigation indicates that the stability 
boundary hinges upon the probabilistic levels of stability; say Figures 2 and 3. 

 

Fig. 1. The deformed truss.    
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Fig. 2. Stability boundary in the sense of stability in probability 1.    
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Fig. 3. Stability boundary in the sense of stability in probability 41 10fp −= × . 
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Carbon management for road infrastructure – carbon footprint 

inventory of the Suhua Highway Improvement Project 

ABSTRACT: 

Carbon reduction and energy saving strategies are concerned in both global 
and national policy in accordance with the increasing impact of climate change. 
The Directorate General of Highways, MOTC, which is in charge of highway 
engineering in Taiwan, proactively took the responsibility to promote low carbon 
infrastructure. The carbon management cycle for road construction was proposed 
and first practiced on the Suhua Highway Improvement Project. During the 
planning and design stage, hot spot of carbon emission within the project were 
discussed and corresponding carbon reduction alternatives were evaluated. 

In order to testify the information that was found through the carbon 
emission estimation result, real data were planned to be collected and analyzed to 
help further carbon management tasks. The carbon footprint inventory for major 
road construction was followingly practiced in the Suhua Highway Improvement 
Project. According to the daily records and annual inventory pre-verification 
reports, the amount of carbon emission was continually inspected and calculated. 
Various characteristics of carbon emission were identified by the amount 
generated from different types of structure, construction techniques and 
environmental condition. More useful information can be expected through the 
transparent process to accumulate data.  

An overall report is expected to give a full and clear picture about how to 
make effective carbon management for major road infrastructure. All the results 
will be the firm basis for future road construction projects to understand and 
handle their carbon footprint more efficiently and effectively. The carbon 
management methodology and experiences from the Suhua Highway 
Improvement Project may attract other construction administrations to emphasize 
on carbon emission and reduction issue. Low carbon construction will become 
another force to shift our community and country become a low carbon society 
progressively. 
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Safety, and serves on six other editorial boards. He is a member of the National 
Academy of Engineering, and a Distinguished Member of ASCE. 
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ABSTRACT:  Civil infrastructure facilities play a central role in the well-being 
of modern society.  Life-cycle engineering of such facilities requires 
consideration of uncertainties in natural hazard occurrence and intensity, and an 
analysis and assessment the response of buildings, bridges, transportation 
networks and lifelines to these hazards.  The service periods for certain critical 
civil infrastructure facilities may extend well beyond the service lives of 50 to 
100 years traditionally adopted for buildings and bridges.  The potential effects 
of global climate change on such facilities, both in terms of frequency and 
severity of the extreme events from natural hazards, have become a major 
concern to facility owners and to authorities responsible for managing risk in the 
public interest.  This paper examines issues that must be addressed in life-cycle 
reliability assessment of civil infrastructure that must remain functional for 
service periods of several generations. 

1. INTRODUCTION 

Civil infrastructure facilities and systems, including buildings, integrated 
transportation systems, water/wastewater systems, power systems and 
telecommunication facilities, play a central role in the economic, social and 
political health of modern society, and their safety and functionality must be 
maintained at a manageable cost over their service lives through design and 
periodic maintenance for them to provide the needed support to social, economic 
and political institutions.  Hurricanes and tropical cyclones, tornadoes, 
earthquakes and floods are paramount among the potentially devastating and 
costly natural disasters affecting the stability and well-being of modern society 
and impacting civil infrastructure facilities and systems.  Even larger losses due 
to natural hazards may occur in the future, given recent dramatic increases in 
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population and infrastructure development in hazard-prone areas of the United 
States; for example, South Florida is projected to have more than 15 million 
residents by 2050, an increase of nearly 140% from its 1990 level of 6.3 million, 
and similar population growth is predicted for California [Henrichsen, 1999].  
Similar population growth and economic development accompanying 
urbanization will occur in other potentially hazardous areas of the world as well. 

The impacts in recent years of major windstorms and earthquakes on civil 
infrastructure have highlighted deficiencies in our current scientific and 
engineering knowledge concerning the performance of civil infrastructure under 
extreme natural hazards and their socio-economic impact on urban populations, 
and have provided the motivation to advance engineering practices for design of 
buildings, transportation systems and other lifelines.  Uncertainties in natural 
hazard occurrence, intensity and the response of buildings, bridges, 
transportation networks and lifelines are among the largest of the uncertainties 
that confront engineers and managers of civil infrastructure.  Many spatially 
distributed civil infrastructure facilities are interdependent, and this 
interdependence must be considered when assessing their performance during 
and following the occurrence of extreme hazards, which typically have large 
geographic footprints [Zimmerman and Restrepo, 2006; IRGC, 2007].  Moreover, 
in recent years, the potential effects that global climate change might have on 
both the frequency and severity of the extreme events from natural hazards and 
their effect on civil infrastructure facilities have become a major concern for 
decision makers (ASCE, 2015).   Finally, service periods for certain civil 
infrastructure projects may extend well beyond the service lives of 50 – 100 
years that have been traditional for most projects.  Such considerations extend the 
potential consequences of life cycle engineering decisions to future generations, 
far beyond the budget cycles for public or private investment.  Intergenerational 
risk-informed decision frameworks that consider facility performance over 
service periods well in excess of 100 years and extend across multiple 
generations have received only limited attention (Nishijima, 2007; Lee and 
Ellingwood, 2013; Lee and Ellingwood, 2015). 

The risk that civil infrastructure will fail to perform as intended or as 
expected by the owner, occupant, or society as a whole cannot be eliminated 
entirely and must be managed in the public interest by engineers, code-writers 
and other regulatory authorities, and public officials. There are significant 
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research challenges facing these individuals and groups, both individually and 
collectively, in analyzing the risks quantitatively, communicating these risks to 
decision-makers and the public, and developing appropriate policies to mitigate 
risk within budgetary constraints.  The growing interest worldwide by 
government decision-makers in developing policies and strategies to enhance the 
resilience of communities, thereby reducing the likelihood that natural hazards 
will develop into community disasters, lends a sense of urgency to resolving 
these challenges. 

2. RESEARCH CHALLENGES 

From a (primarily) structural engineering viewpoint, risk-informed decision-
making for civil infrastructure performance and integrity has three essential 
ingredients: physics-based models of time-dependent environmental and man-
made hazards, material aging and structural deterioration; time-dependent 
reliability models to capture the uncertainties in facility behavior over its projected 
service life; and a decision framework that integrates the uncertain time-dependent 
behavior for purposes of design and condition evaluation and risk management 
[Ellingwood 2005]. It has been customary practice in the civil engineering 
community for the past three decades to model structural demands arising from 
natural hazards such as snow, wind and earthquake probabilistically, although the 
probabilistic models invariably have been stationary in nature (implying that “the 
past is representative of the future”).  Likewise, quantitative time-dependent 
reliability assessment tools have matured in recent years to the point where they 
can assist in analyzing risk of aging infrastructure exposed to natural and man-
made hazards and to suggest rational in-service inspection and maintenance 
policies.  Similarly, life-cycle cost analysis has become an accepted tool for 
managing public investments in performance enhancement and risk mitigation 
[Frangopol and Maute, 2003; Petcherdoo et al 2008].  However, these current 
quantitative risk-informed assessment procedures account only for decision 
preferences of the current generation.  They will require modification to evaluate 
performance of critical infrastructure facilities over extended time frames, to 
recommend alternative design and maintenance procedures, and to support 
sustainable decisions regarding long-term public safety [e.g.,Rackwitz et al 2005].    

In the above context, a number of key issues must be addressed as part of 
life-cycle engineering, reliability assessment and risk-informed decision-making: 
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How can uncertainties in future demands and structural aging mechanisms be 
integrated in time-dependent structural reliability analysis?  How can one deal 
with the non-stationarity in demands from natural hazards that arise as a 
consequence of climate change and in changes in structural behavior that arises 
from aging?  How does one deal with life-cycle cost issues – discounting, 
decision preferences, social goals - that arise when service periods extend over 
multiple generations?  These issues, and others, must be addressed to achieve 
sustainable solutions to many pressing infrastructure problems.   

3. TIME-DEPENDENT RELIABILITY ASSESSMENT  

Time-dependent reliability assessment requires (time-dependent) 
stochastic models of both resistance and load. The probability of survival during 
time interval (0, tL) is defined by the reliability function, L(t): 

                           (1) 

which can be related to the conditional failure rate or hazard function, h(t): 

        (2) 

where R(t) is the resistance at time t and S(t) is the dimensionally consistent 
structural action (moment, shear, etc.) from the applied load at time t.   Previous 
analyses utilizing Eqs (1) and (2) generally have treated the service and 
environmental demands as stationary in nature, e.g., the mean rate of load 
occurrences are constant and the load intensities are identically distributed and 
often statistically independent (Ellingwood, 2005). The stationary assumption is 
not tenable when the time-dependent reliability analysis involves demands that 
are the result of evolving geophysical or climatological influences due to global 
climate change, causing the frequency and intensity of the events to increase in 
time.  Only rudimentary tools to perform such an analysis are available 
[Bjarnadottir et al 2011].  

Changes in material properties due to aggressive service or environmental 
conditions may lead to deterioration in the engineering properties of structural 
components and systems over time. Aging mechanisms that cause deterioration 
of concrete structures may be produced by chemical or physical attack on either 
the cement-paste matrix or aggregates. Degradation in strength of steel shapes or 
steel reinforcement in concrete can occur as a result of corrosion, elevated 

L(tL ) = P[R(t1) > S(t1)∩...∩ R(tn ) > S(tn )]

L(t) = exp[− h(ξ )dξ ]
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temperature or fatigue. Much of the literature on structural deterioration 
mechanisms has been developed from small specimens tested under laboratory 
conditions. These tests have been conducted in different environments and at 
different scales that would be typical for civil infrastructure (reviewed in 
Ellingwood (2005)), and the relevance of these data to structural engineers 
seeking to manage risks in aging civil infrastructure is questionable. Most models 
of structural deterioration that have been used in time-dependent reliability 
analysis of aging infrastructure are relatively simple because supporting data for 
measuring deterioration of structures in situ are limited. The uncertainty in 
deterioration is even less well-understood, but will have to be quantified to 
perform assess risks over time frames of interest in public decision-making. 

Climate change is projected to have significant impacts on several demands 
on civil infrastructure facilities:  frequency and intensity of hurricanes and 
tropical cyclones; flooding due to precipitation and snowmelt; sea level rise and 
coastal inundation; and wildfires brought upon by extreme drought.  To illustrate 
one potential impact on structural engineering practice, we consider the extreme 
wind speeds in hurricanes and tropical cyclones, which determine the wind forces 
used to design buildings and other structures [ASCE Standard 7-10].  Wind 
forces on structural systems are proportional to the square of the wind speeds for 
buildings in which aeroelastic effects are insignificant.   The current design-basis 
wind speed (at a return period of 700 years for Risk Category II buildings) in 
Miami, FL is 170 mph (76 m/s); if this design wind speed were to increase to 190 
mph (85 m/s) over the next century due to climate change, the design forces 
would increase by 25% and the cost of the lateral force-resisting system of a 
typical building would increase by a similar amount.    

A recent study (Ellingwood and Li, 2015) has assessed the potential impact 
of climate change on hurricane-resistant structural design for Miami, FL.  As part 
of that study, a track modeling approach (Vickery et al. (2009), which is the basis 
for the wind speed maps in the United States [15], was modified to account for 
nonstationarity in hurricane occurrence and intensity.  Fig. 1 illustrates the 
occurrence of storms in the Atlantic Basin obtained from the HURDAT (NOAA) 
database, clearly revealing that the annual frequency of historical storms over the 
Atlantic Basin has increased since 1851. The effect of climate change is clearly 
manifested in an increase in sea surface temperature (SST) which, in turn, is 
linked to hurricane power dissipation and wind speed [Emanuel 2006].   The SST 
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at the hurricane storm center was obtained from the National Oceanographic and 
Atmospheric Administration’s extended reconstructed model SST V3b, which 
provides global monthly SSTs from 1854 to the present on a 2° × 2° global grid.   

 

Figure 1. Annual number of storms in the Atlantic Basin (HURDAT-NOAA)) 

The impact of global warming on hurricane wind speeds developed over a 
200-yr service life in Miami, FL is presented in Figure 2, which clearly shows 
the difference between wind speeds obtained from stationary (or existing) 
hurricane simulation models and from the nonstationary hurricane model.  Such 
nonstationary hurricane wind speeds with time should be carefully integrated in a 
time-dependent reliability assessment to achieve more reliable forecasts of 
facility behavior, especially for extended service periods.     

 

Figure 2. PDFs of wind speeds in Miami over a 200-year service period:  Comparison of 
stationary and nonstationary models of hurricane occurrence and intensity  
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4. INTERGENERATIONAL RISK-INFORMED DECISION 
FRAMEWORK  

The most mature risk-informed decision model is based on minimum 
expected life-cycle cost, which leads to an optimal choice that has a minimum 
life-cycle cost, while satisfying the constraints on the acceptable level of 
structural lifetime reliability in service.  Considering the time-dependent nature 
of structural demands and capacity, the cost is a function of time, t [Rosenblueth, 
1976; Wen and Kang, 2001]: 

       (3)
 

in which t = the service life of a new structure or the remaining life of an 
existing structure; X = vector of design variables, e.g., design loads and 
resistance; C0 = construction cost for a new or retrofitted structure; N(t) = total 
number of extreme events in t; k = total number of damage states; Cj = cost in 
present value of consequence of the jth limit state at t = ti; r = discount rate per 
year; and Pij = probability of jth limit states being exceeded given the ith 
occurrence of one or multiple hazard. 

Figure 3 shows the optimal design intensity obtained from Eq. 3 for two 
cases.  In Case 1, the optimal design intensities, X, are obtained for the simple 
case when only one stochastic load and one limit state are considered (solid line) 
under several restrictive assumptions: the intensities of load variables are 
assumed to be a sequence of independent and identically distributed random 
variables; the occurrences of discrete load events in time is modeled as a Poisson 
process with stationary increments; and the annual discount rate (5%) is constant 
over time.  Note that most previous applications of life-cycle cost analysis have 
focused on decisions for time frames of 50 to 75 years. The solid line in Figure 3 
shows that the optimal design intensity becomes essentially constant beyond 50 
years of structural life, implying that the optimal decision is independent of time 
as service life increases.  This result is a consequence of the assumption that two 
intergenerational elements - discount rate and the probability of failure - are 
independent of time.  Since this decision stance unfairly diminishes the 
importance of decision consequences to future generations, existing decision 
frameworks must be modified to allocate costs and benefits equitably between 
the current and future generations (UNWCED, 1987).  
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Figure 3 Comparison of optimal design intensities as a function of design life obtained from 
two different discounting methods  

Appraisals of investments in civil infrastructure, as well as government 
policies, projects and programs, involve trade-offs between the more immediate 
costs and the longer-term benefits in the future.  The evaluation of alternative 
strategies and investments is extremely sensitive to the discount rate assumed in 
these appraisals.  Moreover, the potential influence of discount rate on the long-
term assessment is greater because even small changes in the discount rate have a 
significant impact on the result of decision-making where discounted benefits 
and costs continue to accrue over centuries.  A higher discount rate implies that a 
lower value is placed on future gain or loss than on the same gain or loss 
occurring now. For example, a dollar of 100 years from now at 1% discount rate 
would be valued at 0.37 dollar today, while at a 10% discount rate, it would be 
valued at 0.0001 dollar today and would likely not be considered in present 
decision. The use of a constant discount rate, which implies exponential 
discounting, may be sensible over the short to medium term.  For longer time 
frames however, it appears to be inconsistent with intergenerational equity and 
sustainable development [Gollier, 2002; Hepburn, 2007], diminishing the 
importance of consequences to future generations in decision-making, creating a 
conflict in our moral intuitions.  Intergenerational approach to discounting should 
explicitly incorporate the perspectives of both the current and future generations. 
A high degree of uncertainty about future discount rates exists when outcomes at 
some distant time in the future are considered, and this uncertainty plays a 
significant role in discounting practices.  Incorporating uncertainty has been 
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proved to reduce the discount rate over time [e.g., Gollier 2001].  For distant 
horizons, the uncertainty in future wealth is very large and the discount rate 
should be very small. 

In order to reflect such characteristics of declining discount rate to achieve 
intergenerational equity in risk, we assume a simple form of exponentially 
decreasing discount rate and apply it to the same example above using Monte 
Carlo simulation.  The annual discount rate is assumed to exponentially decrease 
from 0.04 to 0.01 over a period of 200 years with the form of r(t) = 0.04e-αt to 
avoid shifting too much risk to future generations.  At the same time, the mean 
value of the intensities of load events is assumed to increase linearly by 20% in 
200 years and the incidence of the hazards is represented by a nonstationary 
Poisson process with a 20% increasing mean rate of occurrence during the design 
life.  Structural capacity is assumed to decrease linearly by 10% during 200 
years.  The dashed curve in Fig. 3 indicates that the optimal design intensity 
clearly increases with service life when considering these time-dependent effects 
over multiple generations.   

As a final remark, there is a growing awareness, prompted by recent 
experiences following natural disasters and the new paradigm of performance-
based engineering (PBE), that, in addition to the fundamental goals of public 
safety, the likelihood of business interruptions, social disruptions, and 
unacceptable economic losses also must be minimized in certain situations.  The 
design intensity and in-service maintenance to maintain safety, serviceability and 
functionality of a civil infrastructure facility over its service life should be based 
on a systematic approach that reflects both aleatory and epistemic uncertainties in 
both demand and its capacity. 

6. CLOSURE 

Risk assessment and management of civil infrastructure in an era of climate 
change requires modeling the effects of nonstationarity in demand and the impact 
of aging and increasing service demands on facilities that may be required to 
function over substantially longer periods than previously considered.   
Furthermore, existing decision-theoretic methods must be modified to remove 
some anomalies that might occur when time horizons extending to future 
generations. Perhaps most important is the need to embrace uncertainty and 
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communicate risk at different levels to persuade decision-makers of the need for 
action, where appropriate. Managing risk is, in the end, an interdisciplinary 
endeavor, involving the coordinated efforts and activities of engineers, 
climatologists and geophysicists, computer and information/communication 
technologists, and social/behavioral/economic scientists.  The fact that public 
actions seldom are consistent with the results of a probabilistic risk analysis is an 
indication that other human factors, such as beliefs, recent experiences and 
personal preferences and biases play a significant role in risk perception [Slovic, 
2000; Corotis, 2009].  The means for conveying the risk mitigation message to a 
public that, in the past, has not responded to quantitative risk management is 
perhaps the most significant challenge. 
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ABSTRACT: Infrastructure systems serve as the foundation of basic standards of 

living, a healthy economy, and an integrated and sustainable society. During their 

service life, infrastructure systems, including bridges and bridge networks, are 

subjected to progressive and/or sudden structural deterioration which can pose an 

imminent threat to society, economy, and surrounding environment. In order to 

reduce the effects of such threats, it is necessary to develop effective life-cycle 

management methodologies aimed at improving reliability, resilience and 

sustainability of bridges and bridge networks while minimizing life-cycle cost and 

risk. Overall, bridge management aims to identify bridges that are mostly in need 

of maintenance and apply efficient strategies to best utilize limited financial 

resources and satisfy structural performance in terms of reliability, risk and 

sustainability. This keynote paper reviews critical aspects related to (a) 

investigation of bridges and bridge networks life-cycle performance, reliability, 

risk, and sustainability, (b) evaluation of structural performance at the system 

level in a probabilistic manner, and (c) integration of multi-criteria optimum 

bridges and bridge networks management strategies in risk-informed decision 

making 

1. INTRODUCTION 

Infrastructure systems play an essential role in the sustained economic 

growth and social development of any region. During their service life, these 

systems are exposed to gradual structural deterioration (e.g., corrosion) and/or 

sudden hazards (e.g., earthquakes, floods). The American Society of Civil 

Engineers (ASCE) reported, within the 2013 Report Card for America’s 

Infrastructure, that: (a) the average age of the United States’ 607,380 bridges was 

42 years, and (b) American infrastructure systems were highly deteriorating with 
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an estimated investment of 3.6 trillion USD required to improve their conditions 

(ASCE 2013). These statistics highlight the need to implement optimal 

management strategies to maintain performance of deteriorating structures above 

acceptable levels while attempting to satisfy budgetary constraints. In an attempt 

to address this issue, risk and sustainability-informed methods are gaining 

increasing attention in design, assessment, maintenance, and management of 

infrastructure systems, especially for bridges and bridge networks (Frangopol 

2011). This is due to their ability to integrate various social, environmental, and 

economic measures in the formulation of performance indicators.  

A bridge network is defined as a transportation network in which bridges are 

the most vulnerable components that may suffer structural damage. Therefore, it is 

important to ensure that bridges, as crucial components, preserve their 

serviceability through the entire service time. Otherwise, in case of collapse or 

major damage, the bridge network may suffer severe traffic disruption which can 

negatively impact short- and long-term socioeconomic development of the region. 

Consequently, the performance of critical structures should be incorporated within 

the life-cycle management of bridge networks by considering risk and 

sustainability performance indicators. Additionally, when dealing with a bridge 

network, various components are spread over large areas; therefore, correlations, 

interactions, and mutual dependencies of its components should be considered in 

the life-cycle management.  

Life-cycle management approaches of infrastructure systems adopting 

reliability-based performance indicators can consider uncertainties associated with 

loads and resistance, but are not able to account for the consequences incurred due 

to a structural failure event. Risk-based performance measures can provide the 

means for combining the probability of structural failure with the consequences 

associated with this event (Ellingwood 2007; Dong & Frangopol 2015). Within 

this paper, risk is integrated into the life-cycle management framework and acts as 

a performance indicator that properly accounts for the probability of structural 

failure and detrimental consequences that this event causes.  
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Figure 1. Effect of gradual deterioration on structural performance index 

As aging structures deteriorate with time, as shown in Figure 1, repair and 

retrofit interventions may be applied to ensure the life-cycle safety. However, 

these interventions may induce adverse effects (e.g., traffic delays, pollution) 

reflected on society and the surrounding environment. Therefore, life-cycle 

management of aging infrastructure systems should consider not only the cost of 

interventions, but also the social and environmental impacts (Bocchini et al. 2014). 

Within the civil engineering field, two definitions for sustainability are commonly 

used. One is the “Brundtland Definition” which is stated as “meeting the needs of 

the present without compromising the ability of future generations to meet their 

own needs” (Adams 2006). The other, denoted as the “Triple Bottom Line,” treats 

sustainability as satisfying three objectives: “not only economic, but social and 

environmental, as well” (Elkington 2004). Accordingly, in order to properly 

evaluate the life-cycle performance of bridges and bridge networks, it is necessary 

to develop a framework that considers the probability of structural failure under 

gradual deterioration and extreme events, vulnerability of the civil infrastructure, 

and consequences of structural failure to the economy, society, and the 

environment (Dong et al. 2013; Dong et al. 2014a). Consequently, a 

comprehensive framework for the life-cycle management of aging structures 

considering risk and sustainability is required in order to maintain sufficient 

structural performance and mitigate economic, social, and environmental 

consequences (Frangopol & Soliman 2015).  
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Figure 2. Decision-making stages associated with optimal maintenance of bridges and bridge 
networks 

The decision making process is an essential task within the life-cycle 

management framework. In general, as indicated in Figure 2, decision making 

may be divided into five separate stages: the pre-analysis, problem set-up, 

uncertainty quantification, utility assignment, and optimization. First, all possible 

alternatives are identified and the uncertainties associated with the investigated 

decision-making problem are accounted for using a probabilistic approach. Since 

aleatory and epistemic uncertainties are both expected and unavoidable in the 

life-cycle assessment of structures, decisions regarding infrastructure must 

consider all these relevant uncertainties. The attitude of the decision maker can 

also be incorporated within this process using utility theory. Furthermore, the 

decision making process should combine essential information regarding the 

structural performance with other available data (e.g., data resulting from 

structural health monitoring and inspection) to find the optimal intervention 

options. The proposed framework is built using a probabilistic platform 

considering the various uncertainties associated with structural failure and its 

corresponding consequences throughout the life-cycle management process. 

This paper is also accepted and will be presented as a keynote paper at 

Symposium on Reliability of Engineering Systems (SRES’2015), Hangzhou, 

China, 15–17 October 2015. Overall, this keynote paper presents a framework for 

the life-cycle management of bridges and bridge networks considering risk and 

sustainability. Performance assessment under the effects of gradual deterioration 

and sudden hazards is discussed. Risk and sustainability performance indicators 

are incorporated within the life-cycle management framework. In particular, the 
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economic, social, and environmental impacts associated with multiple sources of 

hazards are investigated. Furthermore, methods for optimizing the total life-cycle 

cost and its associated scheduled maintenance, inspection, and monitoring 

activities are presented for bridges and bridge networks. Additionally, 

maintenance and retrofit multi-criteria optimization is presented using a 

probabilistic management framework. 

2. PERFORMANCE INDICATORS 

2.1 Reliability 

The probability of failure of a structural system is defined as the probability 

of violating any of its limit states. Under the assumption that resistance (R) and 

load effect (S) are statistically independent random variables, the instantaneous 

structural probability of failure is expressed as 

0

( ) ( ( ) 0) ( , ) ( , )f R SP t P g t F x t f x t dx
∞

= < =                   (1) 

where FR(x, t) is the instantaneous cumulative probability distribution 

function (CDF) of the resistance and fS(x, t) is the instantaneous probability 

density function (PDF) of the load effects. The corresponding reliability index β(t) 
can be computed as 

1( ) (1 ( ))ft P tβ −= Φ −  (2) 

where )  ( ⋅Φ is the CDF of standard normal distribution. The reliability index 

is generally decreasing during the life-cycle due to various environmental and 

mechanical stressors. 

Bridge networks are usually assumed to be composed of nodes and links, 

where a link is considered as an element connecting the nodes of the network (Liu 

and Frangopol 2005). The most common transportation network performance 

indicator is the total travel time (TTT), defined as the time spent to reach the 

destination by all the users. TTT can be expressed as (Golroo et al. 2010; 

Frangopol and Bocchini 2011b) 


∈ ∈

⋅=
Ii Jj

ijij tfTTT
 (3) 

in which i and j are nodes of the network; I is the entire set of network nodes; 

J is the subset of nodes that can be reached from node i using a single highway 
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segment ij; fij is the traffic flow on segment ij as computed by the network 

analysis; and tij is the time required to cover segment ij. Similarly, the total travel 

distance (TTD) can be computed as 


∈ ∈

⋅=
Ii Jj

ijij lfTTD
 (4) 

where lij is the length of segment ij. As bridges deteriorate over time, a 

reduction of bridge network reliability may occur. The reliability index associated 

with a bridge network under structural deterioration is defined as the probability 

that the ratio between total travel time when the network is deteriorated over the 

total travel time when the bridges are all intact is lower than a specified threshold 

(Frangopol and Bocchini 2011b) 

]
)(

[)( θ≤=
In

De
BN TTT

tTTTPtF                        (5) 

where θ is a predefined acceptable threshold; TTTDe is the total travel time 

associated with the network in the deteriorated conditions; and TTTin is the total 

travel time when the bridges are all intact. 

Infrastructure systems (e.g., bridges) must be robust enough to resist collapse 

under hazard effect. For a structure with multiple failure modes, the probability of 

system failure under a given hazard is  

( )( | ) [  ( ) 0] | ,  1, 2,......,t iP F H P any g t H i n= < =            (6) 

in which  P[Ft|H] is the probability of failure under a given hazard H at time 

t and is calculated as the probability of violating any of the limit states, where gi(t) 

< 0 is the failure event associated with the ith limit state at time t. Therefore, the 

probability of structural failure PHf (t) under hazard effect is  

)()()( HPHFPtP tHf ⋅=                       (7) 

where P(H) is the probability of occurrence of the hazard. The probability 

PHf can be reduced through the development of timely and effective maintenance 

and management plans. This is directly addressed within the proposed life-cycle 

management framework. 

Following an earthquake, the damaged bridges can be open, closed, or 

partially open.  Consequently, traffic flow in the link can be different and speed 

limits might be reduced for different damage conditions of the link. As there may 

be several bridges located on the link, the damage state of each bridge can affect 
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the functionality of the link (Zhou et al. 2010). The performance of the link after 

an earthquake can be expressed in terms of link damage index (LDI) which 

depends on the damage state of the bridges on the link. Due to the fact that the 

seismic vulnerability of the bridge deteriorates with time, LDI should also be 

updated during the investigated time horizon of the transportation networks. LDI 
can be expressed as (Chang et al. 2000) 


=

=
n

j
j tBDItLDI

1

2))(()(  (8) 

where n is the number of the bridges located in the link and BDIj(t) is the 

expected bridge damage index for bridge j at time t. The level of link traffic flow 

capacity and flow speed for a damaged link depends on LDI. The intact (i.e., no 

damage), slight, moderate, and major damage states are associated with LDI ≤ 0.5, 

0.5 < LDI ≤ 1.0, 1.0 < LDI ≤ 1.5, and LDI > 1.5, respectively (Chang et al. 2000). 

In slight damage state, the flow capacity and the flow speed are 100% and 75% of 

those for the intact link. In moderate damage state, the flow capacity and the flow 

speed are 75% and 50% of those for the intact link. In major damage state, the 

flow capacity and the flow speed are 50% and 50% of those for the intact link 

(Chang et al. 2000). The increase in the damage state of the link will reduce the 

link traffic capacity and speed limit. The time-variant probability of link being in a 

certain damage state associated with an earthquake scenario is qualitatively shown 

in Figure 3. The probability of the link being in a certain damage state is updated 

during the lifetime. These damage states are mutually exclusive and collectively 

exhaustive under a prescribed seismic scenario. 
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Figure 3. Time-variant probability of damage states for a link in a bridge network under a 

seismic hazard (adapted from Dong et al. 2014a) 
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2.2 Risk 

Risk, as a performance indicator, provides additional insight to the structural 

performance by integrating the consequences of failure into the performance 

index formulation. Accordingly, the risk of failure under a given failure mode is 

expressed as (Ang and De Leon 2005; Ellingwood 2005) 

( ) ( ) ( )f fR t P t C t= ⋅  (9) 

where Cf represents the time-variant consequences associated with the failure 

of the structure. The consequences should include the economic, social and 

environmental losses, such as rebuilding cost, running costs, time loss cost, and 

environmental costs. Within the last few decades, the occurrence of disruptive 

low-probability, high-consequences extreme events across the globe has shifted 

the focus of scientific communities and decision makers to develop approaches 

which can improve the resilience of infrastructure to disasters considering the risk 

performance indicator. The risk and resilience should be incorporated within the 

life-cycle management framework of bridges and bridge networks to cover a 

comprehensive content. In general, earthquake resilience in civil engineering can 

be defined as (Cimellaro et al. 2010) “the ability of social units (e.g., 

organizations and communities) to mitigate hazards, contain the effects of 

disasters when they occur, and carry out recovery activities in ways that minimize 

social disruption and mitigate the effects of future earthquakes”. The most widely 

adopted approach to quantify the resilience of an individual structure, a group of 

structures, or a network of interrelated structures is to compute the resilience as 

the integration over time of the functionality (Cimellaro et al. 2010; Frangopol 

and Bocchini 2011a) 


+

=
rtt
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dttQ
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RE
0

0

)(
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 (10) 

where Q(t) is the functionality; to is the occurrence time of the extreme event; 

and tr is the investigated time horizon. 

2.3 Sustainability 

The consequences associated with the structural damage/failure under natural 

hazards (e.g., seismic event) include both direct and indirect consequences, and 

can be expressed in terms of economic, social, and environmental metrics. 
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Earthquake can disrupt traffic flow and affect emergency responses and recovery 

operations which may yield much higher consequences than the repair or 

rebuilding costs of a damaged infrastructure system. Sustainability is quantified in 

terms of economic, social, and environmental metrics. The time-variant 

sustainability of a bridge under a given hazard in terms of economic, social, and 

environmental metrics is qualitatively shown in Figure 4. In this figure, the social 

and environmental metrics are measured in monetary units and compared with the 

economic loss. Generally, a structure is more sustainable if its life-cycle cost (i.e., 

construction, maintenance, failure, and replacement costs) is low. Similarly, a 

structure is more sustainable if the energy, carbon dioxide emissions and user 

delays arising from its repair are low.  
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Figure 4. Time-variant annual expected loss considering economic, social, and environmental 

metrics 

Utility theory is employed herein in order to effectively capture the 

sustainability performance of highway bridges and bridge networks and impact of 

the decision maker’s risk attitude. Once the utility function associated with each 

attribute of sustainability is appropriately established, a multi-attribute utility that 

effectively represents all aspects of sustainability can be obtained by combining 

the utility functions associated with each attribute. Within the additive formulation 

for the multi-attribute utility function, utility values associated with each attribute 

are multiplied by weighting factors and summed over all attributes involved 

(Stewart 1996). The multi-attribute utility associated with a structural system can 

be computed as (Jiménez et al. 2003) 

)()()( EcouwEcouwEcouwU EnvEnvSocSocEcoEcoS ++=              (11) 
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where wEco, wSoc, and wEnv are the weighting factors corresponding to each 

sustainability metric; uEco, uSoc, and uEnv are the utility functions for the economic, 

social, and environmental attributes, respectively; and Eco, Soc, and Env are the 

values of the three metrics associated with sustainability. Overall, the proposed 

global strategies may be adopted for a variety of applications, including but not 

limited to bridges, buildings, and infrastructure networks. 
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Figure 5. (a) Pareto optimal solutions of a bridge; and (b) annual expected economic loss 

associated with Solutions A and B 

3. LIFE-CYCLE MANAGEMENT 

The most critical task in management of deteriorating bridges and bridge 
networks is the accurate prediction of the lifetime performance. The various 
uncertainties associated with material properties, structural resistance 
quantification models, structural demand, and the effect of maintenance actions on 
the structural performance should be considered in the evaluation and prediction 
process. The uncertainties associated with consequences in terms of economic, 
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social, and environmental should also be considered in the management process. 
After calculating the social, environmental and economic consequences, the 
performance of the bridge or network, in terms of sustainability or risk, can be 
analyzed. Using the appropriate methodologies, the lifetime profiles of the desired 
performance indicator can be estimated. Upon interpreting these measures, 
informed decisions for future interventions (e.g., repair, maintenance, and 
inspection) can be made. Dong et al. (2014a; 2014b) presented an approach to find 
the time-variant sustainability metrics for bridges and bridge networks under 
seismic hazard. In the approach, the three metrics (i.e., economic, social, and 
environmental) of sustainability of bridges and bridge networks were evaluated 
for different earthquake scenarios. The total loss is the sum of losses associated 
with the possible seismic events, which is the sum of consequences weighted by 
the probabilities of occurrence of these consequences. The contribution of each of 
these metrics to the total equivalent economic loss can be identified at any time. 
Additionally, the total economic loss and its PDF can be determined. In general, 
the contribution of each of the sustainability metrics to the total loss will depend 
on the type of the structure and its location. Based on the sustainability assessment 
process, the optimal management strategies can be obtained using optimization. 
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Figure 6. (a) Annual expected economic loss of a bridge network; and (b) retrofit plans 
associated with Solutions C and D (adapted from Dong et al. 2014b) 
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The life-cycle probabilistic optimization process is an essential task within 

the life-cycle management framework. This process provides the final outcomes 

of the life-cycle management framework. The risk-based performance assessment 

approach presented in Zhu and Frangopol (2013) was also used to find the 

risk-based optimal preventive maintenance schedule which minimizes the 

life-cycle preventive maintenance cost and keeps the risk level below a given 

threshold. Figure 5 shows a typical outcome of such an approach for bridges. 

Generally, various goals for the life-cycle optimization can be considered, 

including minimizing the total life-cycle risk (Arunraj & Maiti 2007; Zhu & 

Frangopol 2013), minimizing the expected annual system failure rate (Barone et al. 

2013), maximizing the expected service life (Kim et al. 2011; Barone et al. 2014), 

minimizing the damage detection delay (Kim & Frangopol 2012), maximizing the 

probability of detection (Soliman et al. 2013), and minimizing the life-cycle cost 

(Kim et al. 2013). Additionally, two or more conflicting objectives can be 

considered simultaneously. Examples include minimizing the total life-cycle cost, 

which requires low number of maintenance actions to be performed, along with 

maximizing the expected service life, which, in contrast, will require additional 

inspections and maintenance actions. 

The prioritization of bridges within a network can be performed based on 

multi-objective optimization approach. In such approach, the optimization 

algorithm is capable of providing the optimal maintenance times for the various 

structural components within the system. This approach provides the opportunity 

to identify the optimum solutions, understand trade-offs, and select the solution 

which fits best the decision maker’s needs. Illustrations associated with Pareto 

optimal solutions of a bridge network under seismic hazard are shown in Figure 6. 

Solution C and Solution D represent two different retrofit strategies which belong 

to the same Pareto set. C represents a high-risk low-cost solution. The 

corresponding annual expected economic loss profile for Solution C is shown in 

Figure 6. Solution D represents a low-risk high-cost solution. The corresponding 

annual expected economic loss profile for Solution D is also presented in Figure 6. 

It can be concluded from this figure that the risk associated with seismic hazard to 

bridge network can be reduced significantly by retrofitting the existing bridges 

within the network; however, the most suitable plan among the optimum solutions 

should be selected by the decision maker. 
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4. CONCLUSIONS 

This keynote paper presented the available methodologies for integrating the 

economic, social, and environmental metrics for evaluating the sustainability of 

bridges and bridge networks in a life-cycle probabilistic context. Life-cycle 

management of bridges and bridge networks integrating reliability, risk, and 

sustainability under the effects of gradual structural deterioration and sudden 

hazards was also discussed. This framework covers predicting the time-variant 

structural performance and the future interventions scheduling, including 

inspections, monitoring, and/or maintenance and repairs actions. Various modules 

of the life-cycle management framework are briefly explained with special 

attention to the performance assessment and the life-cycle optimization processes. 

The sustainability metric utilized within this paper accounts for the impacts of 

structural failure on the economy, society, and environment. It is shown that the 

sustainability metrics quantified in terms of their appropriate corresponding 

monetary and/or utility values can be generally integrated within the life-cycle 

framework. This allows the efficient planning of maintenance and repair activities 

to maintain the total expected economic loss, as a measure of sustainability, below 

a prescribed threshold. The proposed framework supports the sustainable 

development of infrastructure systems and enables the rational and accurate 

decision making regarding the future interventions on bridges and bridge 

networks. 
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STATEMENT 

As agreed with the organizers of the two International Symposia on 
Reliability of Engineering Systems (SRES 2015; Hangzhou, China, October15-17, 
2015 and Taipei, October 21-24, 2015), the two keynote papers co-authored by 
Frangopol, Dong, and Soliman to be published in the Proceedings of these 
Symposia are identical. 
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Abstract: Managing the risks of natural and other disasters rationally requires an 
appropriate definition of resilience and associated metrics. This paper provides a 
resilience definition that meets a set of requirements with clear relationships to 
reliability and risk as key relevant metrics. Resilience metrics are reviewed, and 
simplified ones were recently proposed by Ayyub (2015)1  to meet logically 
consistent requirements drawn from measure theory. Such metrics provide a 
sound basis for the development of effective decision-making tools for 
multihazard environments. The paper also examines recovery, with its 
classifications based on level, spatial, and temporal considerations. Three case 
studies are developed and used to gain insights to help define recovery profiles. 
Two recovery profiles, linear and step functions, are introduced. Computational 
examples and parametric analysis illustrate the reasonableness of the metrics 
proposed. 

Keywords: Community, Definition, Failure, Measure, Metrics, Recovery, 
Resilience, Risk, Robustness 

1. BACKGROUND 

Enhancing system resilience at the structure, network, community, etc. 
levels could lead to massive savings through risk reduction and expeditious 
recovery. The rational management of such reduction and recovery is facilitated 
by practical and fundamental resilience metrics. Current metrics do not always 
lend themselves easily and intuitively to practical application in effective and 
efficient manners. This paper reviews existing resilience definitions and metrics, 

                                                 
1 This paper is based on Ayyub, B. M., “Practical Resilience Metrics for Planning, Design, and 

Decision Making,” ASCE-ASME J. of Risk and Uncertainty in Engineering Systems, DOI: 

10.1061/AJRUA6.0000826. © 2015 ASCE. 
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and proposes fundamental metrics that are consistent with recently suggested 
rigorous metrics. These metrics would provide a sound basis for the development 
of effective decision-making tools for multi-hazard environments. 

It is essential to develop metrics using effective and rational definitions. The 
metrics should also meet a set of requirements necessary to links them to other 
metrics, and enable aggregation at a system level. Ayyub (2015) addresses these 
considerations in detail.   

The concept of resilience appears in different domains ranging from ecology 
to psychology and psychiatry to infrastructure systems. It was formally 
introduced in ecology, defined as the persistence of relationships within a system 
(Holling 1973), and measured by the system’s ability to absorb change-state 
variables, driving variables and parameters and still persist. Several reputable 
entities defined resilience in their high-impact documents, most notably the 
following as summarized by Ayyub (2014a): 

• In the Presidential Policy Directive (PPD-21, 2013) on Critical 
Infrastructure Security and Resilience, the “term resilience means the 
ability to prepare for and adapt to changing conditions and withstand and 
recover rapidly from disruptions. Resilience includes the ability to 
withstand and recover from deliberate attacks, accidents, or naturally 
occurring threats or incidents.” 

• The National Research Council (2012) defined resilience as the ability to 
prepare and plan for, absorb, recover from or more successfully adapt to 
actual or potential adverse events as a consistent definition with U. S. 
governmental agency definitions (SDR 2005, DHS 2008 and PPD-8 2011) 
and NRC (2011). 

• The ASCE Committee on Critical Infrastructure (ASCE Policy Statement 
518, http://www.asce.org/Content.aspx?id=8478) states that resilience 
refers to the capability to mitigate against significant all-hazards risks and 
incidents, and to expeditiously recover and reconstitute critical services 
with minimum damage to public safety and health, the economy, and 
national security. 

Ayyub (2015) suggested a resilience definition that builds on the PPD-21 
(2013) and belongs to the intension class as follows: 
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The resilience of a system is the persistence of its functions and 
performances under uncertainty in the face of disturbances. 

This proposed definition is intended to have a broad use ranging from 
infrastructures to networks to communities. It enables the measurement of 
resilience through metrics by meeting the following requirements as 
demonstrated by Ayyub (2014a): (1) building on previous notional definitions; (2) 
considering initial and residual strength, i.e., capacity and robustness; (3) 
accounting for abilities to prepare and plan for, absorb, recover from or adapt to 
adverse events; (4) treating disturbances as events with occurrence rates of 
stochastic processes; (5) permitting the use of several performance attributes; (6) 
accounting for changes over time, e.g., aging or improvements; (7) considering 
full or partial recovery and times to recovery; (8) considering potential 
enhancements to system performance after recovery; (9) being compatible with 
other familiar notions such as reliability and risk; and (10) enabling the 
development of resilience metrics with meaningful units. 

2. RESILIENCE MEASUREMENT AND METRICS 

2.1. Available Metrics and Their Limitations   

Bruneau and Reinhorn (2007) proposed metrics for measuring resiliency 
based on the size of expected degradation in the quality of an infrastructure by 
quantifying robustness, redundancy, resourcefulness and rapidity to recovery. 
Garbin and Shortle (2007) outline an approach to quantitatively measure the 
resilience of a network as the percentage of links damaged versus the network 
performance and the percentage of nodes damaged versus the network 
performance. Tierney and Bruneau (2007) suggested measuring resilience based 
on observing that resilient systems reduce the probabilities of failure and enhance 
recovery, and therefore resilience can be measured by the functionality of an 
infrastructure system after an external shock including the time it takes to return 
to initial level of performance. They illustrated the concept as shown in Figure 1 
calling it the resilience triangle. Attoh-Okine et al. (2009) used several potential 
paths of infrastructure performance during normal operation and cases of 
unexpected events, for example, a path demonstrating sudden failure as shown in 
Figure 1, a path demonstrating decrease in service life, and a path for the normal 
operation of the system. They used the concept of resilience as illustrated in 
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Figure 1 to define a resilience index as follows: 
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where Q is the infrastructure quality, or the performance of a system, t0 is 
the time of incident or disturbance occurrence, and t1 is the time to full recovery. 
According to this model, the units of resilience are performance per unit time, 
where performance can be measured in percent according to Eq. 1. Equation 1 
was also used by the earthquake community (Tierney and Bruneau 2007) with a 
suggested framework of resilience, called the four “Rs”, as follows: 

• Robustness as the ability of the system and system elements to withstand 
external shocks without significant loss of performance; 

• Redundancy as the extent to which the system and other elements satisfy 
and sustain functional requirements in the event of disturbance; 

• Resourcefulness as the ability to diagnose and prioritize problems and to 
initiate solutions by identifying and monitoring all resources, including 
economic, technical, and social information; and 

• Rapidity as the ability to recover and contain losses and avoid future 
disruptions. 

These properties are defined in Table 1 with reference to Figure 1 based on 
models provided by Shinozuka et al. (2004).  

Li and Lence (2007) refined the resilience index developed by Hashimoto et 
al. (1982) by using the performance ratio over two different time periods. Omer 
et al. (2009) measure resilience for Internet infrastructure systems as the ratio of 
the difference in information transmission before, i.e., initial, and after an event 
divided by the initial information transmission. Attoh-Okine et al. (2009) also 
provided formulation of a resilience index of urban infrastructure using belief 
functions. McGill and Ayyub (2009) related resilience concepts to regional 
capabilities performance assessment for human-caused hazards in homeland 
security. 

Gilbert (2010) provides extensive coverage of and mathematical models for 
recovery after a storm in the context of a disaster cycle consisting of response, 
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recovery, mitigation and preparedness. He includes in his discussion partial 
recovery and full recovery including instant urban renewal of population 
recovery, physical infrastructure, economy, social networks, government services 
and environments. He also develops simulation models of recovery and provides 
validation examples (Miles and Chang 2003 for the Kobe Earthquake). Generally 
the recovery trends shown have decreasing slopes as shown in Figure 1. 

Bonstrom and Corotis (2014) provide a first-order reliability approach to 
quantify and improve building portfolio resilience. The approach builds on the 
concept of Figure 1 affecting the relative quality at point B, the shape of the 
resilience triangle as represented by the nonlinear curve connecting B and D, and 
the position of point D at t1. It also includes a fundamental uncertainty treatment 
with a reliability framework. 

 
Figure 1. The Resilience Properties and Triangle 

Table 1. Definition of Resilience Properties 

Property Models 
(Points A, B, C and D per Figure 1) 

Units  

Robustness Robustness = B – C  Percentage (2)

Redundancy Not defined  

Resourcefulness Not defined  

Rapidity Rapidity = 
10 tt
BA

−
−

 Average recovery rate in 
percentage per time 

(3)

Time
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Ayyub (2014a) suggested resilience metrics that are consistent with the 
resilience definition provided earlier as persistence of the system’s functions and 
performances under uncertainty in the face of disturbances, and meet the 
requirements imposed on such a definition. The definition captures the details of 
resilience concept of Figure 1 at both the quality and time axes. Ayyub (2014a) 
used Figure 2 to provide a schematic representation of a system performance (Q) 
with aging effects and an incident occurrence with a rate (λ) according to a 
Poisson process. At time ti, it might lead to a failure event with a duration ΔTf. 
The failure event concludes at time tf. The failure event is followed by a recovery 
event with a duration ΔTr. The recovery event concludes at time tr. The total 
disruption (D) has a duration of ΔTd= ΔTf+ΔTr. The figure shows for illustration 
purposes three failure events: brittle (f1), ductile (f2) and graceful (f3), and six 
recovery events: expeditious recovery to better than new (r1), expeditious 
recovery to as good as new (r2), expeditious recovery to better than old (r3), 
expeditious recovery to as good as new (r4), recovery to as good as old (r5) and 
recovery to worse than old (r6). These events define various rates of change of 
performance of the system. The figure also shows the aging performance 
trajectory and the estimated trajectory after recovery. The proposed model to 
measure resilience is 

rfi

rfi
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where for any failure event (f) as illustrated in Figure 2, the corresponding 
failure profile F is measured as follows: 
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Similarly for any recover event (r) as illustrated in Figure 2, the 
corresponding recovery profile R is measured as follows: 
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The failure-profile value (F) can be considered as a measure of robustness 
and redundancy, and is proposed to address the notion offered by Eq. 2; whereas 
the recovery-profile value (R) can be considered as a measure of resourcefulness 
and rapidity, and is proposed to address the notion offered by Eq. 3. The time to 
failure (Tf) can be characterized by its probability density function computed as 
follows: 

 
∞

= = 


















−−−

0 0

)())((
1

1exp
0

s
S

t

L dssfdsF
t

t
dt
d

τ

τταλ  (7) 

where Q is defined as the system’s performance in terms of its strength (S) 
minus the corresponding load effect (L) in consistent units, i.e., Q = S-L. Both L 
and S are treated as random variables, with FL = the cumulative probability 
distribution function of L, and fS = the probability density function of S. The 
aging effects are considered in this model by the term α(t) representing a 
degradation mechanism as a function of time t. It should be noted that the term 
α(t) can also represent improvement to the system. Equation 7 is based on a 
Poisson process with an incident occurrence, such as loading, rate of λ, and is 
based on Ellingwood and Mori (1993). The probability density function of Tf as 
shown in Eq. 7 is the negative of the derivative of the reliability function. The 
times Ti, Tf and Tr are random variables as shown in Figure 2, and are related to 
durations as follows: 

iff TTT −=Δ  (8) 

frr TTT −=Δ  (9) 

The disruption duration is given by 

rfD TTT Δ+Δ=Δ  (10) 

The proposed model of Eq. 4 for measuring resilience meets the set of 
requirements previously described (Ayyub 2014a). 
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Figure 2. Proposed Definitions of Resilience Metrics 

2.2. Performance Measurement for Resilience Metrics 

The resilience model of Eq. 4 is applicable to varied systems, such as 
buildings, other structures, facilities, infrastructure, networks and communities. 
The primary basis for evaluating Eq. 4 is the definition of performance (Q) at the 
system level with meaningful and appropriate units, followed by the development 
of an appropriate breakdown for this performance, using what is termed herein as 
performance segregation. The performance segregation should be based on some 
system-level logic that relates the components of the performance breakdown to 
the overall performance at the system level as the basis for a system model. This 
model can be used to aggregate the performance of components to the assess 
system-level performance. Such performance segregation and aggregation 
analysis is essential for examining the resilience of systems for buildings, other 
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structures, facilities, infrastructure, networks and communities. The uncertainties 
associated with the performance components can be modeled as random 
variables with any necessary performance events in order to use Boolean algebra 
and the mathematics of probability to characterize the performance Q in Eq. 4. 
The units of performance at the system level vary depending on the system type 
and the objectives of the analysis. Table 2 shows examples of performance types 
and units of measurement for selected systems for demonstration purposes. 

Table 2. Systems and Performance Measurements 

Systems Performance  Units 

Buildings Space availability  Area per day 

Other structures: Highway bridges Throughput traffic Count per day 

Facilities: Water treatment plants Water production capacity Volume per day

Infrastructure: Water delivery Water available for consumption Volume 

Network: Electric power distribution Power delivered Power per day 

Communities 
Economic output 
Quality of life (consumption) 

Dollars 
Dollars 

2.3. Potential Losses and Costs 

Figure 2 also shows the associated costs including losses, recovery cost and 
indirect costs. These losses and costs should be based on total economic 
valuations using anthropocentric considerations. Ayyub (2014a) provides 
background information on these concepts. Resilience metrics should lend 
themselves for total economic valuation, and the development of frameworks for 
economic analysis that is beyond the scope of this paper. 

2.4. Limitations 

Primary limitations of available methods can be classified as (1) 
inappropriately structured, and (2) complex. Ayyub (2015) provides additional 
information on these limitations. 

3. PRACTICAL RESILIENCE METRICS 

This paper summarize practical metrics that are consistent with recently 
suggested rigorous ones, i.e., Eqs. 4 to 10 (Ayyub 2015).  

Consider a fundamental case having a performance level that would be 
maintained and sustained over time, i.e., no aging effects, with a brittle failure 
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profile, i.e., f1, in Figure 2. Also, assume as good as old recovery, i.e., r5 in 
Figure 2. This fundamental case is shown in Figure 3. Additionally, the following 
assumptions are made: (1) a planning horizon (t), (2) Poisson process of stressors 
with a rate (λ), (3) the planning horizon related to the stressor rate as t =1/λ, (4) 
failure probability (p) due to a stressor, and (5) independent failures. It should be 
noted that the stressors have varied intensities, and not all stressors fail the 
system and disrupt the system’s performance. The failure probability is denoted 
as p. Two fundamental cases are presented in this section: the case of linear 
recovery, and the case of step recovery. 

3.1. Linear Recovery 

For the fundamental case of a linear recovery as shown in Figure 3, the 
resilience metric of Eq. 4 for one failure-causing event is basically the ratio of 
two areas according to this figure; i.e., the rectangular area tQ100, divided by the 
tQ100 without the triangle representing the loss of functionality of the system. For 
a linear recovery path (r), it can be expressed as follows for one failure-inducing 
event: 

Linear recovery:  ( )( )
tQ

QQttR rir
f

100

100

2
1)(failureper  Resilience

−−−=  (11) 

For analytical and computational convenience, the concept of non-resilience 
can be introduced and defined as follows: 

Linear recovery:  ( )( )
tQ
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The relationship between fR  and fR  is 

ff RR −= 1  (13) 

Equations 11 and 12 can be generalized to account for the potential of 
multiple occurrences of failure-inducing events and their associated probabilities 
as follows: 
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Equation 14 can be reduced to the following practical form (Ayyub 2015): 

82



 

( )( ) ( )tRptR fe λλ −+−−−= exp1exp1)( Resilience  (15) 

Equation 15 offers the simplicity and practicality desired for systems with 
time invariant performance, and accounts for: 

• Rate of stressor s, i.e., the rate λ, of a Poisson process 

• Probability of failure (p) given a stressor, i.e., inherent strength of the 
system 

• Capacity of the system (Q100) 

• Robustness of the system (Qr) 

• Brittle failure and linear or step recovery to as-good-as-old profiles 

• Non-resilience associated with the occurrence of a failure-inducing event 

• Planning horizon t 

• Stressor time as a result of failure-inducing event 

3.2. Step Recovery 

For the fundamental case of step recovery as shown in Figure 4a, the 
resilience metric of Eq. 4 for one failure-causing event is again the ratio of two 
areas according to this figure; i.e., the rectangular area tQ100, divided by the tQ100 
without the rectangle representing the loss of functionality of the system. It can 
be expressed as follows for one failure-inducing event: 

Step recovery:  ( )( )
tQ

QQttR rir
f

100

1001)(failureper  Resilience
−−−=  (16) 

For analytical and computational convenience, the concept of non-resilience 
can be introduced and defined as follows: 

Step recovery:  ( )( )
tQ

QQttR rir
f

100

100)(failureper  resilience-Non
−−=  (17) 

The relationship between fR  and fR  is provided in Eq. 13. Equation 15 can 
be used to compute the resilience. This fundamental case can be extended easily 
to a generalized case of multiple steps where recovery is achieved by bringing 
into operation portions of a system while remaining portions being restored. A 
two-step case is shown in Figure 5b. 
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For cases where the planning horizon (t) is equal to the return period (1/λ), 
Eq. 15 can be reduced to the following special case: 

( )( ) ( )1exp1exp1)( Resilience −+−−−= fe RpR  (18) 

 

Figure 3. Fundamental Resilience Case I of Linear Recovery  
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(b) Two-Step Recovery 

Figure 4. Fundamental Resilience Case II of Step Recovery   

3.3. Examples 

Consider the case of a planning horizon equal to the return period of 
stressors and linear recovery. Equation 20 can be used in this case to evaluate 
resilience under varied failure probabilities (p) of 0.1, 0.25 and 0.5, recovery 
period from 0 to 10 years, and robustness of zero.  The results are shown in 
Figure 5.  Figure 6 shows the effect of robustness on resilience by varying 
robustness using values of 0.25, 0.5, 0.75 and 0.99. Figure 7 shows the results 
differently by placing the failure probability on the abscissa, the recovery time 
for selected values of 1, 5 and 10, and robustness of 0.25.   

 
Figure 5. Resilience Computations for the Case of Robustness of Zero 
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(a) Robustness = 0.25 (b) Robustness = 0.5 

  
(c) Robustness = 0.75 (d) Robustness = 0.99 

Figure 6. Example Resilience Computations as a Function of Recovery Period 

 
Figure 7. Example Resilience Computations as a Function of Failure Probability for Robustness 

of 0.25 

4. RECOVERY PROFILES AND MODELS 

4.1. Recovery Classification 

Figure 2 shows several recovery profiles for the purpose of illustration 
(Ayyub 2014a). Several recovery types are listed as follows: 

• Expeditious recovery to a performance level that is better than new (r1) 
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• Expeditious recovery to a performance level that is as good as new (r2) 

• Expeditious recovery to a performance level that is better than old (r3) 

• Expeditious recovery to a performance level that is as good as old (r4) 

• Recovery to a performance level that is as good as old (r5) 

• Recovery to a performance level that is worse than old (r6) 

Figure 2 also shows failure profiles that are in common use. 

The type of systems may offer a useful basis for classification, such as: 

• Society or community recovery 

• Economic recovery 

• Regional recovery  

• Country recovery 

• Corporate recovery 

• Market recovery 

• Supply-chain recovery 

• Infrastructure system recover, such as electric power recovery 

• Environmental recovery 

• Earth recovery 

• Individual health or public health recovery 

• Relationship recovery 

The recovery level, spatial scale and time might have utility as a basis for 
classification, such as: 

• By level 

- No recovery 
- Diminished recovery 
- Superior recovery 

• By spatial scale  

- Uniform versus non-uniform 
- Spatially random 
- Spatially trending 
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• By time  

- Linear versus nonlinear 
- Time lagging 
- Gradual versus abrupt 
- Step function 
- Asymptotic 

• Combinations of level, space and temporal cases  

4.2. Recovery Models 

Figure 2 shows several recovery profiles for the purpose of illustration 
(Ayyub 2014a). Cimellaro, et al (2010) Chang and Shinozuka (2004), and Kafali 
and Grigoriu (2005) suggested the use of linear, trigonometric or exponential 
models for recovery profiles. These models offer the flexibility needed to 
accommodate the various cases shown in Figure 2. This section focuses on the 
uncertainties associated with such recovery profiles. The two cases presented in 
Figures 3 and 4; i.e., a triangular disruption or a linear model and a rectangular 
disruption or a step function, are recommended for now until data are collected 
and classifications made to justify other forms. The case studies presented at the 
end of this section offer some recovery features that might help to select 
appropriate profiles. 

4.3. Recovery of Societies 

The Nobel Laureate Becker (2005) believes in the accuracy of the optimistic 
outlook of the great 19th century English economist and philosopher, John Stuart 
Mill, who marveled at the “great rapidity with which countries recover from a 
state of devastation, the disappearance in a short time, of all traces of mischief 
done by earthquakes, floods, hurricanes, and the ravages of war.” Both natural 
and human-caused disasters during the subsequent century-and-a-half are 
generally on the side of Mill’s claim, such as (Becker 2005): 

• The September 11, 2001 coordinated attacks in New York City and 
Washington, DC resulted in 2,996 deaths and at least $10 billion in 
property and infrastructure damage. These attacks had a slight overall 
impact on the course of Gross Domestic Product (GDP) and employment in 
the United States, although some industries and New York City were 
affected for several years.  
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• The Kobe earthquake of 1995 resulted in 6,000 deaths and the destruction 
of more than 100,000 homes. The economic recovery not only of Japan but 
also of Kobe was rapid.  

• The flu pandemic of 1918 to 1919 resulted in about 30 million deaths 
worldwide without having a major impact on the world’s economy.  

• The 2004 Indian Ocean earthquake and tsunami resulted in 227,898 deaths 
and about 1.5 million people displaced in 15 countries; however, the Asian 
stock markets did not change much. 

General conclusions cannot be made based on these examples due to several 
factors including (1) the wealth of a nation, (2) the extent and sophistication of 
insurance coverage, (3) education and earning levels of populations, (4) access to 
healthcare and emergency response national and international channels, (5) 
governance, and (6) social and cultural considerations. Interconnectedness and 
moral risk effects add other levels of complexity that are difficult to address. The 
ability of a society to recover after a disaster mainly depends on whether its 
population size has been significantly reduced by death or displacement. With 
the same skill and knowledge which they possessed prior to the disaster, with 
their land and primary improvements undestroyed, the society has nearly all the 
requisites for their former amount of production. This ability can be associated as 
an attribute of living systems, and the society being alive, i.e., vis medicatrix 
naturae. The recovery trajectory is greatly affected by the post-disasters land, 
infrastructure availability, and population size.   

4.4. Case Studies 

4.4.1. Case Study I: Hurricane Katrina and New Orleans (2005) 

Hurricane Katrina (August 23-31, 2005) was an extraordinary act of nature 
and the most destructive natural disaster in American history, creating a human 
tragedy and laying waste to 90,000 mi2 (233,000 km2) of land, an area the size of 
the United Kingdom. In Louisiana and Mississippi, the storm surge obliterated 
coastal communities and left thousands destitute. One of the primary contributors 
to the flooding of New Orleans was the failures of levees and floodwalls that 
make up the hurricane protection system (HPS). The utilization of engineered 
systems leads to risks that result from humans using technology in an attempt to 
gain benefits, such as control of naturally occurring conditions.  
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According to Federal Emergency Management Agency (FEMA), the total 
damage from Katrina is $108 billion (in 2005 US$). The direct and indirect 
fatalities stand at 1,833 (www.fema.gov). It is estimated that 40% of the deaths in 
Louisiana were caused by drowning. 25% were caused by injury and trauma and 
11% were caused by heart conditions. Also, it is estimated that about 50% of the 
fatalities in Louisiana were people over the age of 74. Payments to fulfill 
insurance claims add up to an estimated $41.1 billion from private insurers, and 
$16.1 billion from the National Flood Insurance Program. More than one million 
people in the Gulf region were displaced by the storm. Additionally, the federal 
government has spent post-Katrina $120.5 billion on the Gulf Region. The 
hurricane destroyed levees that lead to flooding 80% of the city and reducing its 
population from 484,674 in April 2000 to 230,172 in July 2006, a decrease of 
over 50%. By 2012, the population increased to 369,250. About 70% of its 
housing was damaged (http://www.cnn.com/).  

The US Bureau of Economic Analysis publishes economic statistics at 
http://www.bea.gov/ that were accessed on December 11, 2014 to collect data 
needed and used to construct Figure 8. The figure shows the GDP for all 
industries in the US and the GDP of all industries in New Orleans indexed to the 
year 2001.  Estimating recovery time for the city from Figure 8 is not easy 
because of the multi-dimensionality of recovery. The recovery period can be 
estimated approximately to be eight years based on GDP although the population 
growth has not kept up with the GDP growth. This disparity perhaps is 
attributable to changes in the composition of the industries, and population skill 
levels and income. The recovery profile is almost linear and similar to Figure 3. 

 
Figure 8. Economic Recovery of New Orleans 
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4.4.2. Case Study II: Highway I-35W Mississippi River Bridge Collapse (2007) 

An eight-lane, steel truss arch bridge carrying Interstate 35W across the 
Saint Anthony Falls of the Mississippi River in Minneapolis, Minnesota, 
collapsed during rush hour on August 1, 2007 resulting in the death of 13 and the 
injury of 145 people. The bridge was carrying average daily traffic of about 
140,000 vehicles. The national Transportation Safety Board (NTSB) investigated 
and identified a design flaw as the likely cause of collapse. A replacement bridge 
was fast tracked through planning, design and construction, and opened to traffic 
on September 18, 2008. The recovery time in this case is about one year. The 
bridge robustness in this case is 0% and the recovery profile is as provided in 
Figure 4.   

4.4.3. Case Study III:  The World Trade Center Collapse on (September 11, 2001) 

Reconstruction of the World Trade Center after the September 11, 2001 
destructive attack in New York City was differed until 2006 due to disputes 
between the Port Authority and the developer. One World Trade Center opened 
13 years later to tenants on November 3, 2014. Additional towers are underway. 
A recovery has not been achieved yet. 

5. CONCLUSIONS 

This paper provides a resilience definition that meets a set of requirements 
with clear relationships to metrics of the relevant abstract notions of reliability 
and risk. The paper also shows that this definition is the intension type, 
considered of the highest order. The paper also provides proposed metrics that 
are practical and simplified while capturing all the attribute set in the resilience 
definition. The paper provides recovery models with case studies, and illustrative 
examples. Massive savings could be realized by enhancing the resilience of a 
system, including buildings, infrastructure, network and communities through 
risk reduction and expeditious recovery. 
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ABSTRACT: The first two moments (mean and variance) of the effective 
Young’s modulus of a three-dimensional (3D) spatially variable elementary soil 
mass are investigated.  The spatially variable Young’s modulus is modeled as a 
stationary lognormal random field, and the effective (overall) Young’s modulus 
of the soil mass is simulated by random field finite element analysis.  It is found 
that the first two moments of the effective Young’s modulus can be effectively 
predicted by geometric averaging for isotropic cases where horizontal scales of 
fluctuation (SOF) and vertical SOF are all equal.  However, the conclusion 
changes dramatically when the spatial variability is highly anisotropic, e.g., 
horizontal SOFs >> vertical SOF. 

INTRODUCTION 

The spatial variability of soil parameters has profound impact to the 
behavior of a geotechnical system, and a stationary random field model has been 
adopted to model such spatial variability in literature.  A stationary random field 
is typically characterized by its mean (μ), coefficient of variation (COV = 
standard deviation/mean), and scale of fluctuation (SOF).  The COV quantifies 
the magnitude of the oscillation around the mean, whereas the SOF measures the 
distance within which the spatial variation is significantly correlated (Vanmarcke 
1977).  The impact of the spatial variability in the soil Young’s modulus (E) on 
foundation settlements has been widely studied (Fenton and Griffiths 2002, 2005; 
Rungbanaphan et al. 2010; Ahmed and Soubra 2014).  For foundations on soils 
with isotropic SOFs, an important observation made in Fenton and Griffiths 
(2002, 2005) is that the “effective” Young’s modulus (Eeff) can be modeled as the 
geometric average (Eg) of the E random field over a prescribed domain under the 
footing: 
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( ) ( )g

D

1
ln E ln E x, y, z dx dy dz

D
 = ⋅ ⋅ ⋅   (1) 

where E(x,y,z) is the E value at location (x,y,z); D is the averaging domain.  
The observation holds for two-dimensional (2D) scenarios (Fenton and Griffiths 
2002) and 3D scenarios (Fenton and Griffiths 2005).  For foundations on 
layered soils, Fenton and Griffiths (2005) argued that Eeff can be modeled as the 
harmonic average (Eh) for horizontal layers: 

( )h D

1 1 1
dx dy dz

E D E x, y, z
= ⋅ ⋅ ⋅

 (2) 

and can be modeled as the arithmetic average (Ea) for vertical layers: 

( )a

D

1
E E x, y, z dx dy dz

D
= ⋅ ⋅ ⋅

 (3) 

Ching et al. (2015) examined whether Eeff can be approximated as Ea, Eg, or 
Eh for a 2D elementary soil mass (a plane strain square domain) subjected to 
compression.  This scenario is more fundamental than the footing problem.  
Yet, they found that the aforementioned observations made for footings roughly 
hold for the elementary soil mass: Eg effective for isotropic cases, Eh effective for 
horizontal layers, and Ea effective for vertical layers. 

The purpose of this paper is to extend the study for the 2D elementary soil 
mass in Ching et al. (2015) to 3D.  Paiboon et al. (2013) considered the similar 
subject (Eeff for a 3D elementary soil mass), but the spatial variability was in the 
distribution of voids.  In this paper, whether or not the Eeff of a 3D elementary 
soil mass can be approximated by any spatial average will be studied.  

3D ELEMENTARY SOIL MASS UNDER INVESTIGATION 

Consider a 3D spatially variable soil mass with size L×L×L = 10×10×10 
(Figure 1).  The Young’s modulus, denoted by E(x,y,z), is modeled as a 
stationary lognormal random field with inherent mean = μ = 100 and inherent 
coefficient of variation (COV) = V.  To define the correlation structure between 
two locations with horizontal distances = (Δx, Δy) and vertical distance = Δz, the 
single exponential auto-correlation model is considered (Vanmarcke 1977): 

( ) ( )x y zρ Δx,Δy,Δz  = exp 2 | x | 2 | y | 2 | z |− Δ δ − Δ δ − Δ δ  (4) 
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where δx, δy and δz are the SOFs in (x,y,z) directions, respectively, for the 
ln[E(x,y,z)] random field.  A 3D stationary lognormal random field E(x,y,z) can 
be simulated by taking the exponential of a 3D stationary normal random field 
ln[E(x,y,z)] with mean = λ = ln[μ/(1+V2)0.5] and variance = ξ2 = ln(1+V2): 

( )mnp mnp
m n p

i2m x i2n y i2p z
E(x, y,z) exp Re a ib exp

L L L

∞ ∞ ∞

=−∞ =−∞ =−∞

  π π π = λ + + + +       
    (5) 

where Re[.] denotes the real part of the enclosed complex number; amnp and 
bmnp are independent zero-mean normal random variables with variance σmnp

2 
given by 

( )( ) ( )( ) ( )( )nm p2
yx z2

mnp 2 2 2 2 2 2 2 2 2
x y z x y z

1 exp q 11 exp q 1 1 exp q 1

q q q 1 m q 1 n q 1 p q

    − − −− − − − − −ξ  σ = × ×   
+ π + π + π          (6) 

where qx = L/δx, qy = L/δy and qz = L/δz.  Equations (5) and (6) are the 3D 
extension for the Fourier series method proposed by Jha and Ching (2013).  
Figure 1a shows a realization of the E random field with δx = δy = δz = 1.  The 
light region is with low E, whereas the dark region is with high E.  The 
Poisson’s ratio (ν) is set to be a constant (ν = 0.3) because the impact of the 
spatial variability of the Poisson’s ratio is insignificant (Fenton and Griffiths 
2002, 2005; Ching et al. 2015). 

    

(a) δx = δy = δz = 1 (isotropic) (b) δx = δy = ∞ and δz = 1 (layers)  (c) δx = δy = 1 and δz = ∞ (columns) 

Figure 1 Realization of the E random field. 

The 10×10×10 cubic domain is modeled by the finite element (FE) mesh 
shown in Figure 1.  Each FE element has size = 0.4×0.4×0.4.  In total, there 
are 25×25×25 = 15,625 FE elements.  Each FE element follows isotropic 
elasticity with E = local average and ν = 0.3.  In this study, the local average for 
each finite element is taken to be the geometric average for E(x,y,z) over the 
element.  For each realization of the E random field, three random field finite 
element analyses that simulate the compression in (x,y,z) directions are 

x 

y 

z 
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conducted.  Let us consider the x direction as an example.  The soil mass is 
subjected to an overall x-direction compression strain εx = 0.01, whereas the 
other overall strains are kept zero: εy = εz = εxy = εxz = εyz = 0.  This is achieved 
by constraining Faces 2 to 6 in Figure 2 on rollers (e.g., for Face 2, 
x-displacement is not allowed).  The nodes on Face 1 are constrained in a “tied 
freedom” manner (Paiboon et al. 2013) so that all nodes on Face 1 are subjected 
to a uniform x-displacement of 0.1.  The effective Young modulus in the x 
direction, denoted by Ex,eff, can be deduced from the response of the elementary 
soil mass: the overall σx is equal to the average σx over Faces 1 and 2.  Because 
the overall strains are εx = 0.01 and εy = εz = εxy = εxz = εyz = 0, it can be shown 
that the effective (overall) Young’s modulus in the x direction is 

( ) ( )
( ) ( ) ( )x

x,eff x x
x

1 1 2 overall 1.3 0.4
E overall 74.286 overall 

1 overall 0.7 0.01

+ ν × − ν σ ×= × = × σ = × σ
− ν ε ×  (7) 

Similar compression loads are simulated for the y and z directions over the 
same realization of the E random field.  Therefore, each E random field 
realization produces a set of (Ex,eff, Ey,eff, Ez,eff) samples.  From here on, Et,eff 
denotes the effective Young’s modulus of the elementary soil mass in the t 
direction.  The t direction is the loading direction: it can be either x, y, or z 
direction. 

SIMULATION RESULTS 

Isotropic cases (δx = δy = δz) 

Let us first consider cases with δx = δy = δz = δ.  These cases are referred to 
as “isotropic” cases.  Table 1 shows the selected values for V and δ.  For each 
(V, δ) combination, one thousand realizations of E random fields are simulated.  
Et,eff (t = x, y, or z) is found to roughly follow the lognormal distribution.  Figure 
3 shows how the sample mean and COV of Ex,eff/μ varies with δ/L and V.  The 
statistics for Ey,eff/μ and Ez,eff/μ are nearly the same.  Under the same random 
field realization, the simulated Ex,eff/μ, Ey,eff/μ, and Ez,eff/μ values are mutually 
highly correlated, typically with correlation coefficient greater than 0.95.  
Figure 4 shows the pairwise plot for the simulated Ex,eff/μ versus the arithmetic 
average Ea/μ (Figure 4a), geometric average Eg/μ (Figure 4b), and harmonic 
average Eh/μ (Figure 4c) of the E random field over the 10×10×10 domain.  
This figure only shows the results for the isotropic case with δ/L = 0.2 and V = 
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0.5.  Here, Ea, Eg, and Eh are calculated based on the same random field 
realization that simulates (Ex,eff, Ey,eff, Ez,eff): 

    

Figure 2 Loading configurations for the finite element analyses with overall εx = 0.01 

Table 1 Selected values for V and δ/L. 

Parameter Selected values 
V 0.1, 0.5, 1.0 

δ/L 0.1, 0.2, 0.5, 1.0, 10.0 

N

a i
i 1

1
E E Arithmetic average

N =

=   (8) 

( ) ( )
N

g i
i 1

1
ln E ln E Geometric average

N =

=   (9) 

N

i 1h i

1 1 1
Harmonic average

E N E=

=   (10) 

where Ei is the Young’s modulus of the i-th finite element; N = 15,625 is the 
total number of the finite elements.  Equations (8)~(10) are the discrete versions 
of Eqs. (1)~(3).  For this particular case with δ/L = 0.2 and V = 0.5, Ex,eff-Eg 
data points (see Figure 4b) are much closer to the 1:1 line than Ex,eff-Ea and 
Ex,eff-Eh data points.  This implies that Eg provides a much more accurate 
approximation than Ea and Eh do.  Eg not only provides an accurate 
approximation for Et,eff for this particular case, it also performs well for other 
isotropic cases.  Table 2a shows the sample means for the ratios Et,eff/Ea, Et,eff/Eg, 
and Et,eff/Eh for various isotropic cases with V = 1.0.  These ratios are similar to 
the ratios for the “measured” to “predicted” responses of a geotechnical model.  
The sample mean of the ratio quantifies the bias (unity means no bias), whereas 
the sample COV quantifies the transformation uncertainty.  It is clear that Eg 
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provides a nearly unbiased approximation for Et,eff (sample mean for Et,eff/Eg very 
close to unity; see number with a star).  This is consistent to the observation 
made by Fenton and Griffiths (2005) that Eeff can be well approximated by Eg for 
the footing settlement problem with δx = δy = δz.  The current paper shows that 
this still holds for the 3D elementary soil mass.  The sample COVs for the ratios 
Et,eff/Ea, Et,eff/Eg, and Et,eff/Eh are also shown in Table 2a (in parentheses).  This 
COV is mostly quite small, compared with the COVs of other geotechnical 
uncertainties.  The results for V = 0.1 and V = 0.5 are not presented in Table 2 
because the conclusions are qualitatively similar.  The main difference is that 
the bias is less significant for cases with V = 0.1 and 0.5. 

 
(a) Sample mean of Ex,eff/μ               (b) Sample COV of Ex,eff/μ 

Figure 3 Sample mean and sample COV of Ex,eff/μ versus δ/L (isotropic cases). 

 
(a) Ex.eff versus Ea             (b) Ex.eff versus Eg            (c) Ex.eff versus Eh 

Figure 4 Plots for Ex.eff versus (a) Ea; (b) Eg; and (c) Eh (isotropic case, δ/L = 0.2, V = 0.5). 

Anisotropic cases with δx = δy = ∞ 

Let us now consider anisotropic cases with δx = δy = ∞ and δz = δ.  The 
selected values in Table 1 are still adopted for the anisotropic cases.  Figure 1b 
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shows a realization for the anisotropic case with δx = δy = ∞ and δz = δ = 1.  The 
realization shows a layered structure.  These cases are referred to as “layers”.  
The simulated effective moduli (Ex,eff, Ey,eff, Ez,eff) are also roughly lognormal.  
Figure 5 shows how the sample mean and COV of Ex,eff/μ varies with δ/L and V 
(x-direction is parallel to layers).  The statistics for Ey,eff/μ are nearly the same.  
However, as shown in Figure 6, the statistics for Ez,eff/μ are very different 
(z-direction is perpendicular to layers).  In fact, Ez,eff is always less than Ex,eff.  
This makes the 3D elementary soil mass behaves more like an orthotropic elastic 
medium.  Table 2b shows the sample means for the ratios Et,eff/Ea, Et,eff/Eg, and 
Et,eff/Eh for layer cases.  Again, the sample COVs (in parentheses) for the ratios 
are small.  For Ex,eff (and Ey,eff), the sample mean for Ex,eff/Ea (number with a star) 
is closest to unity.  For Ez,eff, the sample mean for Ez,eff/Eh (number with a star) 
is closest to unity.  This implies that Ex,eff (and Ey,eff) can be best approximated 
by Ea, whereas Ez,eff can be best approximated by Eh.  Formerly, Eg performs the 
best for isotropic cases, but it does not perform the best anymore for layer cases.  
Eg is conservative for Ex,eff (sample mean of Ex,eff/Eg > 1), but it is unconservative 
for Ez,eff (sample mean of Ez,eff/Eg < 1).  These observations from 3D layer cases 
are qualitatively consistent to those for 2D layer cases in Ching et al. (2015). 

Table 2 Sample means and COVs for the ratios Et,eff/(spatial average) for  

(a)isotropic cases, (b)layer cases, and (c)column cases. The sample COVs are in the parentheses. 

 δ/L = 0.1 δ/L = 0.2 δ/L = 0.5 δ/L = 1.0 δ/L = 10 

(a) isotropic (δx = δy = δz = δ) 

Ex,eff 

(Ey,eff 

Ez,eff) 

Ex,eff/Ea 0.85 (0.006) 0.79 (0.018) 0.76 (0.049) 0.79 (0.076) 0.96 (0.032)

Ex,eff/Eg 1.00* (0.004) 1.00* (0.010) 1.01* (0.030) 1.01* (0.052) 1.01* (0.023)

Ex,eff/Eh 1.18 (0.006) 1.26 (0.018) 1.33 (0.055) 1.31 (0.095) 1.06 (0.041)

(b) layers (δx = δy = ∞, δz = δ) 

Ex,eff 

(Ey,eff) 

Ex,eff/Ea 0.94* (0.027) 0.93* (0.029) 0.95* (0.032) 0.96* (0.027) 0.99* (0.007)

Ex,eff/Eg 1.18 (0.079) 1.18 (0.096) 1.15 (0.110) 1.10 (0.078) 1.01 (0.013)

Ex,eff/Eh 1.49 (0.164) 1.52 (0.213) 1.43 (0.270) 1.27 (0.188) 1.03 (0.031)

Ez,eff 

Ez,eff/Ea 0.65 (0.159) 0.64 (0.190) 0.70 (0.205) 0.78 (0.159) 0.97 (0.034)

Ez,eff/Eg 0.80 (0.082) 0.80 (0.103) 0.83 (0.112) 0.88 (0.086) 0.98 (0.017)

Ez,eff/Eh 1.00* (0.000) 1.00* (0.000) 1.00* (0.000) 1.00* (0.000) 1.00* (0.000)

(c) columns (δx = δy = δ, δz = ∞) 

Ez,eff 

Ez,eff/Ea 0.94* (0.009) 0.93* (0.016) 0.93* (0.025) 0.94* (0.025) 0.99* (0.010)

Ez,eff/Eg 1.15 (0.017) 1.19 (0.034) 1.20 (0.063) 1.16 (0.067) 1.02 (0.019)

Ez,eff/Eh 1.41 (0.037) 1.53 (0.077) 1.57 (0.140) 1.43 (0.151) 1.06 (0.045)
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Anisotropic cases with δz = ∞ 

Let us consider anisotropic cases with δz = ∞ and δx = δy = δ.  Figure 1c 
shows a realization with δz = ∞ and δx = δy = δ = 1.  The realization shows a 
column structure.  These cases are referred to as “columns”.  In the x-y plane, 
column cases are essentially 2D isotropic cases because δx = δy = δ.  The 
statistics for Ex,eff/μ and Ey,eff/μ are the same as those for 2D isotropic cases 
studied by Ching et al. (2015).  Therefore, the discussion below will be limited 
to Ez,eff for 3D column cases (z-direction is parallel to the columns).  The 
simulated Ez,eff is also roughly lognormal.  Figure 7 shows how the sample 
mean and COV of Ez,eff/μ varies with δ/L and V.  Table 2c shows the sample 
means for the ratios Ez,eff/Ea, Ez,eff/Eg, and Ez,eff/Eh for column cases.  The 
sample COVs (in parentheses) for the ratios are small.  For Ez,eff, the sample 
mean for Ez,eff/Ea (number with a star) is closest to unity.  Eg is conservative for 
Ez,eff (sample mean of Ez,eff/Eg > 1).   

 

(a) Sample mean of Ex,eff/μ       (b) Sample COV of Ex,eff/μ 

Figure 5 Sample mean and sample COV of Ex,eff/μ versus δ/L (layer cases). 

 
(a) Sample mean of Ez,eff/μ       (b) Sample COV of Ez,eff/μ 

Figure 6 Sample mean and sample COV of Ez,eff/μ versus δ/L (layer cases). 
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CONCLUSIONS 

In this paper, the effective Young’s moduli (Eeff) of a spatial variable 3D 
elementary soil mass are simulated by random field finite element analysis.  It is 
found that the observations previously made in Fenton and Griffiths (2005) for 
3D footing problems still holds: for isotropic cases (δx = δy = δz), Eeff can be well 
approximated by geometric average (Eg) over the soil mass.  However, Eg is in 
general ineffective for anisotropic cases.  Instead, harmonic average (Eh) is 
effective for layer cases with loading direction perpendicular to the layers, and 
arithmetic average (Ea) is effective for layer cases with loading direction parallel 
to the layers. 

 

(a) Sample mean of Ez,eff/μ       (b) Sample COV of Ez,eff/μ 

Figure 7 Sample mean and sample COV of Ez,eff/μ versus δ/L (column cases). 

REFERENCES 

(1) Ahmed, A. and Soubra, A.-H. (2014). Probabilistic analysis at the serviceability limit state 
of two neighboring strip footings resting on a spatially random soil. Structural Safety, 49, 
2-9. 

(2) Ching, J., Tong, X.W., and Hu, Y.G. (2015). Effective Young’s modulus for a spatially 
variable elementary soil mass subjected to a simple stress state, Georisk, in press. 

(3) Fenton, G.A. and Griffiths, D.V. (2002). Probabilistic foundation settlement on spatially 
random soil. ASCE Journal of Geotechnical and Geoenvironmental Engineering, 128(5), 
381-390. 

(4) Fenton, G.A. and Griffiths, D.V. (2005). Three-dimensional probabilistic foundation 
settlement. ASCE Journal of Geotechnical and Geoenvironmental Engineering, 131(2), 
232-239. 

(5) Jha, S.K. and Ching, J. (2013). Simulating spatial averages of stationary random field using 
Fourier series method. ASCE Journal of Engineering Mechanics, 139(5), 594-605. 

103



 

(6) Paiboon, J., Griffiths, D.V., Huang, J., and Fenton, G.A. (2013). Numerical analysis of 
effective elastic properties of geomaterials containing voids using 3D random fields and 
finite elements. International Journal of Solids and Structures, 50, 3233-3241. 

(7) Rungbanaphana, P., Honjo, Y., and Yoshida, I. (2010). Settlement prediction by 
spatial-temporal random process using Asaoka’s method. Georisk, 4(4), 174-185. 

(8) Vanmarcke, E.H. (1977). Probabilistic modeling of soil profiles. ASCE Journal of 
Geotechnical Engineering Division, 103(11), 1227-1246. 

104



TA1-2 

Identification of Representative Slip Surfaces for Reliability 

Analysis of Soil Slopes 

JIANZENG MA1, JIE ZHANG1, HONGZHI CHEN1, HONGWEI HUANG1 

1 Department of Geotechnical Engineering, Tongji University, Shanghai, China 
Correspondence e-mail address: cezhangjie@gmail.com 

 
Abstract. Recent studies reveal that although a slope may have numerous slip 
surfaces, its failure probability is often dominated by several representative slip 
surfaces. Previously, efforts have been exerted on identification of circular 
representative slip surfaces based on limit equilibrium methods. In this paper, a 
procedure is suggested to identify representative slip surfaces of arbitrary shape 
based on the shear strength reduction method. To reduce the computational 
efforts, a kriging-based response surface is used to approximate the deterministic 
slope stability model. The representative slip surfaces are then identified based 
on correlation analysis of the samples in the failure domain generated by Monte 
Carlo simulation. A benchmark example is studied to illustrate the validity of the 
suggested method. The example shows that the suggested method can effectively 
locate the representative slip surfaces without making prior assumptions about 
the shape of the slip surfaces. 

Keywords: Slope stability; system reliablity; response surface method; kriging 

INTRODUCTION 

The performance of a soil slope often involve multiple failure modes, and 
the system failure probability of the slope is often governed by several 
representative slip surfaces (e.g. Ching et al. 2009; Zhang et al. 2011; Li et al. 
2013). The representative slip surfaces can not only be used for system reliability 
analysis, but can also offer useful insight into how the slope may fail and also 
how the slope failure hazard can be mitigated. Current methods mainly focus on 
identifying circular representative slip surfaces. Such methods are appropriate 
when the rotational failure mechanism dominates. One of the possible reasons for 
this is that limit equilibrium analysis based on circular slip surfaces is generally 
computationally efficient. Also, compared with the non-circular slip surfaces, 
circular slip surfaces can be generated in a systematical way much easier as a 
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circular slip surface is only defined by three parameters, i.e., the center of the slip 
circle and the radius of the circle (Zhang et al. 2011). It is now still quite 
challenging to search for representative slip surfaces with arbitrary shape (Ching 
et al. 2010). 

The shear strength reduction method (e.g., Griffiths and Lane 1999) is an 
effective approach for searching for the most critical slip surface without prior 
assumption about its shape. However, evaluating factor of safety based on the 
shear strength reduction method is computationally more demanding than limit 
equilibrium analysis based on the circular slip surfaces. Also, as non-circular slip 
surfaces cannot be generated in a systematical way like the circular slip surfaces, 
the methods suggested for identifying circular representative slip surfaces may 
not be directly applicable to slopes involving non-circular slip surfaces.  

The objective of this paper is thus to suggest a method to identify general 
representative slip surfaces. This paper is organized as follows. First, the kriging 
based response surface method is introduced. Then, the method to find the 
representative slip surfaces and evaluate the failure probability of the slope is 
described. Finally, the suggested method is illustrated and verified with a 
benchmark example.  

KRIGING BASED RESPONSE SURFACE  

In this study, the representative slip surfaces with arbitrary shapes will be 
searched by the shear strength reduction method. As mentioned previously, the 
shear strength reduction method is computationally demanding if a large number 
repetitive analyses are required. To reduce the computational efforts, the 
relationship between the factor of safety calculated by the shear strength 
reduction method and the uncertain soil parameters is approximated by a 
response surface model. Various response surfaces have been previously used in 
geotechnical reliability problems (e.g., Cho 2003; Ji and Low 2012; Li et al. 
2015). Among the response surfaces available, the kriging based response surface 
is known to have global approximation capability. Zhang et al. (2012) noticed 
that the kriging based response surface sometimes has better fitting capability 
than the artificial neural network. Zhang et al. (2013) also found that the kriging-
based response surface method is appropriate for calculating the system failure 
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probability of slopes with circular slip surfaces. Thus, in this study the kriging-
based response surface will be adopted. 

Let y = g(θ) denote the relationship between the factor of safety (y) and 
uncertain soil input parameters (θ) implied in the shear strength reduction method. 
The kriging-based response surface method starts with the assumption that y = 
g(θ) can be decomposed into a deterministic trend t(θ) and a zero mean, Gaussian 
stationary random error function ε(θ) as follows (e.g., Cressie 1993): 

( ) ( )y t ε= +θ θ       (1) 

( )E 0ε =  θ
         (2) 

( ) ( ) ( )2COV ,i j i jRεε ε σ  = − θ θ θ θ
    (3) 

where σε is the point standard deviation of the random function; θi and θj = 
two points in the parameter space; and R(θi - θj) is a correlation function. As 
shown in Zhang et al. (2011), using the constant trend function and Gaussian 
correlation function often results in quite accurate response surface. As such, the 
constant trend function, i.e., t(θ) = b, and Gaussian correlation function are 
adopted in this study.  

Let k denote the dimension of θ. To calibrate the kriging-based response 
surface model, the factor of safety of the slope can be first evaluated based on the 
shear strength reduction method at the following n points: θ1, θ2, …, and θn 
within a range defined by θi,min  < θi < θi,max (i = 1, 2, …, k), where θi,min and θi,max 
are the lower and upper bound values of θi, respectively. The kriging model can 
then be calibrated based on the factors of safety of the slope at these calibration 
points using the maximum likelihood method (e.g., Lophaven et al. 2002). 

IDENTIFICATION OF REPRESENTATIVE SLIP SURFACES  

In the identification of circular representative slip surfaces, a large number 
of potential slip surfaces can be generated by varying the centers and radius of 
the slip surfaces. Such an idea is not feasible for slip surfaces with arbitrary 
shape, because it is difficult to generate a large number of such slip surfaces. In 
this study, a large number of samples of θ are first generated according to the 
probability density function of θ. Then, based on the response surface model, the 
samples in the failure region are found. As each sample in the failure region 
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denotes a possible failure mode, the samples in the failure region should be 
representative of all possible failure modes. The representative slip surfaces are 
then identified based on analysis the correlation coefficients among factors of 
safety of different samples as well as the reliability indexes of different slip 
surfaces. More specifically, the following procedure is suggested for identifying 
representative slip surfaces with arbitrary shapes.  

(1) Construct the response surface model. A set of samples are first drawn from 
the possible range of the uncertain soil input parameters, and the factor of the 
safety of the slope is calculated based on the shear strength reduction method 
at these points. The kriging model is then calibrated based on factors of 
safety of the slope at these points. As the kriging-based response surface has 
the global approximation capability, a single kriging-based response surface 
is used to approximate the slope stability model within the range of 
calibration points.  

(2) Search for failure samples with Monte Carlo simulation. Generate a large 
number of samples of θ according to its probability density function. 
Evaluate the factors of safety of the slope using these samples as input based 
on the kriging model. If its factor of safety is less than unity, then it is in the 
failure region. As a kriging model is only applicable within the range where 
calibration points are available, those samples which falls out of the 
applicable range of kriging model should not be considered in this screening 
process.   

(3) Evaluate the reliability indexes and correlation coefficient of the failure 
samples. Evaluate the reliability index for each sample in the failure region, 
and evaluate the correlation coefficients among factors of safety of different 
samples in the failure region. After the failure points are obtained, the slip 
surface corresponding to each failure point can be regarded as a possible 
failure surface. As such, a large number of potential failure surfaces are 
generated.  

(4) Identifying the representative slip surfaces. After a large number of potential 
slip surfaces are obtained, they can be used to identify the representative slip 
surfaces based on the algorithm suggested in Zhang et al. (2011) using the 
reliability indexes as well as the correlation coefficients obtained in the 
previous step, which are summarized as follows. 
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(a) Find the sample with the smallest reliability index. The slip surface 
corresponding to this sample is considered as a representative slip surface. 

(b) Find samples that have correlation coefficients with the representative 
slip surface found in Step (a) larger than a threshold value ρ0 and exclude 
these samples from further consideration. In the example shown in this 
study, ρ0 = 0.7 is adopted. One can refer to Zhang et al. (2011) for a 
discussion about the effect of ρ0 on representative slip surfaces 
identification. 

(c) Apply Steps (a)-(b) repeatedly to the remaining failure points until all the 
slip surfaces are represented.  

The key in Step 3 is how to evaluate the reliability indexes of different 
samples in the failure region as well as the correlation coefficients among factors 
of safety of different samples in the failure region. Let θi denote the ith sample in 
the failure region. Its reliability index βi can be calculated based on its distance to 
the origin in the reduced space, which can be obtained using the following 
equation (Low et al. 2011): 

1min T
i i iF

β −

∈
=

x
n R n  (4) 

where ni is the reduced variables of θi , and R is the correlation matrix of the 
random variables. A set of equations that can be used to convert a variable in the 
original space into that in the reduced space can be found in Low and Tang 
(2007). For instance, if θ is lognormal, it can be converted to n using the 
following equations 

lnn θ λ
ζ

−=  (5)
 

where λ and ξ are the mean and standard deviation of ln θ, respectively. 

The correlation coefficient ρij between the ith and the jth failure points can be 
evaluated using the following equation (Low et al. 2011) 

1T
i j

ij
i j

ρ
β β

−

=
n R n  (6)

 

In the following, the method for identifying representative slip surfaces will 
be demonstrated with a well-studied benchmark example. 
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AN ILLUSTRATED EXAMPLE 

A benchmark example adopted from Ching et al (2009) is considered, as 
shown in Fig. 1. The undrained shear strength of the two clay layers, i.e., cu1 and 
cu2, are modeled as uncertain variables. The mean values of cu1 and cu2 are 
120kPa and 160kPa, respectively. The standard deviations of cu1 and cu2 are 
36kPa and 48kPa, respectively. Both cu1 and cu2 are modeled as independent 
lognormal variables. Strength reduction method embedded in FLAC3D (FLAC3D 
2005) are used for slope stability analysis. The mesh of the FLAC model is 
shown in Fig. 2.  

 

Figure 1. Geometry of slope 

 
Figure 2. Finite difference mesh used in FLAC3D for shear strength reduction analysis 

For ease of presentation, let θ1 = cu1 and θ2 = cu2. First, 300 samples are 
uniformly drawn in the reduced space from the range defined by nmin,i  < ni < 
nmax,i (i = 1, 2) with nmin,i = -5 and nmax,i = 1. With such a scheme, more samples 
will be drawn in the left tails of the random variables as it is expected that the 
failure region is mostly in the left tail of the samples. These points are then 
transformed into the original space to obtain 300 samples in the original space. 
FLAC3D  is used to compute the factors of safety of these points, yielding 300 
factors of safety. A kriging model is then calibrated based on these 300 points as 
well as the corresponding factors of safety. To check the accuracy of the 
calibrated kriging model, 50 other samples are randomly generated from the 
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same hypercube as the calibration points. Fig. 3 compares the factors of safety 
calculated based on the kriging model and those based on FLAC3D. The 
correlation coefficient between the two sets of factors of safety is 0.996, 
indicating the kriging model is quite accurate.  

500,000 samples of θ are then generated according to the probability density 
function of θ .The factors of safety of these 500,000 samples are calculated based 
on the fitted kriging model. If the factor of safety corresponding to a sample is 
less than unity, then it is considered as a failure sample. As mentioned previously, 
for the reason that a kriging model is only valid within its applicable range, 
points that are outside the applicable range of the kriging model are not 
considered in this screening process. Also, as it is expected that the most critical 
failure samples should be at the left tail of the random variables, only samples 
with cu1 < μ1 and cu2 < μ2 are considered, where μ1 and μ2 are the mean of cu1 and 
cu2, respectively. The obtained failure samples are shown in Fig. 4. Based on 
these samples, two representative slip surface points found, i.e., the slip surface 
corresponding to the slip surface of point {63.457 kPa, 78.065 kPa}, and the slip 
surface corresponding to the point {44.883kPa, 158.726 kPa}. The reliability 
indexes corresponding to these two points are 3.062 and 3.206, respectively. The 
correlation coefficient between the factors of safety of these two points is 0.632. 
Based on the method by Ditlevsen (1979), the system failure probability of the 
slope is between 1.7 × 10-3 and 1.7 × 10-3. For comparison, Ching et al. (2009) 
reported the system failure probability of the slope is 4.4 × 10-3 based on 
importance sampling where Bishop’s simplified (Bishop 1955) method is used 
for stability analysis. The difference between the computed failure probabilities 
obtained in this study and that in Ching et al. (2009) could be due to the 
difference between the factors of safety calculated by the shear strength reduction 
method and Bishop’s simplified method (Bishop 1955), and may also be caused 
by the error associated with the kriging model. To verify the validity of this guess, 
the factor of the safety of the slope at the mean point is computed by both the 
shear strength reduction method implemented in FLAC3D and Bishop’s 
simplified method. The factors of safety obtained by these two methods are 2.04 
and 1.995, respectively. To obtain comparable failure probability with that 
obtained in Ching et al (2009), the above analysis is repeated by reducing the 
factor of safety obtained from the kriging model by 0.06, and the two points 
found on the limit state surfaces are {68.725 kPa, 81.068 kPa} and {47.795 kPa, 
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146.328 kPa}, respectively. The reliability indexes are 2.788 and 2.993 
respectively. The correlation coefficient is 0.668 and the system failure 
probability of the slope is between 3.7 × 10-3 and 3.8 × 10-3. We can see the 
estimated failure probability is closer to that obtained in Ching et al. (2009). 

Finally, the representative slip surfaces corresponding to the two points are 
shown in Figs. 5(a) and 5(b), respectively. While the first representative slip 
surface passes through both soil layers, the second one is mainly located at the 
upper soil layer. If the reliability of the slope is not adequate and needs to be 
enhanced by stabilizing piles, the piles should intersect with both representative 
slip surfaces. It is interesting to note that that the representative slip surfaces 
found in this study are very close to those found by Low et al. (2011) in which 
the slip surfaces are assumed to be circular. In the present study no assumption is 
made about the shape of the critical slip surface during the reliability analysis 
process. The results in this study indicate that the assumption of circular slip 
surfaces is quite accurate in this benchmark example. 

Fig. 3. Comparision of factors of safety 
predicted by the kriging model and 
FLAC3D 

Fig. 4. Failure samples obtained based on the 
kriging model 

 

While the circular slip surface assumption is widely adopted, the potential 
slip surfaces of a general slope may not always be circular. In such a case, 
assuming the slip surfaces are circular may miss the most critical slip surfaces 
and hence may overestimate the safety of the slope. With the method suggested 
in this paper, the circular slip surface assumption is not needed, which thus 
enhances our capability of system reliability analysis of general slopes. 
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Fig. 5. Repersentative slip surfaces identified using the method suggested in this paper: (a) Slip 
surface corresponding to {68.725 kPa, 81.068 kPa}; (b) Slip surface corresponding to 
{47.795kPa, 146.328 kPa} 

5 SUMMARY AND CONCLUSIONS 

In this paper, a procedure is suggested to identify representative slip 
surfaces of arbitrary shape based on the shear strength reduction method. To 
reduce the computational efforts, a kriging-based response surface is used to 
approximate the deterministic slope stability model. The representative slip 
surfaces are then identified based on correlation analysis of the samples in the 
failure domain generated by Monte Carlo simulation. A benchmark slope 
reliability example is studied to examine the validity of the suggested method. 
The example shows that the suggested method can effectively locate the 
representative slip surfaces without making prior assumptions about the shape of 
the slip surfaces. The method presented in this paper could potentially be a very 
useful tool for locating non-circular representative slip surfaces for slope failure 
hazard mitigation. 
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INTRODUCTION 

There are many earth-fill dams for farm ponds in Japan.  Some of them are 
getting old and decrepit, and therefore, have weakened.  To mitigate disasters 
due to earthquakes and heavy rains, improvement works are conducted on the 
most decrepit earth-fill dams. This research deals with a strategy for the 
maintenance of geotechnical structures such as earth-fill dams. Since there is a 
recent demand for low-cost improvements, the objective of this research is the 
development of a design method for optimum improvement works at a low cost.  
A reliability analysis is introduced here in response to this demand.  

Although the standard penetration test (SPT) N values are frequently used to 
determine the soil parameters, the Swedish Weight Sounding (SWS) test is 
employed  as a simpler method. Firstly, the statistical model of N-values is 
determined from the SWS results, and based on the model, the shear strength 
parameters are derived through the empirical relationships.  Secondly, a 
reliability analysis of the embankments is conducted considering the variability 
of the internal friction angle and the seismic hazard. Thirdly, the probability of 
overflow of earth fills during heavy rains is evaluated. The rainfall intensity is 
dealt with as a probabilistic parameter, and the various rainfall patterns are tested 
by the Monte Carlo method. Finally, the total risk due to the earthquakes and the 
heavy rains is  evaluated for an earth-fill site. In results, the possibility for he 
practical use of the proposed method for the plans of the maintenance of decrepit 
earth-fill dams, has been verified  
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EARTHQUAKE HAZARD AND SAMPLE WAVE 

The earthquake hazard curve is defined as the relationship between the 
maximum acceleration of an earthquake and the probability of exceedance during 
the specific period. In this study, the hazard data surrounding the Site H, which is 
the object of the seismic analysis, have been obtained from the Japan Seismic 
Hazard Information Station (J-SHIS) (National Research Institute for Earth 
Science and Disaster Prevention)1). The hazard curve corresponding to the 
maximum acceleration a, over the next 50 years, is depicted in Figure 1, which 
gives the probability distribution of the maximum acceleration. For the sequential 
value of the acceleration, the hazard function H(a) is determined. As an input 
seismic wave, the representative wave of Nankai Trough Earthquake, is used in 
this study; the wave is shown in Figure 2.   

    

RELIAIBILITY ANALYSIS OF A FILL-EMBANKMENT 

Statistical model of an embankment 

A stability analysis is conducted and the risk is evaluated for an earth-fill 
dam at Site H. The statistical model of N values derived from SWS is presented 
here. As the mean function of N value, Equation (1) is derived, while the 
covariance function is defined as Equation (2), in which y (m) is the horizontal 
axis along the transverse section of the embankment , z (m) is the depth and h (m) 
is the elevation.
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Figure.1. Earthquake hazard function 
atSite H over next 50 years. 

 Figure.2. Sample wave due to Nankai Trough 
Earthquake at Site H. 
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m =1.89 + 0.157z                              (1) 
 

Cij = 0.604 ⋅ 1.24( )2
exp −

yi − yj

1.64
−

hi − hj

0.63









   i ≠ j( )

Cij = 1.24( )2
     i = j( )

                 (2) 

The analytical sections of the original embankment and the improved 
(restored) embankment are exhibited in Figures 3(a) and (b), respectively.  The 
embankment has been improved by constructing an inclined core, and by 
covering the original embankment with additional soil for reinforcement.  The 
material properties are given in Table 1.  The soil parameters are determined 
from the SPT N-values and laboratory soil tests.  Bs means the embankment 
material; it is determined from the N-values based on the Swedish Wight 
Sounding (SWS) results instead of the SPT in order to consider the spatial 
distribution.  The effective internal friction angle, φ′=φd, is obtained from the 
conversion, namely, Equations (3) and (4) (Hatanaka and Uchida 1996)2).  In 
Equation (3), 3.0εf is the conversion error, in which εf is an N(0,1) type normal 
random variable and the ratio of 3.0 is the standard deviation. 

   
(a) Original                     (b) Improved and restored 

Figure.3. Analytical sections of earth-fills 

Table 1. Parameters of embankment materials. 

  

BsAc

Gr

Ac Bs

Gr

Rigid soilCore
Block

Materials 
Young's 
modulas 
(kN/m2) 

Cohesion 
(kN/m2) 

Internal 
friction 

angle (°) 

Unit 
weight 

(kN/m3) 

Permeability 
(m/s) 

Poisson's 
ratio 

Bs (Sat) 12,350 0 * 20.9 8.55×10-6 0.3 
Bs (Unsat) 12,350 0 * 19.8 8.55×10-6 0.3 

Ac 1,000 0 37.4 15.0 2.71×10-8 0.2 
Core 16,800 0 37.4 20.9 9.95×10-8 0.2 

Rigid soil 16,800 0 37.4 20.9 8.55×10-6 0.3 
Block 16,800 200 50.0 23.0 8.55×10-6 0.3 

Gr 25,000,000 200 50.0 23.0 6.06×10-6 0.3 

117



 

 

Figure.4. Slip surface across an element 

 

φ ' = 20N1( )0.5 + 20 + 3.0ε f                                (3) 

N1 = NSPT σ v ' 98( )0.5

                                 (4) 

in which σv′ is the effective vertical stress. 

Reliability analysis 

The circular slip surface (CSS) method is employed as the stability analysis 
in this study.  Random numbers are assigned for uncertain factors, and the 
stability of the embankments is evaluated as the probability of failure with the 
use of the Monte Carlo method. For the reliability analysis, Equation (5) is 
defined as a performance function, in which the internal friction angle is a 
probabilistic parameter.  

g = τ fi − τ si( )li
i=1

n

                               (5)
 

where τf and τs are the shear strength and the shear stress, respectively, on 
the slip surface exhibited in Figure 4, which shows a slip surface across a finite 
element. In the figure, li is the length of the slip surface of element i, and n is the 
number of elements, which a slip circle crosses.  The strength, τf is defined by 
the Mohr-Culomb's law. Normal stress σn and shear force τs are defined in Figure 
4, and calculated with the dynamic finite element method (LIQCA) (Uzuoka, et 
al. 2007)3) in this study. In the seismic response analysis, the linear-elastic model 
is employed for simplicity. The probability of failure is evaluated with Equation 
(6) through the use of the Monte Carlo method. The probability is also a function 
of the acceleration a. 

Fe a( ) = Probability g < 0( )                           (6) 

For the internal friction angle φ2 of the embankment material, Bs is dealt 
with as a random variable. Firstly, the random numbers considering the spatial 

θ

l

τf τs

σn′
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distribution derived from Equations (1) and (2) are assigned to the NSWS. 
Secondly, the random variable NSPT is evaluated by NSPT = NSWS (1+0.354εr) by 
considering the conversion error εr

4), and then the φ2 is obtained with Equation 
(3), including the conversion error term 3.0εf. The Monte Carlo method is iterated 
10,000 times.  

 

Figure.5. Fragilities of earth-fills. 

In the calculation of the probability of failure Fe(a), corresponding to 
maximum acceleration a, the level of the wave in Figure 2 is adjusted so that the 
maximum acceleration coincides with the target acceleration value. The fragility 
curves are obtained for the original and the restored embankments, respectively, 
as shown in Figure 5. For the original section, the probability Fe(a) reaches to 
100 % at the acceleration of 1.5 m/s2, while, for the restored section, the 
probability approaches to 100 % at surround of the acceleration of 3.0 m/s2. 

Considering the hazard function H(a), the damage probability due to 
earthquakes over the next 50 years, Pfe50 is defined as: 

Pfe50 = −
dH a( )

da0

∞ Fe a( )da                    (7) 

QUASI-RAINFALL MODEL 

In this research, the rainfall events continuing for 72 hours are simulated 
based on the annual maximum rainfall intensities obtained from the rainfall data 
records in Okayama City, Japan for a span of 44 years. A dam break almost 
happens within 24 hours on an empirical basis. To cover all cases, the longer 
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consecutive rainfalls for 72 hours are used. The cumulative distribution function 
Gk (x) of rainfall intensity x (mm/h), for k (=1~72) hours after the rain starts, is 
determined with the mean rank method as follows:  

 

 

Gk (x) = mk(x) / (N +1)                               (8) 

where mk(x) is the number of rainfall intensities after  k hours that do not 
exceed x, and N denotes the number of years.  

Then, rainfall intensity x (mm/h) is transformed into random variable y 
following the standard normal distribution as 

y = Φ−1(Gk(x))                                     (9) 

where Φ is the standard normal distribution function. 

Then, the correlation coefficients ij (i,j = 1, 2, …, 72) between 
probabilistic variable y after i hours and j hours can be estimated by the 
following equation.  

ρij =
yi -μi( ) y j -μ j( )

i=1

44


σ iσ j

                             (10) 

Here, the set of correlation coefficients is viewed as a matrix, namely, R= 
[ρij]. Since R is positive definite, the lower triangular matrix L, satisfied with 
LLT=R, is obtained by the Cholesky decomposition. A normal random number Y 
can be produced as follows: 

Y = Lz                                        (11) 
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Figure.7. An example of quasi- precipitation.
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where z is standard normal random number generated by using Box-Muller 
method (Rubinstein 1981)5). Then, the normal random number Y is transformed 
into the random number X which has the distribution same as the actual rainfall 
using the following equation: 

Xi = Gk
-1(Φ(Yi ))                                (12) 

If X is used directly as the quasi- rainfall, the pattern causing overflows, 
may be fixed, because the cases of the heavy rains are very limited. To prevent it, 
a method that the rainfall intensity is reduced or extended, keeping the shape of 
hyetograph is proposed.  

The Gumbel distribution is assumed for the distribution of the total rainfall 
T (mm/72hours) of the annual maximum 72 hours rainfalls, fG(T) is determined 
as follows; 

T = xi

i=1

72

                                     (13) 

F(T ) = exp(−e−w ) w = a(T −T
0
)                          (14) 

where xi is the intensity of the annual maximum 72 hours rainfalls after i 
hours, and a and T0 are the parameters employed to adjust the observed data to 
the theoretical distribution function (Iwai and Ishiguro 1970)6). Then, the random 
variable T' is generated as total rainfall of the from Gumbel distribution F(T) 
shown in Figure 6. 

Lastly, the adjusted rainfall intensity, X’(mm/h) is determined for each hour 
as following equation. 

X ' = (T '/ xi

i=1

72

 )X                                  (15) 

An example of a generated 72 hours rainfall series is exhibited in Figure 7. 

EVALUATION METHOD FOR THE PROBABILITY OF OVERFLOW 

At first, the quantity of inflow, discharge and storage are calculated. The 
inflow equation is defined as follows (JSIDRE 2002) 7);  

Qin = fpr A 3.6                                  (16) 

where Qin=inflow to the reservoir (m3/s), fp is the peak runoff coefficient, r 
is the quasi- rainfall intensity (mm/h) and A is the area of the basin (km2). 
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Uniform random numbers are used for fp in the 0.7 to 0.8 range (JSIDRE 2002)7). 
The discharge equation for a rectangular weir as used in this study is; 

Qout = CBSh2 3

                                  (17) 

where Qout=discharge(m3/s), C= discharge coefficient, Bs=width of spillway, 
and h=static or piezometric head on a weir referred to the weir crest. The storage 
of water in the water reservoir Vr over the full water level is estimated as follows; 

Vr = Awh                                   (18) 

where Aw is area of water reservoir (km2) and h is overflow head (m). The 
decreasing rate of the storage V with the runoff is: 

dVr dt = Qin −Qout                             (19) 

The overflow head h is determined from Equation (19), and the maximum h 
within the 72 hours, is defined as the peak overflow head on the spillway. When 
hp becomes greater than the design overflow head hd, the overflow occurs. Then, 
the probability of overflow is defined by Equation (20) as the times of hp < hd in 
the iterations of the Monte Carlo simulation (Rubinstein 1981). 

Pof = Pr ob hd < hp
                            (20) 

The result for a dam in Site H is described in Table 2. The probability of 
overflow in a year is evaluated as 0.53 % for the original embankment and 0% 
for the improved one. From the value, the probability of overflow over the next 
50 years can be estimated by Equation (21). 

 Pfo50 =1− 1− Pfo( )50

                           (21) 

The probability of overflow over the next 50 years at the Site H is 23.4% for 
the original embankment and 0% for the improved embankment  

Table 2. Outline of water reservoir and probability of overflow 

 
 
 
 
 

 A (km2) C Bs (m2) (m) Pfo (%) 

Original 0.126 1.72 4000 0.66 0.53 

Restored 0.126 6.70 4000 0.60 0 

×
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Table 3. Damage probabilities and risks over next 50 years. 

 

TOTAL RISK EVALUATION 

In Table 3, the damage probability over next 50 years for the earthquakes 
and heavy rains are presented. Based on the probabilities, the total damage 
probability Pall is evaluated by the Equation (22). 

Pall = Pfe50 + Pfo50 − Pfe50 ⋅ Pfo50                          (22) 

The risk can be calculated by Pall × Cf, in which Cf (= 196 million JPY) is 
the damage cost by submergence due to the dam breach. The total risk is 
evaluated as 150 million JPY for the original embankment and 84 million JPY 
for the improved embankment, according to the table. 

CONCLUSIONS 

(1) Based on the statistical model for the internal friction angle, including the 
spatial distribution of the N-values, the two conversion errors, from the SWS 
N-value to the SPT N-value, and from the SPT N-value to the internal friction 
angle, and the seismic hazard for the Nankai Trough Earthquake, the 
reliability analysis has been conducted for an earth-fill embankment, and the 
damage probability over the next 50 years, has been evaluated. 

(2) The probability of overflow caused by the heavy rains has been calculated for 
several earth-fill dams. We assumed that overflows will occur when the 
maximum overflow head on the spillway bed becomes greater than the 
design overflow head. The probability of overflow was then determined by 
the Monte Carlo simulation. 

(3) The damage probability due to the earthquakes and heavy rain 
has been estimated 0.76 for the original embankment and, the probability of 
overflow is 0.43 for the restored embankment over the next 50 years. The 
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difference between the risks for the two states of the embankment has been 
calculated as 66 million JPY, which is the effect of the improvement work. 
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Abstract. This paper investigates the effect of load test database size on the 
model uncertainty associated with the Eurocode 7 method for calculating the 
bearing capacity of strip footings on sand under general combined loading. The 
model statistics of M'=qu,m/[fqu,c] is characterized using various small load test 
databases randomly drawn from a parent database, where qu,m=measured capacity, 
qu,c = Eurocode 7 calculated capacity, and f = regression equation obtained from 
regression analysis. The databases considered contain 10, 20, 30, 40, 50, and 60 
tests. For each database size, 40 different sets are drawn. The parent databases 
contain 120 and 72 tests for positive and negative combined loading, respectively. 
The statistics are then compared with the statistics reported in previous studies. It 
is shown that for a model factor M' with a coefficient of variation of around 0.1, a 
database containing 30 or more tests is sufficient to characterize its statistics. 

INTRODUCTION 

The ultimate bearing capacity qu of shallow strip foundations on sand under 
combined loading is usually calculated using the Terzaghi equation with the 
inclination factor and the effective width rule B'=B-2e (Meyerhof 1953), where 
B=foundation width and e=loading eccentricity. It is given by 

u 0.5q qq qN i B N iγ γγ= ′+                              (1a) 

where q=surcharge load at the footing base level; γ=unit weight of sand; the 
dimensionless bearing capacity factors Nq and Nγ given by (CEN 2004) 

( )tan 2 2tan ;    1 tan
4 2q qN e N Nπ φ

γ
π φ φ= = + − 
 

                (1b) 

where ϕ=the internal friction angle of sand; and the inclination factors iq and 
iγ are (CEN 2004)  

( ) ( )2 3
1 tan ;    1 tanqi iγα α= =− −                      (1c) 
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where α=loading inclination. 

According to Eq. (1), the model uncertainty of Eurocode 7 is mainly arising 
from 

(1) The bearing capacity factor Nγ. Note that Nγ decreases with an increase in 
foundation width B, because ϕ decreases with increasing stress level, known 
as scale effect. 

(2) The empiricism in the shape factors iq and iγ. 

(3) The effects of load eccentricity and load inclination are considered in an 
uncoupled manner in Eurocode 7; however, they are usually coupled 
(Loukidis et al. 2008). 

(4) Eurocode 7 does not consider the effect of loading direction on the bearing 
capacity of foundations, which is significant (e.g. Loukidis et al. 2008 and 
Tang et al. 2015). 

(5) The superposition principle to consider the contribution of surcharge and unit 
weight to the ultimate bearing capacity. 

A practical and simple framework was proposed by Phoon & Tang (2015a) 
to characterize the model uncertainty associated with the Eurocode 7 approach 
for calculating the bearing capacity of strip footings on sand under positive 
combined loading. Later, this framework was applied by Phoon & Tang (2015b) 
to investigate the effect of the combined loading direction (i.e., negative 
combined loading and the combination of positive and negative combined 
loading) on the model uncertainty for the Eurocode 7 approach. However, it 
should be noted that the size of the load test database adopted in the above 
studies was larger than what is commonly available in practice: 120 load tests for 
positive combined loading and 72 load tests for negative combined loading were 
used.  

Because the size of a load test database is usually much smaller, it is of 
practical interest to examine the performance of the framework in the presence of 
a smaller database. In this paper, the effect of load test database size is studied by 
randomly drawing smaller databases from the original large parent databases. 
The model factor statistics are compared with those reported by Phoon & Tang 
(2015a, b) to gauge the minimum size of database that will produce a reasonable 
agreement. 

126



FRAMEWORK FOR CHARACTERIZING MODEL UNCERTAINTY 

Model uncertainty is usually characterized by a model factor M, which is 
defined as a ratio between the measured capacity qu,m and the capacity qu,c 

calculated from Eurocode 7, given by 

,m ,cu uM q q=                                    (2) 

Phoon & Tang (2015a, b) has shown that M may be a function of the input 
parameters due to idealizations made to retain analytical simplicity. In this 
situation, M cannot be modeled as a random variable. The number of load tests 
required to remove this dependency by regression analysis exceeds what is 
available in the literature. It was found from Phoon & Tang (2015a) that finite 
element limit analysis (FELA) is good enough to replace load tests in this critical 
regression step. To consider the dependency of friction angle ϕ on the stress level, 
an empirical relation suggested by Ueno et al. (2001) is incorporated into FELA 
in their studies. Because of the theoretical idealizations underlying FELA (e.g. 
elastic-perfectly plastic assumption and an associated flow rule), one expects 
model uncertainty to be present in FELA as well. The proposed framework for 
characterization of model uncertainty can be summarized as follows: 

(1) Based on the ranges of the input parameters, design orthogonal experiments 
and perform regression analysis to express the systematic variation of the 
model factor Ms=qu,FELA/qu,c as a function f of the input parameters. The 
parameter qu,FELA=FELA calculated capacity and qu,c= Eurocode 7 
calculated capacity. The residual part η=Ms/f is no longer a function of the 
input parameters. The probability model of η is an outcome of regression.  

(2) The model factor MFELA=qu,m/qu,FELA, where qu,m=measured capacity, 
was found to be independent of the input parameters. Hence, MFELA can be 
treated as a random variable directly. The probability model of MFELA is 
characterized using a calibration database of size=60 and 36 for positive and 
negative combined loading, respectively. 

(3) It follows that a new model factor M'=ηMFELA=qu,m/[fqu,c]. The 
denominator is the Eurocode 7 calculated capacity modified by the regression 
equation f. The model factor M' is a lognormal random variable equal to 
product of two independent lognormal random variables η and MFELA. 
Therefore, the model statistics of M' can be obtained from the model statistics 
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of η and MFELA under the lognormal assumption. On the other hand, the 
model statistics of M' can be directly characterized using another independent 
database. The results will be used to validate the model statistics of M' from η 
and MFELA. In addition, the accuracy of the proposed regression equation f 
is also verified by comparing the modified capacity fqu,c and the measured 
capacity qu,m. A validation database size=60 and 36 for positive and negative 
combined loading, respectively, is adopted. 

In this paper, the focus is to find out the minimum size of the database that 
will approximate the validated statistics of M' reported by Phoon & Tang (2015a, 
b). Hence, the calibration and validation databases are combined to produce a 
larger parent database from which smaller databases can be randomly drawn. For 
each database size, 40 different sets are drawn. The model statistics of M' is 
obtained directly from M'=qu,m/[fqu,c]. The numerator is obtained from the 
randomly drawn database. The regression equation f is taken from Phoon & Tang 
(2015a, b). The calculated capacity qu,c is from Eq. (1a). 

LOAD TEST DATABASE 

Laboratory model tests were conducted recently by Patra et al. (2012a, b) to 
determine the bearing capacity of strip footings under positive and negative 
combined loading, respectively. The tests were carried out in dense (ϕ=40.8° and 
γ=14.36 kN/m3) and medium dense (ϕ=37.5° and γ=13.97 kN/m3) sands. The 
foundation width is 0.1 m. For positive combined loading, the number of load 
tests is 120, while it is 72 for negative combined loading. The measured 
capacities are summarized in Tables 1 and 2. 

EFFECT OF DATABASE SIZE 

In this section, the effect of the size of the load test database on the 
characterization of model uncertainty is investigated. We are basically exploring 
the impact of statistical uncertainty arising from limited availability of load tests 
in practice. Tables 1 and 2 constitute the “parent” databases from which all 
smaller databases are drawn from. The procedure adopted here is to randomly 
extract N=10, 20, 30, 40, 50, and 60 tests from database shown in Tables 1 and 2. 
For each database size N, we extract 40 different sets of size N. This is performed 
using the MATLAB function ‘randperm’. The model statistics of the modified 
factor M'=qu,m/[fqu,c] (where f is given in Table 3) is then calculated using the data 
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from Tables 1 and 2. The results are then compared with those reported by Phoon 
& Tang (2015a, b) to determine the minimum size of database that will produce a 
reasonable agreement. The mean and variance of M' for a variety of sizes of 
database are shown in Figures 1 and 2. It is obvious that more tests are needed to 
establish variance than mean. From visual inspection, one may conclude that 
N≥30 is sufficient to characterize a model factor with COV around 0.1. 

Table 1 Load test database for the case of negative combined loading 

D/B α (°) 
Dense qu,m (kPa) Medium dense qu,m (kPa) 

e/B=0.05 0.1 0.15 0.05 0.1 0.15 

0 

-5 113.8 107.91 92.21 71.61 62.78 52.97 

-10 88.29 85.35 81.42 56.9 51.99 49.05 

-15 68.67 66.71 64.75 42.58 41.2 38.65 

-20 53.96 51.99 49.05 31.39 30.41 29.43 

0.5 

-5 196.2 173.64 152.06 105.95 94.18 77.5 

-10 166.77 151.07 132.44 88.29 77.5 67.69 

-15 137.34 129.49 112.82 73.58 63.77 56.9 

-20 113.8 105.95 95.16 58.86 53.96 48.07 

1 

-5 284.49 251.14 228.57 170.69 156.96 144.21 

-10 249.17 225.63 203.07 148.13 135.38 120.66 

-15 217.78 193.26 171.68 124.59 114.78 103.01 

-20 179.52 156.96 143.23 99.08 92.21 86.33 

 

This can be rigorously verified using statistics theory. Since these samples 
are extracted from a hypothesized normal random variable lnM', the 95% 
confidence interval on the population mean μlnM' is given by (Montgomery & 
Runger 2007) 

ln ln
ln 0.025, 1 ln ln 0.025, 1

M M
M N M M N

s sm t m t
N N

μ′ ′
′ ′ ′− −− ≤ ≤ +                   (3a) 

and the 95% confidence interval on the population variance σ2
lnM’ is given 

as (Montgomery & Runger 2007) 

( ) ( )2 2
ln ln2

ln2 2
0.025, 1 0.975, 1

1 1M M
M

N N

N s N s
σ

χ χ
′ ′

′
− −

− −
≤ ≤                            (3b) 

where μlnM'=population mean; mlnM'=sample mean; σ2
lnM'=population 
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variance; s2
lnM'=sample variance; t0.025,N-1=the upper 2.5% percentage point of the 

t-distribution with N-1 degrees of freedom; χ2
0.025,N-1 and χ2

0.975,N-1=the upper and 
lower 2.5% percentage points of the chi-square distribution with N-1 degrees of 
freedom. 

Table 2 Load test database for the case of positive combined loading 

D/B α (°) 
Dense qu,m (kPa) Medium dense qu,m (kPa) 

e/B=0 0.05 0.1 0.15 0 0.05 0.1 0.15 

0 

0 166.77 133.42 109.87 86.33 101.043 84.37 68.67 54.94 

5 128.51 103.01 86.33 65.73 79.46 63.77 52.97 42.18 

10 96.14 76.52 62.78 51.99 55.92 47.09 38.46 31.39 

15 66.71 53.96 44.15 35.12 38.26 32.37 26.98 20.6 

20 43.16 43.16 23.54 23.54 24.03 24.03 13.34 13.34 

0.5 

0 264.87 226.61 195.22 164.81 143.23 123.61 103.99 87.31 

5 223.67 193.26 165.79 140.28 120.66 103.99 90.25 72.59 

10 186.39 160.88 137.34 116.74 98.1 84.86 72.59 60.82 

15 151.07 129.49 111.83 94.18 79.46 67.89 56.9 48.07 

20 115.76 98.1 85.35 72.59 58.27 50.03 43.16 36.3 

1 

0 353.16 313.92 278.6 245.25 208.95 193.26 175.6 156.96

5 313.92 277.62 241.33 215.82 186.39 168.73 153.04 137.34

10 264.87 239.36 212.88 188.35 160.88 144.21 129.49 112.82

15 225.63 206.01 179.52 155.98 133.42 118.7 106.93 94.18 

20 183.45 166.77 143.23 126.55 98.1 92.21 84.37 75.54 

 

Table 3 summarizes the results reported by Phoon & Tang (2015a, b). Note 
that η and MFELA are modeled as lognormal random variables. The model 
statistics of the modified model factor M'=ηMFELA can be obtained from the 
model statistics of η and MFELA. It is important to note that the model statistics of 
MFELA may be affected by the choice of the calibration load test database and the 
size of the chosen calibration load test database, which are related to the 
statistical uncertainty. 

The confidence interval of the population mean and variance for each size of 
sample database are also illustrated in Figures 1 and 2. From the viewpoint of 
both the small sample size statistics (cross symbols in the figures) and the 
theoretical 95% confidence interval bounds, it can be seen that the mean and 
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variance stabilize for a database containing 30 or more tests. It indicates that for a 
model factor M' with a coefficient of variation of around 0.1, a database 
containing 30 or more tests is sufficient to characterize its statistics. 
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Figure 1 Effect load test database size N on the mean of M' 

0 10 20 30 40 50 60 70
0

0.01

0.02

0.03

0.04

0.05

Database size N

V
ar

ia
nc

e 
of

 ln
M

'

0 10 20 30 40 50 60 70
0

0.01

0.02

0.03

0.04

0.05

Database size N

V
ar

ia
nc

e 
of

 ln
M

'

0 10 20 30 40 50 60 70
0

0.01

0.02

0.03

0.04

0.05

Database size N

V
ar

ia
nc

e 
of

 ln
M

'

(a) Positive combined load

(c) General combined load

(b) Negative combined load

Upper limit

Lower limit

 

Figure 2 Effect load test database size N on the variance of M' 
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CONCLUSIONS 

The effect of the size of load test database on the characterization of model 
uncertainty associated with Eurocode 7 method was investigated in this paper. 
Based on the regression equation f obtained by Phoon & Tang (2015a, b), the 
model statistics of model factor M'=qu,m/[fqu,c] is directly characterized using a 
set of samples extracting from the database containing 120 cases and 72 cases 
respectively for positive and negative combined loading. It is shown that for a 
model factor M' with a coefficient of variation of around 0.1, a database 
containing 30 or more tests is sufficient to characterize its statistics. 

Table 3 Summary of model uncertainty for the Eurocode 7 bearing capacity equation 

Problem 
Variables 0ln i if b b x= +  η MFELA 

mean cov mean cov

 b0 0.28     

Strip footings on sand under 

positive combined loading 

(Phoon & Tang 2015a) 

Experimental data from Patra et al. 

(2012a) 120 tests 

x1 γD/pa b1 -5.05 

1.01 0.06 1.03 0.06

x2 ξ b2 11.4 
x3 tanϕa b3 -0.26 
x4 d/B b4 -0.09 
x5 α/ϕa b5 0.21 
x6 e/B b6 -1.12 
x7 (e/B)(α/ϕa) b7 -0.98 

  b0 0.1     

Strip footings on sand under 

negative combined loading 

(Phoon & Tang 2015b) 

Experimental data from Patra et al. 

(2012b) 72 tests 

x1 γD/pa b1 -4.5 

1.01 0.06 1.06 0.08

x2 ξ b2 10.4 
x3 tanϕa b3 -0.25 
x4 d/B b4 -0.12 
x5 α/ϕa b5 -1.03 
x6 e/B b6 -0.45 
x7 (e/B)(α/ϕa) b7 -1.81 

  b0 0.1     

Strip footings on sand under 

general combined loading 

(Phoon & Tang 2015b) 

Experimental data from Patra et al. 

(2012a, b) 192 tests 

x1 γD/pa b1 -4.5 

1.02 0.09 1.04 0.09

x2 ξ b2 10.25 
x3 tanϕa b3 -0.15 
x4 d/B b4 0.05 
x5 α/ϕa b5 -0.93 
x6 e/B b6 -0.05 
x7 (e/B)(α/ϕa) b7 -2.53 

Note: B=foundation base; pa=100 kPa=atmospheric pressure; γ=unit weight of sand; ϕa=repose 
angle of sand; D=embedment depth of foundation; α=loading inclination; ξ=empirical parameter 
in a range of 0.02~0.12and e=loading eccentricity. 
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ABSTRACT. This paper aims to develop an efficient reliability-based design 
(RBD) approach for shallow foundations, in which an advanced Monte Carlo 
Simulation (MCS) method called “Subset Simulation (SS)” is used to calculate 
the failure probabilities of all the possible designs in design space by a single run 
of simulation. To facilitate the application of SS in RBD, a generalized surrogate 
response is proposed. Equations are derived and implemented in a commonly-
available spreadsheet environment to effectively remove the hurdle of reliability 
computational algorithm and to make the proposed approach available to 
geotechnical practitioners. The proposed approach is illustrated through a 
shallow foundation design example. It is shown that the proposed approach 
provides results that are consistent with those from previous studies and 
significantly improves the efficiency and resolution at small probability levels 
compared with direct MCS, making the proposed approach feasible in the design 
situations with a small target failure probability. In addition, effects of the choice 
of driving variable (one key parameter in SS) in SS for RBD are also 
systemically explored. 

1. INTRODUCTION 

Design is a process of determining a set of design parameters (e.g., width B, 
length L, and depth D of shallow foundations) that specify a geo-structure so as 
to satisfy a series of performance requirements, e.g., ultimate limit state (ULS) 
and serviceability limit state (SLS) requirements. In the past few decades, several 
reliability-based design (RBD) codes/methodologies have been developed for 
foundations, such as load and resistance factor design codes (e.g., Barker et al., 
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1991) and multiple resistance factor design methodology (Phoon et al., 1995). 
Yet, these calibration processes of load and resistance factors provided in these 
codes/methodologies are almost “invisible” to geotechnical practitioners in the 
sense that the assumptions and/or simplifications adopted in calibration processes 
are unknown to them (Wang et al., 2011). This may lead to potential misuse of 
the load and resistance factors because they are only valid for the assumptions 
and simplifications adopted in the calibration process. To address the problem, a 
Monte Carlo Simulation (MCS)-based RBD approach, namely expanded RBD 
approach, for foundations is recently developed by Wang et al. (2011) and Wang 
(2011). Although MCS has the advantage of conceptual and mathematical 
simplicity, it suffers from a lack of efficiency and resolution at small probability 
levels (Baecher and Christian, 2003). This necessitates a large number of MCS 
samples used in the expanded RBD approach and requires extensive 
computational efforts. Therefore, a recent attempt by Wang and Cao (2013) 
combined the expanded RBD approach with an advanced MCS method called 
“Subset Simulation (SS)” for foundations to improve efficiency and resolution at 
small probability levels. This attempt showed that the implementation of SS in 
geotechnical RBD is not a trivial task and relies on the choice of the system 
response used to define the driving variable, which is a key parameter in SS.  

This paper explores systemically the difficulty in the implementation of SS 
in expanded RBD of shallow foundations and proposes a generalized surrogate 
response to aid in the application of SS in expanded RBD of shallow foundations. 
The proposed approach is illustrated using a shallow foundation design example. 
To facilitate the design practice, the proposed approach is implemented in a 
commonly available EXCEL spreadsheet environment to effectively remove the 
hurdle of reliability computational algorithm and make the proposed approach 
available to geotechnical practitioners. 

2. EXPANDED RELIABILITY-BASED DESIGN (EXPANDED RBD) OF 
SHALLOW FOUNDATION 

The shallow foundation design process aims to find a set of B, L and D 
values that satisfy a series of pre-defined performance requirements, including 
ULS and SLS requirements and the target failure probability pT or target 
reliability index. In the expanded RBD approach, the shallow foundation design 
process is formulated as an expanded reliability problem (Au, 2005; Wang et al., 
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2011; Wang, 2011; Wang and Cao, 2013), in which the design parameters (i.e., B, 
L and D) are artificially considered as independent discrete random variables 
with uniformly distributed probability mass function P(B,L,D). Then, the design 
process is revised as a process of calculating failure probabilities corresponding 
to designs with various combinations of B, L and D (i.e., conditional probability 
P(F|B,L,D)) and comparing them with pT (Wang, 2011; Cao et al., 2012). 
Feasible designs are those with P(F|B,D,L) ≤ pT. Failure herein refers to events in 
which the factor of safety (i.e., FSuls or FSsls for ULS or SLS requirements, 
respectively) is less than one. Using the Bayes’ Theorem (e.g., Wang, 2011; Cao 
et al., 2012), the conditional probability P(F|B,L,D) is given by 

( | , , ) ( , , | ) ( )/ ( , , )P F B L D P B L D F P F P B L D=  (1) 

where P(B,L,D|F) = conditional joint probability of B, L and D given failure. 
The quantities P(B,L,D|F) and P(F) in Eq. (1) are estimated using a single run of 
MCS. The next section uses an advanced MCS method, namely SS, to evaluate 
P(B,L,D|F) and P(F) in Eq. (1).  

3. SURROGATE RESPONSE-AIDED SUBSET SIMULATION FOR 
EXPANDED RBD 

3.1 Algorithm of SS 

SS makes use of conditional probability and Markov Chain Monte Carlo 
(MCMC) method to efficiently compute small tail probability (Au and Beck, 
2001 and 2003; Wang and Cao, 2013). It expresses a rare event E with a small 
probability as a sequence of intermediate events {E1, E2, …, Em} with larger 
conditional probability and employs specially designed Markov chains to 
generate conditional samples of these intermediate events until the target sample 
domain is achieved. The probability of event E can be written as 

( ) ( ) ( ) ( )1 1
2

m

m l l
l

P E P E P E P E E −
=

= = ∏  (2) 

where P(E1) = probability of E1; P(El|El-1) = probability of El conditional on 
El-1. Recently, SS has been programmed in a commonly-available EXCEL 
spreadsheet environment as a VBA Add-In and can be readily used by 
practitioners (Au et al., 2010; Wang and Cao, 2013). Further details of SS and its 
implementation in the EXCEL spreadsheet environment are referred to Au and 
Beck (2001 and 2003), Au et al. (2010), and Wang and Cao (2013).  
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3.2 Difficulty in defining the driving variable for expanded RBD  

The convention of SS needs to define a driving variable Y that 
monotonically increases as the simulation level increases in SS and reflects the 
information of system response (e.g., factor of safety (FS) of the shallow 
foundation). Detailed definition of Y in SS and its relationship with SS are 
referred to Au et al. (2010) and Wang and Cao (2013). In geotechnical reliability 
analyses, Y is frequently defined to be proportional to the reciprocal of FS (i.e., 
1/FS). Using Y = 1/FS in SS, the FS values of random samples decrease level by 
level with Y increase in the simulation process. But FS is a function of design 
parameters B, L, D of the shallow foundation. For a given set of uncertain soil 
parameters ,{ , 1,2,..., }S S j sj nθ θ= = , some combinations of B, L, D of the shallow 
foundation have relatively small FS values, which have a greater chance to fail 
than others with relatively large FS values under the same ground conditions. As 
a result, using 1/FS as driving variable in SS for expanded RBD tends to drive 
the sampling space to samples with low FS values, which correspond to the 
combinations of B, L, D with relatively large failure probabilities. This leads to 
insufficient failure samples of combinations of B, L, D with relatively small 
failure probabilities, and subsequently degrades the accuracy and resolution of 
estimated ( | , , )P F B L D  at small probabilities levels (e.g., pT ≤ 0.001) in 
expanded RBD, which are of real interest in design practice. Therefore, using SS 
in expanded RBD need to define a proper driving variable, which is capable of 
generating efficiently failure samples for all the possible designs by a single run 
of SS and providing design information of feasible designs with a wide range of 
combinations of B, L, D in design space. 

3.3 A generalized surrogate response for defining driving variable in SS for 
expanded RBD 

For a shallow foundation, there might exist np failure modes (e.g., SLS and 
ULS failures) that are of interest in design. For the k-th failure mode, its 
corresponding system response can be represented by the factor of safety FSk , 
which is given by 

( ),k k S designFS G θ θ=  k=1, 2…, np (3) 

where designθ =a set of design parameters (i.e., [ , , ]B L D ) of the shallow 
foundation; ()kG  represents a functional relationship between FSk and uncertain 
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parameters (including Sθ  and designθ ) involved in design. For generating 
efficiently failure samples and covering the feasible designs with a wide range of 
combinations of [ , , ]B L D , a generalized surrogate response is proposed for 
defining the driving variable of SS in expanded RBD, and it is written as: 

,
1 1

SP nn
k
j S j

k j
f W θ

= =

=  (4) 

where Wj
k is a sensitivity factor reflecting the information on the j-th 

uncertain soil parameters ,S jθ  contained in FSk of all the possible designs in 
design space, and it calculated as  

, , ,

1 1, ,

( / )1 1design design

S S S S

N N
k t k t k tk

j
t tdesign S j design S j

g FS FS
W

N N
θ μ θ μ

θ θ= == =

∂ ∂
= =

∂ ∂ 
 j = 1, 2, …, ns   (5) 

where Ndesign = the number of possible designs in design space; FSk,t = the 
FSk for the t-th design in design space; ,k tFS = the FSk value for the t-th design 
evaluated at the mean values Sμ  of ns soil parameters; , , ,/k t k t k tg FS FS=  is the 
normalized FSk of the t-th design, which is applied to avoid the scaling problem 
among system responses of different failure modes; , ,/

S S
k t S jg

θ μ
θ

=
∂ ∂ = the partial 

derivative of ,k tg  with respect to ,S jθ  evaluated at Sμ , and it reflects the 
sensitivity of the k-th system response of the t-th design to ,S jθ . More 
explanations on Eq. (4) are referred to Li et al. (2015). Then, the driving variable 
Y for SS-based expanded RBD can be defined as Y = - f. With the increase of Y 
level by level during SS, f decreases. The decrease in f is attributed to the 
decrease in ,S jθ  for k

jW  > 0 and/or the increase of ,S jθ  for k
jW  < 0. Therefore, 

using Y = -f as driving variable in SS tends to generate relatively small values of 

,S jθ  for k
jW  > 0 and relatively large values of ,S jθ  for k

jW  < 0, both of which 
correspond to the failure samples of ,S jθ . In addition, the f given by Eq. (4) is 
independent of designθ  samples, so it does not affect the distribution of designθ  
samples in each simulation level and allows generating designθ  samples that cover 
the feasible designs with a wide range of combinations of designθ .  

4. CONDITIONAL FAILURE PROBABILITY OF EACH POSSIBLE 
DESIGN OF SHALLOW FOUNDATION 

After the random samples of designθ and Sθ  are generated by SS with the aid 
of Y = -f, the sample space Ω are divided into m+1 mutually exclusive and 
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collectively exhaustive subsets {Ωl, l = 0, 1, 2, … , m}. Then, the failure 
probability P(Fk) and the conditional probability ( ), , kP B L D F

 
for the k-th failure 

mode are calculated as (Wang and Cao, 2013): 

( )
0

( ) ( Ω )
m

k k l l
l

P F P F P
=

= Ω  (6) 

( ) ( ) ( )
0

, , , ,
m

k k l l k
l

P B L D F P B L D F P F
=

= Ω Ω   (7)
 

where ( Ω )k lP F  = the conditional failure probability of the k-th failure mode, 
and it is calculated as the ratio of the failure sample number NF,l in Ωl over the 
total sample number Nl in Ωl; P(Ωl) = the probability of the event Ωl, and it 
quantitatively reflects the probability weight of random samples in Ωl, and it is  
equal to 

1
0 0
l lp p +−  for 0,1,2, , 1l m= −  and 0

mp  for l = m; ( ), , k lP B L D F Ω  = the 
conditional probability of a combination of designθ  = [B, L, D] given sampling in 
l and occurrence of k-th failure mode (i.e., FSk < 1 occurs), and it is expressed 
as the ratio of the number of failure samples in l with a combination of [B, L, D] 
over the total failure sample number in l. In addition, ( )l kP FΩ is calculated as 

( ) ( ) ( )/k l l kP F P P FΩ Ω
 according to the Bayes’ Theorem. Using Eqs (6)-(7), P(Fk) 

and ( ), , kP B L D F  are calculated from random samples generated by the 
surrogate response-aided SS. Then, the ( )| , ,kP F B L D  of the design with a 
combination of [B, L, D] for the k-th failure mode of the shallow foundation is 
calculated using Eq. (1). To facilitate the design practice, this study implements 
Eqs (1) and (6)-(7) in a commonly-available EXCEL spreadsheet environment as 
a VBA Add-In to calculate the conditional failure probability for expanded RBD 
of shallow foundations (Wang and Cao, 2013).  

5. ILLUSTRATIVE EXAMPLE 

Wang (2011) used a shallow foundation design example shown in Figure 1 
to illustrate expanded RBD approach. The shallow foundation is designed to 
support vertical central loads with a deterministic permanent load component of 
G = 900 kN and a random variable load component of Q. The foundation is 
founded at just above the ground water table or a depth D = 0.8m in stiff till with 
a deterministic total unit weight  = 22 kN/m3. Other soil properties include 
undrained shear strength cu, effective friction angle φ' (c' = 0), and coefficient of 
volume compressibility mv.  As the foundation depth D = 0.8 m is pre-specified 
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for the designed spread foundation with B=L, the key design parameter in this 
example are the  

 
Figure 1. A square shallow foundation design example (after Orr, 2005; Wang, 2011) 

shallow foundation width B, which is required to support the design loads 
without ULS failure and to have a foundation settlement less than 25mm (i.e., 
SLS requirement). This example is re-designed in this section by the expanded 
RBD approach using SS with Y=-f. 

5.1 Uncertainty model  

To enable a consistent comparison with the design by Wang (2011), the 
uncertainty modeling in this section follows that adopted in his study. Four 
uncertain variables are considered in this design example, including Q, and soil 
properties ϕ', cu, and mv. They follow lognormal distribution, and the means (m) 
and standard deviations (s) of Q, ϕ', cu, and mv are mQ = 458.7 kN and sQ = 68.8 
kN, mϕ' = 36.4º and sϕ' = 3º, mcu = 235.3 kPa and scu = 70.6 kPa, and mmv = 
0.01875 m2/MN and smv = 0.0075 m2/MN, respectively. In addition, the key 
design parameters B of the shallow foundation is artificially treated as uniformly 
distributed variables in expanded RBD. In this study, the possible B values vary 
from 1 to 3 m with an increment of 0.1 m (i.e., Ndesign = 21), which are consistent 
with those adopted by Wang (2011).  

5.2 Deterministic model  

The deterministic model is largely identical to the traditional shallow 
foundation design calculation. It takes a given set of system parameters (e.g., 
design parameter B, L and D, design loads, and soil properties Sθ ) as input and 
provides the values of FSuls, FSsls, and f corresponding to the set of system 
parameters as output. To enable a consistent comparison with the previous results 
by Wang (2011), the FSuls and FSsls of the shallow foundation are calculated from 
the same equations used in his study. Details of calculations of FSuls and FSsls are 

B
D

Vertical central load: 

deterministic permanent load, G 

Ground water level

Maximum allowable 

141



 

 

referred to Wang (2011). Then, using Eq. (4), the surrogate response f for the 
shallow foundation design is defined as 

( ) ( ) ( ) ( )' ' '
u u v v

ULS SLS ULS SLS ULS SLS ULS SLS
Q Q c c u m m vf W W Q W W W W c W W mφ φ φ= + + + + + + +  (8) 

where ULS
QW , SLS

QW , '
ULSWφ , '

SLSWφ , 
u

ULS
cW , 

u

SLS
cW , 

v

ULS
mW , and 

v

SLS
mW  are the 

respective sensitivity factors reflecting the information on Q, ϕ', cu, and mv 
contained in FSuls and FSsls, and they are calculated as -0.00074, -0.00074, 0.146, 
0, 0, 0.00137, 0, and -36098 by Eq. (5), respectively. Both uncertainty model and 
deterministic model are implemented in EXCEL spreadsheet environment, After 
uncertainty model worksheet and deterministic model worksheet are developed, 
they are linked together through their input/output cells to execute reliability 
analysis of the shallow foundation. 

5.3 Subset Simulation and RBD Add-In 

Figure 2 shows the Subset Simulation and RBD Add-In developed by Wang 
and Cao (2013), which consists of two userform pages: one for implementing 
Subset Simulation and the other for calculating conditional failure probability for 
expanded RBD using random samples generated in SS according to Eqs. (1) and 
(6)-(7). Using the Subset Simulation Add-In (see Figure 2(a)), a SS run with 
10,000 in each simulation level, a conditional probability of 0.1, and m = 5 is 
performed, in which a total of 55,000 samples are simulated. After the simulation, 
an output worksheet is created by the Add-In to record the simulation results, 
including the  

    
(a) Subset Simulation Userform Page           (b) Reliability-based Design Userform Page 

Figure 2. Subset Simulation and RBD Add-In (after Wang and Cao, 2013) 
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(a)Ultimate Limit State (ULS) Failure            (b)Serviceability Limit State (SLS) Failure 

Figure 3. Conditional failure probability from Subset simulation and direct MCS 

random samples generated in simulation and their corresponding values of 
FSuls, FSsls, and f. Based the simulation results, the conditional failure 
probabilities (i.e., Pf

ULS and Pf
SLS) for ULS and SLS failures are calculated using 

the RBD Add-In (see Figure 2 (b)). Interested readers are referred to Wang and 
Cao (2013) for detailed descriptions of the Subset Simulation and RBD Add-in. 

5.4 Design results 

Figures 3(a) and 3(b) show the values of P(F|B,L,D) estimated from the 
proposed approach for ULS and SLS failures by solid lines, and the results 
reported by Wang (2011) by dashed lines, which were obtained from a direct 
MCS run with 10,000,000 samples. The dashed lines plot close to the solid lines. 
The results from the proposed approach are in good agreement with those from 
direct MCS. Such agreement validates the proposed approach. Compared with 
the expanded RBD approach using direct MCS, only 55,000 random samples are, 
however, generated in SS, which are much less than the 10,000,000 samples used 
in direct MCS. SS improves, significantly, the computational efficiency at small 
probability levels, and it enhances applications of the expanded RBD approach in 
design situations with small target failure probabilities (e.g., pT < 0.001). 

5.5 Effects of different driving variables 

Figures 4(a) and 4(b) show the variation of P(F|B,L,D) estimated from SS 
for ULS and SLS failures using two different driving variables (i.e., Y =1/FSmin, 
and -f) by solid lines with  
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(a) Ultimate Limit State (ULS) Failure        (b) Serviceability Limit State (SLS) Failure 

Figure 4. Conditional failure probabilities from SS with different driving variables 

 
Figure 5. Percentages of failure samples obtained from SS using different driving variables 

circles and triangles, respectively. Herein, FSmin is the minimum value 
among FSuls and FSsls. As shown by the rectangular with dashed lines in Figure 4, 
the solid lines with circles fluctuate significantly, indicating that using Y=1/FSmin 
fails to generate effective design information in the design domain with relatively 
small failure probabilities. On the other hand, using Y = -f in SS generates 
consistent design information (i.e., P(F|B,L,D)) for expanded RBD of shallow 
foundation in all failure probability levels. To further demonstrate the effect of 
different driving variables, Figure 5 shows the percentage of failure samples 
(including ULS and SLS failures) generated by SS with Y =-f , and 1/FSmin in this 
example versus B by solid lines with triangles and circles, respectively. It is 
shown that about 77.9% of failure samples generated by SS with Y =1/FSmin have 
a B value of 1m, and the percentage of failure samples decreases significantly, 
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while the percentage of failure samples generated by SS with -f decreases slightly 
as B increases. Therefore, the failure samples generated in SS with Y = –f are 
distributed more uniformly and covers the whole design space ranging from 1m 
to 3m. This subsequently allows calculating the P(F|B,L,D) with Y=-f for all the 
21 possible designs with reasonable accuracy by a single run of simulation. 

6. SUMMARY AND CONCLUSIONS 

This paper developed an efficient RBD approach for shallow foundation 
design using an advanced MCS method called “Subset Simulation (SS)”. To aid 
in the integration of SS and expanded RBD, a generalized surrogate response f 
was proposed and used to define the driving variable (one key parameter in SS) 
of SS in expanded RBD of the shallow foundation. With the aid of the surrogate 
response f, the failure probabilities of all the possible designs in the prescribed 
design space are calculated from a single run of SS. Equations were derived for 
integration of the surrogate response-aided SS and expanded RBD, and were 
illustrated using shallow foundation design example. Compared with direct 
MCS-based expanded RBD, the proposed approach improves significantly the 
computational efficiency at small probability levels. Meanwhile, compared with 
the conventional driving variable Y = 1/FSmin, using f as driving variable in SS 
provides more failure samples for designs at small probabilities levels, leading to 
improvement in the accuracy and resolution of failure probability estimates at 
small probability levels. In addition, to facilitate the design practice, the proposed 
approach was implemented in a commonly-available EXCEL spreadsheet 
environment by a package of worksheets and VBA functions/Add-Ins. The 
uncertainty modeling and propagation by SS is deliberately decoupled from the 
deterministic model worksheet for traditional foundation design calculation so 
they can proceed as an extension of the deterministic calculation in a non-
intrusive manner. This effectively removes the hurdle of reliability computational 
algorithm and makes the proposed approach available to geotechnical 
practitioners. 
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ABSTRACT: Due to the frequent extreme rainfalls around the world recently, 
devastating rainfall has caused numerous levee breaches. For example, the levee 
breaches due to Typhoon Morakot in 2009 have caused huge loss of lives and 
properties in southern Taiwan. Therefore, extreme rainfalls have forced engineers 
to face the consequences of the failure of geotechnical facilities and it is better to 
consider the levees stability when extreme rainfall occurs. In this study, the 
variability of the parameters (friction angles of in-situ soils, water level heights 
and the backfill scouring depths) that could influence the levee stability was 
considered in the stability analysis. The main findings for Chiuliao 1st Levee are: 
(1) the C.O.V. of the safety factor for slope sliding increases with the increase of 
flood return period, (2) the C.O.V. of the safety factor for retaining wall sliding 
decreases with the increase of flood return period. From the analysis results in 
this study, it may be suggested that the variability of the design parameters to be 
considered with reliability analysis, in order to consider the stability of the levee. 
The analysis should be conducted not only from a deterministic point of view, but 
also understand the variability of the stability of the levee, especially for these 
that are within the safety margin. 

1. INTRODUCTION 

On August 8 2009, Typhoon Morakot caused extreme precipitation in 
southern Taiwan. With the extreme rainfall event, a lot of levees suffered from 
breaches or collapses and resulted in inundations in residential areas. Out of the 
breached levees in southern Taiwan, the failed levees along Laonong River were 
investigated thoroughly due to the large population that resides in this area. 
Chiuliao 1st Levee, which is located at the left bank along Laonong River, was 
damaged completely during Typhoon Morakot. To avoid property damage due to 
levee breaches, it is necessary to explore the possible failure mechanisms, 
especially under extreme rainfall conditions. In addition, the variability of the 
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engineering parameters was seldom taken into consideration when analyzing the 
stability of levees, hence when the safety factor is marginal with large variability 
of the factor of safety, failure of levees could occur.  

Huang et al. (2014) have explored the possible failure mechanisms of 
Chiuliao 1st Levee. It was concluded that this levee could fail with slope sliding 
and retaining wall sliding failure when the water table was close to the top of the 
levee. However, according to the interviews with the local residents and the flood 
water level records, it was found that the water level during Typhoon Morakot 
was only 2/3 of the design height of Chiuliao 1st Levee. Hence the actual water 
levels may need to be considered in the analyses along with other failure 
triggering factors, in order to better understand the possible failure mechanisms 
and the related factors. In this study, the flood water levels at different design 
flood return periods were incorporated into the analyses. In addition, scouring 
depths at the flood side of the levees for the backfill material were also 
considered in the analysis based on the flow rate of flood and the scouring 
material properties. 

As mentioned above, the variability of the parameters was included in the 
analysis, in order to better understand the influence on the responses of the levee 
stability. The parameters that were considered their variability are the friction 
angles of the in-situ gravel material, and the scouring depths. Through Monte 
Carlo Simulation, the performance of the levee stability can be summarized. 
Finally, the variability of the levee stability with given failure mechanisms was 
discussed under different flood return periods, aiming at shedding lights on the 
design of levee when facing the extreme rainfall events. 

2. CASE LEVEE 

Chiuliao 1st Levee is selected as the study levee in this research. As 
mentioned previously, Chiuliao 1st Levee is at river section No. 14 on the left 
bank of Laonong River. Site investigation information and the design cross 
section of the levee was collected as the basic information in this study. Through 
6 soil borings that are close to Chiuliao 1st Levee, it was found that the in-situ 
soils are mostly gravel layers (USCS-GW) with occasional sandy and silty 
material. The SPT blow counts are greater than 50, and basic laboratory testing 
results were available, including the basic physical and engineering properties of 
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soils. Based on the above information, the friction angles of the in-situ gravel 
material were obtained. In Figure 1, the friction angles are varying between 30 
and 45 degrees. 
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Figure 1 Friction angles by laboratory testing results and empirical equations  

(Huang et al., 2014) 

On the other hand, Chiuliao 1st Levee’s design cross section before Typhoon 
Morakot is shown in Figure 2. Chiuliao 1st Levee is a gravity type earthen 
embankment with the length of 210 m. The levee consists of the embankment, 
retaining structure at the toe of the embankment, gabions, backfill and tetrapods 
at the flood side of the levee. 

 
Figure 2 Design cross section of Chiuliao 1st Levee before Typhoon Morakot  

(Huang et al., 2014) 
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3. LEVEE FAILURE MECHANISMS 

Levee failure mechanisms that were considered in this study include the 
slope sliding failure, retaining wall sliding and overturning failure. Other failure 
mechanisms (such as overtopping and piping) were ruled out based on site 
investigation reports or interviews with local residents. (Huang et al., 2014) To 
consider the slope sliding failure, the design cross section of the levee was 
collected, as shown in Figure 2. In this study, Geostudio 2007 was employed to 
analyze the slope stability factor of safety. The retaining wall sliding and 
overturning failure was considered based on the design cross section of the 
Chiuliao 1st Levee. As shown in Figure 3, possible forces acting on the retaining 
wall include the active force (from the embankment at the protected side of the 
levee), passive force (from the backfill material at the flood side of the levee), 
and water pressure from both sides and bottom of the retaining wall. All of the 
above forces or pressures were considered in the analysis based on the water 
level heights and (backfill) scouring depths. 

0.1 m

3.5 m

3.1 m

1.5 m 0.3 m0.3 m

0.5 m

1.5 m

α

1 m
L=210 m 

Backfill 
(submerged)
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In-Situ 
Gravel Layer

Backfill 
(dry)

 
Figure 3 Schematic illustration of the levee foundation cross section. (Huang et al., 2014) 

Based on the analysis results by Huang et al. (2014), it is understood that 
most of the rivers in Taiwan suffer from serious local scouring of the riverbed 
and backfill material. The loss of backfill material due to scouring can deteriorate 
the stability of the levee. In addition, extreme rainfall could increase the water 
level heights in the river and reach to the design height of the levee, therefore in 
this study, the water level heights were considered based on the design flood 
return periods. Finally, the variability of the in-situ friction angle of the gravel 
material was also included in the reliability analysis of the levee stability. The 
followings are the brief discussion of each parameter that was considered in this 
study. 
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As mentioned above, the water tables were considered based on the design 
flood return periods. Hence, the above information was collected based on the 
reports by Taiwan Water Bureau, as shown in Table 1. In Table 1, the flood return 
periods are from 1.11 years to 200 years, covering from regular rainfall to 
extreme rainfall events. In addition, the water level heights corresponding to 
different flood return periods at the river cross section where Chiuliao 1st Levee 
is located was also calculated. Because the design height of the Chiuliao 1st 
Levee is 10.7m, the water level height with 200-year flood return period is only 
about 2/3 of the levee design height. In this study, the water level height 
difference between the flood and protected side of the levee was also included in 
the analysis to consider the situation when the flood water at the flood side of the 
levee recedes while the flood water at the protected side of the levee remains. A 
water level difference coefficient (WLDC) is defined as: 

WLDC = (protected side water level -flood side water level)/(protected side 
water level) 

The WLDC is calculated by normalizing with respect to the water level at 
the protected side. It is because that as the water level corresponds to a higher 
flood return period is getting larger, the water level difference change might be 
more rapid, therefore, to avoid a WLDC that is too small or too large, the 
normalization was defined as in the equation. Furthermore, due to water level 
difference at both sides of the levee, seepage condition within the levee might be 
induced. Therefore, in the above failure mechanisms that were discussed, steady 
state seepage was also coupled with slope stability analysis. At the boundaries of 
the impervious retaining wall, the distribution of the pore water pressure was also 
obtained based on Geostudio 2007, this information was included in the retaining 
wall sliding and overturning failure analysis. 

Table 1 Design flow rates and water level heights for Chiuliao 1st Levee 

Flood return 
periods (Years) 

200 100 50 20 10 5 2 1.11 

Design Flow 
Rate (cms) 

15500 14200 12800 10900 9370 7650 4910 1970

Water Level (m) 8.5 8.24 7.92 7.13 6.72 6.53 4.97 3.1 

Local scouring for the backfill at the flood side of the levee was also 
considered as one of the triggering factors to induce failure of the levee. 
Therefore, scouring depth at the flood side of the levee was considered in the 
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analysis. In this study, the local scouring depth was estimated based on the 
empirical equation proposed by Lacey (1930), as shown in the following 
equation. In the equation, the local scouring depth (ds, in meters) could be 
estimated based on the flow rate of the river (Q, in cubic meter per second), the 
river bending factor (Z, between 0.25 to 0.75) and f (the silt factor, which is 
related to the average particle size of the river bed material, Dm). One thing to be 
noted here is that the maximum scouring depth is set to be the thickness of the 
backfill material at the flood side of the levee, which is 1.5m. 

)3/1()(47.0
f
QZds ⋅⋅=  where )2/1()(76.1 mDf ⋅=  (Dm in mm) (1) 

At last, site investigation report shows that the in-situ foundation material 
consists of mostly gravel material. Based on SPT-N values and laboratory test 
results, as shown in Figure 1, it can be found that the friction angle of the gravel 
material is approximately between 30 to 45 degrees, therefore, in this study, the 
influence of friction angle of the gravel is also discussed in the levee stability 
analysis. 

RELIABILITY ANALYSIS 

As mentioned in the previous section, the reliability of the levee stability 
was considered from three failure mechanisms, including the slope sliding failure, 
retaining wall sliding and overturning failure. With the three possible failure 
mechanisms for Chiuliao 1st Levee, the friction angle of the in-situ soils, water 
level heights (along with the consideration of water level difference at both sides 
of the levee) and scouring depths were selected as variables in the reliability 
analysis. First of all, the friction angle of the in-situ soils corresponding to gravel 
material is between 30 to 45 degrees based on site investigation reports and 
SPT-N values, therefore, the variability of the friction angle of the gravel material 
is considered by assuming the average friction angle of 40 degrees, with 
coefficient of variability of 10% under log normal distribution. Secondly, the 
scouring depth was estimated based on Lacey’s equation, in which the flood flow 
rate and the mean particle size of the riverbed material are required. Since the 
flood flow rates were determined based on the design flood flow rates as 
provided by Taiwan Water Bureau, the remaining variable is the mean particle 
size of the riverbed material. According to the site investigation report along the 
river section where Chiuliao 1st Levee is located, the average mean particle size 
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is 60.55 mm with coefficient of variation about 67%. In the analysis, the 
distribution of the riverbed particle size is assumed as log normal distribution. 
Finally, the water levels were directly calculated with the design flood flow rates 
under different flood return periods, as shown in Table 1. 

Based on the discussion of the above parameters, Monte Carlo Simulation 
(N=20000) was performed by varying the above parameters with given 
variability under different flood return periods. The factors of safety for different 
failure mechanisms can be obtained from the database that was established by 
covering all the possible values of the variables. Finally, the average factor of 
safety of each failure mechanism and its variability can be obtained for further 
discussion. 

RESEARCH RESULTS 

As shown in Figure 4(a), the average factor of safety for slope sliding 
failure decreases with the increase of flood return period, especially when the 
flood return period is less than 50 years. As the water level difference coefficient 
increases, the decrease of the safety factor gets more rapid, indicating that as the 
water level difference at both sides of the levee is larger, the slope sliding failure 
mechanism can be triggered more easily. When the water level difference 
coefficient is zero, indicating that there is no seepage condition inside the levee, 
the average factor of safety is apparently not controlled by the water levels and 
only varying within a narrow range. (1.86~2.06) 

As shown in Figure 4(b), the coefficient of variation of slope sliding failure 
increases with the increase of flood return periods. The increase of C.O.V. is 
faster with a higher WLDC, meaning that a larger water level difference at both 
sides of the levee can lead to a more variable change in the factor of safety, 
which is not favorable in the performance of geotechnical facilities. In addition, 
the coefficients of variation of all the analyzed cases is between 3 to 5%. The 
major reason for the low C.O.V. might be resulted from the Lacey’s equation, 
given that there is a power term in the equation. 
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(a)                                      (b) 

Figure 4 (a) Average safety factor for slope sliding, (b) Coefficient of variation for slope sliding 

Figure 5(a) shows the variation of the average factor of safety for retaining 
wall sliding failure. As can be observed from Figure 5(a), the safety factor also 
decreases with the increase of flood return period, however, after a return period 
of 50 years, the average factor of safety stabilizes and falls below 1.0 for WLDC 
greater than 0.4. As the flood return period increases, the design flood flow rate 
also increases, which indicates that the water table and the scouring depth also 
increases. However, in this analysis, the average scouring depth changes from 
1.19m (corresponding to 50-year flood return period) to 1.26m (corresponding to 
200-year flood return period), while the water level ranges from 7.92m 
(corresponding to 50-year flood return period) to 8.5m (corresponding to 
200-year flood return period). The above indicates that the factor of safety may 
not be sensitive to high values of scouring depths and water levels. As the 
scouring initiates for the backfill material, the factor of safety can be reduced 
significantly and falls below 1.0, but as the scouring depth continues, retaining 
wall sliding stabilty cannot be maintained anymore and failure occurs. In terms 
of the influence of WLDC, one can observe that the higher the WLDC, the lower 
the factor of safety for retaining wall sliding failure. However, if the variation of 
the average of safety factor (retaining wall sliding failure) is compared with the 
variation of safety factor (slope sliding failure), it was observed that the retaining 
wall sliding faiure is not as sensitive to the change of WLDC as in the slope 
sliding failure mechanism.  

On the other hand, the coefficeint of variation of the retaining wall sliding 
factor of safety is shown in Figure 5(b). As can be observed, the C.O.V. decreases 
with the increase of flood return period, which is opposite to the variations of 
slope sliding C.O.V.. Further, the coefficient of vairaiton reduces to a very small 

154



 

value of about 1-2%. This may be resulted from the fact that the vairation of the 
scouring depths at large flood return period is more stable. 

  
Figure 5 (a) Average safety factor for retaining wall sliding, (b) Coefficient of variation for 

retaining wall sliding 

Overall, the slope sliding mechanism may have a larger factor of safety; 
however, its variability is also larger, as compared to the retaining wall sliding 
failure. Hence the design of the levee cross section may have to be re-examined 
by considering the variability of different parameters and mechanisms. Retaining 
wall overturning failure for Chiuliao 1st Levee shows much higher factor of 
safety, and may not be a possible failure mechanism, therefore its variability is 
not discussed in this study. 

CONCLUSIONS 

In this study, the variability of Chiuliao 1st Levee stability was considered 
from two possible failure mechanisms, including the slope sliding failure, and 
retaining wall sliding failure. For the above failure mechanisms, the scouring 
depths, flood water levels and in-situ friction angle were considered as variables 
in the reliability analysis. First of all, comprehensive database of safety factors 
corresponding to different values of parameters was established based on 
different failure mechanisms. Secondly, Monte Carlo Simulation was performed 
by varying the parameters with given statistical information and distribution. The 
corresponding safety factors were obtained by looking up the above database and 
the variability of the levee stability can be discussed. 

For slope sliding failure of Chiuliao 1st Levee, the average safety factor 
decreases with the increase of flood return period, however, the factor of safety 
stabilizes after a flood return period of 50 years. On the other hand, the higher the 
WLDC, the faster the safety factor reduces. This result indicates that for Chiuliao 
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1st Levee, as the flood water starts to recede, the stability of the Chiuliao 1st 
Levee may not be maintained and could become critical as the water level 
difference continues increasing. The variability of the slope sliding safety factor 
increases with the increase of flood return period and WLDC. For retaining wall 
sliding failure, similar trend can be observed for the average safety factor, 
however, the influence of WLDC may not be as apparent as for the slope sliding 
mechanism. The major reason may be that in slope sliding mechanism, the water 
level difference could induce seepage force in the levee, which could further 
decrease the variation of safety factor. On the other hand, the water level 
difference in retaining wall sliding failure could only contribute to the variation 
of pore water distribution along the boundaries of retaining wall. The coefficient 
of variation for retaining sliding failure decrease with the increase of flood return 
period, which is different from the slope sliding mechanism. This may be due to 
the fact that the variation of the scouring depths and water levels were becoming 
less significant under a high flood return period, as well as the absence of the 
seepage force influence. For retaining wall overturning mechanism, all of the 
safety factors were greater than 1.5, indicating that this failure mechanism is less 
critical among all the analyzed mechanisms, therefore it is not discussed in detail 
in this study. 
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The steel plate shear wall (SPSW) presents a viable structural system to 
resist lateral forces during earthquakes. Although often designed based on the 
assumption that only steel plates resists lateral forces, the surrounding boundary 
frame from capacity based design provides considerable capacity reserve. 
Fragility analysis studies the probability of limit states of interest of a structure as 
a function of certain ground motion intensity measure. Collapse fragility analyses 
obtained through non-linear incremental dynamic analyses (IDA) under a set of 
specified earthquake ground motions provide a rational basis for determining 
building system performance. This study evaluates the maximum likelihood 
method (MLE) for fragility analysis of SPSWs when the SPSWs are close to 
collapse. A total of six SPSWs are designed based on current seismic provision. A 
total of forty-four far field ground motions from FEMA P695 are used to account 
for source type, site conditions, and source magnitude. The accuracy and 
computational savings of the MLM are discussed and compared with nonlinear 
IDA results.  

INTRODUCTION 

Steel Plate Shear Walls (SPSWs) exhibit great initial stiffness and dissipate 
energy through non-linear deformations making them acceptable systems to 
resist seismic loading [1]. Examples of SPSW in high-rise construction can be 
found in Seattle’s US Federal Courthouse [2] and Los Angeles’s L.A. Live Hotel 
and Residences [3]. A typical un-stiffened SPSW includes a thin steel web-plate 
bounded by a fully fixed MRF denoted as horizontal boundary elements (HBE) 
and vertical boundary elements (VBE), respectively. The main lateral force 
resisting system is assumed to be the steel plate in tension. The surrounding 
frame is designed to resist the expected strain-hardening of the plates. This 
capacity-based design ensures that the plate yields before the VBEs develop 
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plastic hinges at their base or the VBEs exhibit local yielding in the form of a 
“pull-in” limit-state resulting in an hour-glass shape [4]. Fragility curves in 
performance engineering describe the relationship between structural damage 
and earthquake intensity. There are different ways to conduct fragility analysis 
and obtain the fragility curve of a system, such as using empirical data from 
physical models or arriving at the curve using a heuristic approach from 
engineering experience. Incremental dynamic analysis (IDA) is a method of 
nonlinear dynamic analysis where a finite element modelled structure is 
subjected to a suite of ground motion excitations at varying IMs [5].  

The IMs which cause collapse for each ground motion in each SPSW frame 
provide statistical data to approximate the fragility curve or the probability of 
collapse of the frame. It has been demonstrated by Ibarra and Krawinkler [6] that 
these IMs can be reasonably assumed to have a lognormal distribution, and thus 
their probability can be expressed as the following 

                      (1) 

Eq. (1) defines the probability of collapse, P(C), for a given IM of peak 
ground acceleration (PGA) equal to the value of x as the standard normal 
cumulative distribution function Φ of the natural log of x over θ (the median IM 
which causes collapse in the structure) all over β (the dispersion or standard 
deviation of IM) [7]. 

The MLM method can be used to approximate the fragility curve from Eq. 
(1) using  and  parameters by maximizing the likelihood of producing the 
observed data from numerical analysis as shown in Eq. (2).  

    (2) 

Eq. (2) gives the mean and standard deviation parameters  and  that 
maximize the logarithm of the MLE function. The variable n is the total number 
of GMs in the given suite and m defines the number of GMs at intensity measure 
IMi which caused collapse. The argument maximization, used to obtain the 
values of  and  with the highest likelihood of providing the distribution 
which matches numerical data, is typically done using numerical solvers [8]. 
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INCREMENTAL DYNAMIC ANALYSIS OF CODE DESIGNED SPSWS 

To evaluate the MLM method for the fragility analysis, a total six SPSWs 
are designed, which includes three 3-story and three 6-story frames. Figures 1(a) 
and 1(b) show the frames designed for 3-story and 6-story, respectively. The 
designations N, M, and W refer to bay width of 10ft, 15ft, and 20ft, respectively.  

     

Figure 1. Elevation and Floor Plan of (a) 3-Story SPSWs and (b) 6-story SPSWs 

The OpenSees framework [9] is used for structural modeling in terms of 
material properties, finite element discretization, dynamic and static loading, and 
numerical solvers. Modeling the behavior of the web-plate followed the strip 
method verified at the University of Alberta [10-11]. The thin plate is discretized 
into 15 or 16 diagonal truss elements with 36 ksi steel material properties 
including significant strain-hardening in tension after 46.8ksi (36x1.3 Ry factor 
from AISC Seismic Provisions [12]) but negligible compressive strength. The 
number of diagonal truss elements is decided upon to match the angle at which 
the truss elements act on to within a 5% tolerance of the tension angle α defined 
in design. Each element was defined with cross-sectional areas equal to half the 
area of the plate on either side of a representative element. The columns are 
attached by rigid horizontal truss elements which act to directly impact the story 
displacement of the frame due to the p-Δ effect; this magnifies lateral 
displacements based on local gravity loading to the frame. VBE and HBE 
elements were modeled with distributed plasticity along their entire length to 
accurately capture the inelastic behavior of the tension truss pulling along the 
members at different locations. A-992 steel material of 50ksi was used with 
minimal strain hardening up to 65ksi. A total of 44 far-field GMs from FEMA 
P695 [13] listed in Table 1 are used for IDA. Figures 2 and 3 present the IDA 
analysis results for the 3-story and 6-story SPSWs. 
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Figure 2. IDA Curves for 3-story SPSWs 

     
Figure 3. IDA Curves for 6-story SPSWs 

Table 1. Far-Field Earthquake Records for IDA 

ID   Earthquake  Recording Station  PGA 
(g) No M Year Name Name Owner 

1 6.7 1944 Northridge Beverly Hills - Mulhol USC 0.516 
2 6.7 1994 Northridge Canyon Country-WLC USC 0.482 
3 7.1 1999 Duzce, Turkey Bolu ERD 0.822 
4 7.1 1999 Hector Mine Hector SCSN 0.377 
5 6.5 1979 Imperial Valley Delta UNAMUCSD 0.351 
6 6.5 1979 Imperial Valley El Centro Array-#11 USGS 0.380 
7 6.9 1995 Kobe, Japan Nishi-Akashi CUE 0.509 
8 6.9 1995 Kobe, Japan Shin-Osaka CUE 0.243 
9 7.5 1999 Kocaeli, Turkey Duzce ERD 0.358 

10 7.1 1999 Duzce, Turkey Arcelik KOERI 0.219 
11 7.3 1992 Landers Yermo Fire Station CDMG 0.245 
12 7.3 1992 Landers Coolwater SCE 0.417 
13 6.9 1989 Loma Prieta Capitola CDMG 0.529 
14 6.9 1989 Loma Prieta Gilroy Array #3 CDMG 0.555 
15 7.4 1990 Manjil, Iran Abbar BHRC 0.515 
16 6.5 1987 Superstition Hills El Centro Imp. Co. CDMG 0.358 
17 6.5 1987 Superstition Poe Road (temp) USGS 0.446 
18 7.0 1992 Cape Mendocino Rio Dell Overpass CDMG 0.549 
19 7.6 1999 Chi Chi, Taiwan CHY101 CWB 0.440 
20 7.6 1999 Chi Chi, Taiwan TCU045 CWB 0.512 
21 6.6 1971 San Fernando LA Hollywood Store CDMG 0.210 
22 6.5 1976 Friuli, Italy Tolmezzo -- 0.351 
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FRAGILITY ANALYSIS USING THE MAXIMUM LIKELIHOOD FITTING 

The option of reducing the number of GMs run through IDA till collapse is 
explored to reduce computational efforts for fragility analysis. Attempting to 
capture a random combination of ground motions chosen from any online 
database, the fragility curve creation process was iterated. Instead of using the 
entire collapse data from 44 GMs, first 2 GMs were chosen randomly. Fragility 
analysis was conducted taking 1000 randomly selected combinations of 2 GMs 
out of 44 GMs. The median  and  compare against values of θ and β from 
IDA. The entire process is iterated again for 4 GMs, 6 GMs, 8 GMs, etc. until 
only one combination of 44 GMs out of 44 GMs matches the complete sample 
set. Figures 4 and 5 illustrate this process, where for 2 GMs the error in fragility 
curve estimation using MLE is very large, while for 14 GMs the error between 
individual fragility curves decreases as 14 GMs are able to better represent 44 
GMs. It should be noted that even numbers of GMs were used during this process 
because the 22 earthquakes defined in table 4-1 correspond to 44 GMs, 2 for each 
earthquake.  

The fragility analysis using the MLE is observed in Figure 5 to be almost 
exactly same as that developed using the method of moment when all 44 GMs 
are used, with an error in standard deviation of approximately 1.15% for all six 
frames. A summary of the iterative GMs is shown in Figure 6, where the median 
error follows exponential decay as the number of GMs included in fragility 
analysis increases. The point of testing the use of less GMs than 44 is to find an 
optimal number of GMs less than 44 such that error is not compromised 
significantly yet computational speed can be reduced substantially. Figure 6 
indicates that a median error of 5% is obtained when 27 GMs all cause collapse 
for the SPSWs in this study.   

      

Figure 4. Fragility Curves with MLE using (a) 2 GM and (b) 14 GM out of 44 
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Figure 5. Fragility Curves with MLE using  
44 GM   

SUMMARY AND CONCLUSION 

The seismic fragility of multiple SPSW frames are obtained through 
structural dynamic modeling and simulations combined with statistical fitting 
methods. The MLE method successfully matches the method of moment fitting 
method when all 44 GM IDA results are used. Efficiency of fragility curve 
creation was investigated for a reduced number of ground motionsand an overall 
probability of collapse. Using a maximum of 28 and 34 GMs for 3 and 6 story 
frames respectively will yield an error of approximately 5% compared to using 
44 ground motions. 

REFERENCE 

(1) Sabelli, Rafael, S.E., and Michel Bruneau, Ph.D. "Steel Plate Shear Walls." Steel Design 
Guide 20 Steel Plate Shear Walls. 2012 ed. Chicago: American Institute of Steel 
Construction, 2007. Print. 

(2) Seilie, Ignasius F., P.E., and John D. Hooper, P.E. "Steel Plate Shear Walls: Practical 
Design and Construction." Modern Steel Construction (2005): n. pag. Modern Steel 
Construction. Modern Steel Construction, 2014. Web. 03 Feb. 2015.  

(3) Kristeva, Nina, P.E. "Trimming the Fat." Modern Steel Construction [Chicago] Feb. 2010: 
36-39.  

(4) Lubell, A.S., Prion, H.G.L., Ventura , C.E., and Rezai, M. (2000), "Unstiffened Steel Plate 
Shear Wall Performance Under Cyclic Loading," ASCE Journal of Structural Engineering, 
Vol. 126, No. 4, pp. 453-460. 

(5) Vamvatisikos D, Cornell CA. Incremental dynamic analysis. Earthquake Engineering and 
Structural Dynamics 2002; 31:491–514. 

(6) Ibarra, L. F., and Krawinkler, H. (2005). Global collapse of frame structures under seismic 

Figure 6. Error in and when varying 
number of GMs 

162



excitations. John A. Blume Earthquake Engineering Center, Stanford, CA, 291-294. 

(7) Baker, J. W. (2015). “Efficient analytical fragility function fitting using dynamic structural 
analysis.” Earthquake Spectra, (in press). 

(8) Baker, J.W. (2014). Code Supplement to efficient analytical fragility function fitting using 
dynamic structural analysis. http://purl.stanford.edu/sw589ts9300 

(9) OpenSees: Open System for earthquake engineering simulation Pacific Earthquake 
Engineering Research Center (2012). Available from <http://opensees.berkeley.edu/ 
OpenSees/user/download.php> 

(10) Thorburn, L. J., Kulak, G. L., & Montgomery, C. J. (1983).  Analysis of steel plate shear 
walls. Structural Engineering Report No. 107. Department of Civil Engineering University 
of Alberta. 

(11) Timler, P. A., & Kulak, G. L. (1983). Experimental study of steel plate shear walls. 
Structural Engineering Report No. 114. Department of Civil Engineering. University of 
Alberta. 

(12) AISC. (2010). Seismic Provisions for Structural Steel Buildings. AISC 341-10. American 
Institute of Steel Construction. 9.1-70-76. 

(13) FEMA, 2009, Quantification of Building Seismic Performance Factors, FEMA P-695, 
prepared by Applied Technology Council for the Federal Emergency Management Agency, 
Washington, D.C. A-14. 

 

163



 

164



TA2-2 

Modified Axial-Shear-Flexure Interaction Approach for Load-

Displacement Prediction of Uncorroded and Corroded Reinforced 

Concrete Beams 

 YU-CHEN OU1, NGUYEN DANG NGUYEN2 
1 Department of Civil and Construction Engineering, National Taiwan University of Science and 

Technology, Taipei, Taiwan 
2 Faculty of Civil of Civil and Industrial Construction, National University of Civil Engineering,  

Ha Noi, Viet Nam 
Correspondence e-mail address: yuchenou@mail.ntust.edu.tw 

 

ABSTRACT: This research presents a new analytical model based on the 
original axial-shear-flexure interaction approach (ASFI) proposed by Mostafaei 
and Kabeyyasawa by taking into account some modifications. Similar to the 
original ASFI, the proposed model consists of two models evaluating 
simultaneously to satisfy compatibility and equilibrium, axial-flexure model 
using fiber analysis to estimate flexure response and axial-shear model using 
Modified compression field theory (MCFT) to evaluate shear response. 
Compared to the original ASFI, the new model has two modifications that 
account for effects of shear behavior to the flexure behavior. In the first 
modification, the new model lowers concrete stress in the compression zone in 
the axial-flexure model by using average transverse reinforcement strain instead 
of the principal tensile strain. In the second modifications, the new model 
decreases core concrete confinement, and reduces buckling response of 
compression bars with an increasing of transverse reinforcement strain induced 
by shear force. Mechanical properties changed due to effects of corrosion are 
taken into considerations including softening of cover concrete under 
compression due to corrosion cracks, reduction of tension stiffening due to bond 
strength reduction, reduction of steel reinforcement area due to corrosion, 
decrease in steel yield and ultimate strength and decrease in steel ultimate strain 
due to pitting corrosion, and modification of average crack spacing due to bond 
reduction. The model used average corrosion weight loss to simulate steel 
longitudinal reinforcement corrosion, minimum residual diameter to compute 
confinement effect and bond strength, and using average value of average 
corrosion weight loss and maximum corrosion weight loss at pitting location to 
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estimate shear stress capacity. Experimental results of three uncorroded beams 
and 18 corroded RC beams were used to examine the accuracy of the model.  

Keywords: reinforced concrete beams; corrosion; residual shear strength; 
ductility. 

1. INTRODUCTION  

Effect of shear deformation on the behavior of RC specimens are 
traditionally ignored in design due to complexity and accuracy in modeling shear 
behavior of cracked concrete, particularly after yielding of steel reinforcement. 
Therefore, the deformation capacity of RC specimens failed in shear or flexure-
shear might not be accurately estimated. This is because conventional section 
analysis may overestimate curvature of the section at ultimate conditions for 
shear or flexure-shear dominated RC members. Moreover, the shear displacement 
of shear-dominated RC members may occupy highest displacement among three 
parts of displacement. Mostafaei and Kabeyasawa (2007) proposed Axial-Shear-
Flexure Interaction (ASFI) approach enabling to incorporate effect of shear 
behavior to the flexure behavior by considering interaction between axial, shear, 
and flexure mechanisms. Axial-flexure model in ASFI approach is used to 
estimate flexure response of the RC specimen using fiber model as commonly 
practice except that the response of concrete in uniaxial compression is softened 
by a factor to incorporate effect of shear behavior to flexural behavior. This 
factor refers to as compression softening coefficient (ξ ) which decreases when 
shear deformation increases: 

 1
'

1
1

0.8 0.34
c

ξ ε
ε

= ≤
+

 
(1)

where '
cε  = concrete compression strain at peak stress is taken as 0.002; and 

1ε  = average concrete principal tensile strain due to shear effect determined from 
axial-shear model according to the MCFT. Axial deformation due to axial-flexure 
mechanism was implemented to axial-shear model by simply adding flexibility 
component of axial deformation due to flexure to the corresponding flexibility 
component of axial-shear model (Mostafaei and Kabeyasawa (2007)). Effects of 
shear to confinement and buckling behavior of compression bars were not 
considered in the model. 
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This paper presents a new analytical model considering axial-flexure-shear 
interaction and shear effects to confinement and buckling  enabling to predict the 
nonlinear behavior of both uncorroded and corroded RC beams. The analytical 
model is implemented by a Matlab code. Three experimental studies on the 
behavior of uncorroded reinforced concrete beams from works of Ou et al. 
(2012) (B-0 specimen), Ou and Chen (2014) (Bt-0 specimen), and Nguyen 
(2015) (TB-0 specimen) were used to validate the Modified axial-shear-flexure 
interaction (MASFI). Table 1 shows the relevant design parameters and material 
properties for the uncorroded beams used in the analyses. Eighteen corroded RC 
beams used for the validation part could be found in Nguyen (2015). Figure 1 
shows the geometrical and steel reinforcement details for three uncorroded RC 
beam and 18 corroded RC beams used in this paper. 

2. MATERIAL CONSTITUTIVE LAWS 

Steel reinforcement 

The stress-strain relationship of steel under tension was modeled using 
Mander (1983) model. Area of corroded longitudinal reinforcement was modeled 
using average corrosion weight loss: 

 ( )
2

( ) 1 0.01
4

o
s

DA C wπ= − × Δ  (2)

where ( )sA wΔ  = cross-sectional area of a corroded bar depending on 
corrosion level ( wΔ ); wΔ  = average corrosion weight loss (%); and oD  = 
uncorroded bar diameter. 

The reduction of yield and ultimate strengths of corroded steel 
reinforcement induced by pitting corrosion was considered by the following 
equation recommended by Du et al. (2005a): 

 ( ) 01C
sf w fβ= − ×Δ  (3)

In this work, β  = 0.005 as recommended by Du et al. (2005a), 0f  = 
uncorroded yield strength ( 0syf ) or ultimate strength ( 0suf ), and C

sf  = corroded 
yield strength ( C

syf  or ultimate ( C
suf ) strength. 

The residual ultimate strain of a corroded bar can be estimated using the 
empirical equation proposed by Du et al. (2005b). 
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 ( )1 01C
su i suwε ψ α ε= − × Δ  (4)

where 1iα = ultimate strain factor (Note that: when the subscript i = t  
representing coefficient for transverse reinforcement; whereas when the subscript 

i l=  representing coefficient for longitudinal reinforcement), 0suε  = ultimate 
strain of uncorroded steel, and ψ = coefficient depending on type of loading 
( 1ψ =  for monotonic loading). In this work, ψ equal to 0.7 is regarded as a 
correct value used for longitudinal reinforcement to incorporate low cycle fatigue 
and buckling effects (Ou et al. (2013)). With respect to transverse reinforcement, 
ψ is equal to 1. Du et al. (2005b) summarized available test data and revealed 
that the 1iα  value increases from 0 to 0.06 depending on the corrosion 
environment. In this work, the value of 1iα  coefficient was taken as 0.028 for the 
initial evaluation. Then the suitable value for 1iα  coefficient will be determined 
for each case which has fracture of rebar.  

Figure 2(a) presents an example steel stress-strain relationship under 
tension for corroded and uncorroded steel reinforcement.  

In this work, buckling model for uncorroded and corroded steel 
reinforcement was modeled using Kashani et al. (2013a) model. Kashani et al. 
(2013a) adjusted two parameters: 

 
100

C
sycC bl

p
c

f L
D

λ =  (5)

 ( )1C
syc sy cf f wβ= − ×Δ  (6)

where C
pλ  = non-dimension bar buckling parameter of corroded bars, C

sycf  = 
yield stress of corroded steel under compression (in MPa), cD  = corroded bar 
diameter determined according to average weight loss = 1 0.01oD w− × Δ , cβ  = 
empirical factor ( cβ  = 0.005 for / 5bl cL D ≤ , cβ  = 0.0065 for / 10bl cL D ≤ , and cβ  
= 0.0125 for / 10bl cL D > ), and blL  = buckling length. 

The stable buckling length ( blL ) of longitudinal compression bars was 
determined based on Dhakal and Maekawa (2002b). In this work, average value 
of minimum residual cross-sectional of one leg and average residual cross-
sectional area for the other leg was used for the corroded lateral ties when 
calculating their restraining stiffness against buckling. Meanwhile, corrosion of 
longitudinal reinforcing bar decreases the flexural rigidity of the longitudinal 
reinforcing bar, which is reflected by using average weight loss and reduction of 
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yield stress based on Eq. (6). In any loading stage, buckling behavior of 
compression bars is determined by linear interpolation between lower and upper 
bound of buckling curves based on average transverse reinforcement strain value 
( yε ) from axial-shear model. When average transverse reinforcement strain, yε , 
reaching the yield point, syyε , the buckling behavior follows the lower bound 
curve. The value of yε  in the last iteration at the peak load is used for 
interpolating calculation in the post-peak response. The stress-strain relationship 
of longitudinal compression steel is shown in Figure 2(b). 

In this work, axial-shear model using MCFT assumed that on one side, the 
transverse reinforcement has average cross-sectional area long the entire length 
of that side, and on the other side, the transverse reinforcement has minimum 
cross-sectional area. In both sides, the ultimate strain was estimated by using 
Eq.(4) with 1ψ =  and the residual strength was determined based on Eq. (3). In 
the axial-shear model, when transverse reinforcement reached its ultimate strain 
the transverse reinforcement ratio was assigned to be zero. 

Concrete 

This work simulated the softening of cover concrete due to tensile strain 
induced by corrosion products expansion using the model developed by Vecchio 
and Collins (1986). Corrosion cracks in the top, bottom, and rear of a corroded 
beam will be smeared out to the corresponding regions in the axial-flexure model. 
Total corrosion cracks will be smeared to overall cover concrete in the axial-
shear model, and the concrete strength is average values of cover concrete and 
core concrete strengths.  

The confinement to concrete provided by the lateral ties was determined 
using  Mander et al. (1988) model (Figure 2 (c)). In the confinement calculation, 
it is reasonable to use the minimum cross-sectional area, because expansion of 
concrete tends to impose stress uniformly in the transverse reinforcement so that 
the minimum cross sectional area likely will govern the ultimate condition. The 
yield stress is maintained same as the uncorroded value since the minimum area 
is used. The compression strength of confined core concrete depends on the 
effective confining stress along y −  and z −  directions (Figure 1 (c)), which for 
rectangular section is given as follows: 

 lz zc syy ef f kρ=  (7)
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where ycρ , and zcρ  = effective section area ratios of transverse 
reinforcement to core concrete cut by planes perpendicular to the y −  and z −  
directions; ek  = confinement effectiveness coefficient, relating the minimum area 
of the effective confined core to the nominal core area bounded by the centerline 
of the peripheral hoops; syyf  = yield strength of transverse reinforcement; syyε  = 
yield strain of transverse reinforcement; and yiε  = average strain in the transverse 
reinforcement in ith  iteration of axial-shear model using MCFT. After peak load, 
residual confinement is computed by using the value of yiε  in the last iteration at 
the peak load. 

For a given loading stage, concrete compression stress of each fiber in the 
axial-flexure model is softened by a factor (ξ ) achieved by substituting average 
transverse reinforcement strain ( yε ) to ( 1ε ) in the loading stage of the axial-shear 
model to Eq. (1). Concrete in the axial-shear model is softened by a softening 
factor using principal tensile strain ( 1ε ) as in Eq. (1). This is an approximate 
approach because each concrete fiber should experience different tensile 
transverse strain values due to bond effect. The value of yε  in the last iteration at 
the peak load is used to compute softening factor (ξ ) using for axial-flexure 
model in the post-peak response.  

Concrete under tension is simulated by using model of Collins et al. (1996) 
(Figure 2(d)). Effect of bond reduction due to corrosion to concrete tensile 
behavior will be presented in the “Bond” section.  

Bond 

Corrosion of longitudinal reinforcement and/or transverse reinforcement 
reduces the bond between concrete and the reinforcement. Tension stiffening of 
concrete under a specific corrosion level should be reduced. In this work, 
concrete tension strength at post-peak state for a corrosion level at a given tensile 
strain is determined by using linear interpolation between corresponding values 
of the the perfect bond curve and the zero bond curve. The bond strength for a 
given corrosion level is determined using equation recommended by Maaddawy 
et al. (2005). In this work, the reduction of bond strength contribution from 
lateral ties due to corrosion is considered by using minimum cross-sectional area 
of the lateral ties.  
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The bond reduction increases the average crack spacing, which might leads 
to reduce the shear resistance provided by the aggregate interlock. For evaluation 
purpose of uncorroded RC specimens, Mostafaei and Kabeyasawa (2007) used 
average crack spacings in the x−  and y −  directions are the maximum 
reinforcement spacing in the corresponding directions, respectively. In this work, 
average crack spacing in y −  direction (s y ) is regarded as the distance between 
the top and the bottom reinforcement layers. The effect of corrosion on average 
crack spacing in the x −  direction was considered by using method as 
recommended by Maaddawy et al. (2005). In this work, the effect of bond 
reduction is neglected before yielding of tension longitudinal reinforcement. 
After yielding, the effect of bond reduction is indirectly accounted by using 
plastic hinge length derived for corroded RC beams (Ou and Nguyen (2014)). It 
will be verified later that this assumption still yields a good prediction of lateral 
force-displacement for corroded RC beams. 

Table 1–Geometrical details and material properties for uncorroded beams 

Beam sρ = '
sρ  

(%) 
L 

(mm)

'
cf  

(MPa) 
syxf  

(MPa)
suxf  

(MPa)
sxxE  

(MPa)
suxε syyf

(MPa)
suyf  

(MPa) 
sxyE  

(MPa) 
suyε

B-0 0.76 1500 25 448 648 210000 0.120 448 648 210000 0.120

Bt-0 1.50 1200 38 444 650 210000 0.120 432 600 210000 0.120

TB-0 1.50 1200 30 459.8 658.3 205483 0.127 440 681.4 185245 0.131

sρ , and '
sρ = longitudinal reinforcement ratio for the top and bottom layers, respectively; L= 

distance from the loading point to the fixed end; '
cf  is concrete strength; syxf , and suxf  = yield 

and ultimate strength of longitudinal reinforcement; and syyf ,and suyf = yield and ultimate 

strength of transverse reinforcement;  

Unit: mm
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Figure 1– Geometrical and steel reinforcement details of. the beams B-0 (Ou et al. (2012)), Bt-

type specimens (Ou and Chen (2014)) ,and TB-, TBH-, and B-type specimens 
(Nguyen (2015)). 
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Figure 2–Constitutive model for: (a) steel tension reinforcement; (b) steel compression 
reinforcement; (c) Concrete under compression; and (d) concrete under tension. 

3. MODEL VALIDATION 

Displacement calculation 

The drift ratio at the loading point ( tipγ ) of a reinforced concrete beam 
normally consists of three components and can be expressed as follows: 

 tip shear flexure pullγ γ γ γ= + +  (9)

where tipγ  = total drift, shearγ  = shear strain, flexureγ  = flexure rotation, and 

pullγ  = pullout rotation. 

The slip rotation was calculated using Sezen and Setzler (2008) model. The 
yield point ( ,y yM φ ) in the sectional analytical is defined as one of the following 
states is first reached: (1) yielding of extreme longitudinal reinforcement; and (2) 
concrete compression strain at the extreme fibber reaches 0.002. Before the yield 
point, the flexure rotation is:  

 
1

   for   
3flexure yLγ φ φ φ= ≤  (10)

After the yield point, curvature is assumed to be constant along the plastic 
hinge length ( pL ). The flexural rotation is: 

 ( ) ( )1
 + 1 0.5   for   

3flexure y y p p y uL L L Lγ φ φ φ φ φ φ= − − ≤ ≤  (11)

where uφ  = ultimate curvature; pL  = plastic hinge length; and φ  = curvature. 

In this work, plastic hinge length for a uncorroded specimen was taken as 0.5h , 
where h  is section depth of the specimen suggested by Moehle (1992). 
Furthermore, it was assumed that corrosion of transverse reinforcement was not 
affected the plastic hinge length. However, corrosion of the longitudinal 
reinforcement tends to reduce the plastic hinge length ( pL ) and the pL  was 
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modified using average values of the normalized ( pL ) as suggested by Ou and 

Nguyen (2014). In case corrosion level is larger than 25%, the plastic hinge 
length ( pL ) is assumed to be identical with corrosion level of 25%.  

Modified Axial-shear-flexure interaction for uncorroded RC beams 

Figure 3 (a), (b) and (c) show the comparison of experimental and 
analytical results using MASFI for Bt-0, TB-0, and B-0, respectively. Three 
components parts tip displacement are shear, pullout and flexural displacement 
illustrated in Figure 3. Shear response by MASFI approach terminates at the 
peak load and shear post-peak response is not captured and illustrated, since it 
employs MCFT for estimating shear response. MCFT being a force based 
approach has a limitation of predicting response till peak strength only. Generally, 
MASFI results show a good prediction of the behavior of uncorroded reinforced 
concrete beams. 

Modified Axial-shear-flexure interaction for corroded RC beams 

Figure 4 (a) to Figure 4 (e) illustrate predicted lateral load-displacement 
relationships (MASFI-C) and experimental results for TB-type specimens. 
Figure 4 (f) to Figure 4 (j) illustrate predicted lateral load-displacement 
relationships (MASFI-C) and experimental results for B-type specimens. Figure 
4 (k) to Figure 4 (p) show the comparisons between the analytical model and 
experimental result for Bt-type specimens. Figure 4 (q) to Figure 4 (r) show the 
comparisons between the analytical model and experimental result for TBH-4, 
and TBH-6 specimens. Generally, good agreements as to stiffness, strength, and 
ductility are captured. For specimens had fracture of longitudinal bar or 
transverse reinforcement, accurate value of 1lα and 1tα are indicate to capture well 
the experimental results. 

4. CONCLUSIONS 

A new axial-shear-flexure interaction approach was proposed in this study to 
predict response of uncorroded and corroded RC beams. Important conclusions 
are drawn as follows: 

(1) The proposed analytical model successfully predicted lateral load-
displacement of uncorroded and corroded RC beams.  

(2) Ductility and failure mode of corroded RC beams strongly depend on chosen 
values of strain factor of longitudinal reinforcement ( 1lα ) and transverse 
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reinforcement ( 1tα ) affected by corrosion effect. More experimental studies 
are needed to quantify corrosion effect on the bends of hoops to enhance shear 
failure prediction. 
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Figure 3– Experimental and analytical results for (a) B-0; (b) Bt-0; and (c) TB-0 
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Figure 4– Experimental and analytical result for (a) TB-6; (b) TB-8; (c) TB-13; (d) TB-19; (e) 
TB-32; (f) B-3; (g) B-9; (h) B-13; (i) B-16; (j) B-33; (k) Bt-3; (l) Bt-6; (m) Bt-11; (n) 
Bt-12; (o) Bt-16; (p) Bt-35; (q) TBH-4; and (r) TBH-6. 
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ABSTRACT: The chlorine salt deposit is one of the most important reasons of 
corrosion, so to prevent corrosion and identify the countermeasures is a special 
issue worth to explore. There are many relevant standards for atmospheric 
corrosion developed to test materials or products’ corrosion internationally. 

This study was focused on the current international standards for salt spray 
corrosion status ISO-9227, and CNS-8886 used in Taiwan. I compared the 
similarities and differences of specification from international and Taiwan. 

In this study, I found CNS-8886 was set up according to the contents of ISO 
specification. By the result to compare the two specifications, I hope to 
contribute the present analysis to construction industry in accordance with the 
selected criteria. 

1. INTRODUCTION 

International Organization for Standardization formulated ISO-9227 in 1990, 
revised to ISO-9227:2006 in 2006. Bureau of Standard, Metrology and 
Inspection in Taiwan developed national standards CNS-8886 salt test method 
standards based on ISO-9227 in 1982, revised to CNS-8886:Z8026 in 2002. I 
compared the salt spray test specification ISO-9227 and CNS-8886 by several 
items which were related to the process and step of the salt spray test. “Spray 
cabinet”, “Test equipment and sample size, angle”, “Preparation of the sodium 
chloride solution”, “PH value adjustment”, “Collecting devices”, “Spraying 
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device”, “Test period” and “Evaluation of results” are the comparison items in 
this study. 

 
Figure1 Building corrosion at the Kaohsiung seaside (Photographer: YU-CHIA SUNG) 

2. ISO AND CNS ORGANIZATION 

2.1 International Organization for Standardization 

International Organization for Standardization (ISO) is an independent, 
non-governmental membership organization and the world's largest developer of 
voluntary International Standards. ISO was made up of 162 member countries 
who are the national standards bodies around the world, with a Central 
Secretariat that is based in Geneva, Switzerland.  

The purpose of the establishment of ISO is for the development of common 
international standards in the world, in order to promote international standards, 
and reduce technical barriers to trade. When every member of the organization 
committee for the subject matter of interest has been established, committee 
member of the technology of international standards formulation are entitled to 
be represented on the Committee. Official and unofficial international 
organization of countries with ISO could participate in its work. The Council will 
be announcing before the ISO as an international standard, and will be circulating 
to the member authorized to review the draft. Accordance with the provisions of 
ISO procedures, an international standard should be available by the approval of 
at least 75% of members. 

2.2 Organization for Chinese National Standards 

Bureau of Standard, Metrology and Inspection (BSMI) in Taiwan was in 
charge of commodity inspection department established by the Organic Law of 
the Ministry of Economy. BSMI was under the Ministry of Economic Affairs. In 
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order to improve the international competitiveness of the products as well as 
consumer protection, the role of BSMI is to edit the national standards and 
implement commodity inspection to match the economic development plans and 
industrial policy. BSMI also implement the international standards of quality 
assurance system and environmental management system, to enhance quality 
assurance, environmental management standards and services. Examine items 
which were formulated by the Ministry of Economic Affairs, should be inspected 
in BSMI before selling to the domestic or overseas market. 

BSMI started to handle national standards on June 6, 1944. The current 
standard classification are divided into 21 categories, so far, it announced the 
development of national standards has reached more than 15,000. Each CNS 
number has two kinds of numbers - total number and class number. The total 
number is “CNS + XXXXX”, XXXXX number is a five yards digit code, in 
accordance with the standard release time. The class number is “CNS + category 
code + XXXX”, category code is one yards English word, XXXX number is a 
four yards digit code. Table 1 showed the class numbers and its field. 

Table 1 CNS class numbers and its field 

class field class field 

A civil engineering and building M mining 

B Mechanical Engineering N agricultural, food 

C electronics, electrical engineering O wood 

D motor vehicles, aerospace P paper 

E class rail project Q environmental protection 

F class shipbuilding project R pottery industry 

G earth metal smelting S daily necessities 

H class non-ferrous metal smelting T health and medical equipment 

J nuclear engineering X Information and Communications 

K chemical industry Z industrial safety, quality control, 

logistics and packaging, general and L textile industry 

3. ISO AND CNS STANDARD FOR SALT SPARY TEST SPECIFICATION 

Salt spray test specification is a standard to simulate salt spray environment. 
Figure 2 showed the process and step of the salt spray test. Equipment of salt 
spray test could be seen in figure 3.  
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Figure 2 Process and step of the salt spray test 

 
Figure 3 Equipment of salt spray test 

BSMI referenced ISO-9227 and formulate CNS-8886Z8026 salt spray test in 
1982. To implement in 2002, corrected in 2010 and 2012. ISO-9227 is currently 
the most widely used national standard range of basic salt spray test method. ISO 
organizations formulated ISO-9227 in 1976, and revised it several times. 
ISO-9227:2006 relative to ISO-9227:1990 made a considerable number of 
changes and adjustments in content. BSMI in Taiwan should as far as possible to 
keep pace with international standards. In this study, I discussed the salt spray 
test specification by currently ISO-9227:2006. 

4. SALT SPRAY TEST SPECIFICATION ISO-9227 AND CNS-8886 

In this study, I compared the salt spray test specification ISO-9227 and 
CNS-8886. I compared the specification by several items which were related to 
the process and step of the salt spray test. “Spray cabinet”, “Test equipment and 
sample size, angle”, “Preparation of the sodium chloride solution”, “PH value 
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adjustment”, “Collecting devices”, “Spraying device”, “Test period” and 
“Evaluation of results” are the comparison items, which were showed in table 2. 

Table 2 Comparison of salt spray test specification ISO-9227 and CNS-8886 

item ISO-9227 CNS-8886 
Spray 
cabinet 

Section 4.2 

The cabinet shall have a capacity of 
not less than 0.4 m3 since, with 
smaller volumes, difficulties have 
been experienced in ensuring an even 
distribution of spray. 

Section 2(2) 

The size of the spray cabinet shall be
0.2 m3 or more, the size and shape of 
the equipment can be arbitrarily 
designed. 

Test 
equipment 
and sample 
size, angle 

Section 6.1 / 7 

Unless otherwise specified or agreed, 
test panels with organic coating to be 
tested shall be made from burnished 
steel complying with ISO 1514, and 
of approximate dimensions 150 mm x 
100 mm x 1 mm.  

The specimen shall, in principle, be 
flat and placed in the cabinet facing 
upwards at an angle as close as 
possible to 20° to the vertical.  

This angle shall, in all cases, be 
within the limits 15° to 25°. 

Section 5(1) 

Scale and shape of the test pieces are 
70 × 150 mm or 60 × 80 mm plate.
If the parties otherwise agreed, it can 
change the scale or in kind as the 
test piece. 

The angle of the test piece shall be
perpendicular line to 20 ± 5°; but if
in kind, shall their effective surface
and vertical lines into 20 ± 5°. Other
angles can also be used if mutual 
agreement by the parties. 

Preparation 
of the 
sodium 
chloride 
solution 

Section 3.1 

Dissolve a sufficient mass of sodium 
chloride in distilled or deionized 
water with a conductivity not higher 
than 20 μS/cm at 25±2°C to produce 
a concentration of 50±5g/l. The 
specific gravity range for a 50±5 g/l 
solution is 1.029 to 1.036 at 25°C.  

Section 6.1.1 / 6.1.2 / 6.1.3 

For the use of the water temperature
25 ± 2 °C, the electrical conductivity
of less than 20μ S / cm to the
ionized or distilled water. 

Water to prepare a concentration 50 
± 5g / L, and then to measure the
specific gravity hydrometer. 
Confirmed at 25°C in the proportion
in the range of 1.029 ~ 1.036. If
outside of this range shall be
modulated. 

PH value 
adjustment 

Section 3.2.2 / 3.2.3 / 3.2.4 

(NSS TEST) Adjust the pH of the salt 
solution so that the pH of the sprayed 
solution collected within the test 
cabinet is 6.5 to 7.2 at 25°C±2°C. 
Check the pH using electrometric 

Section 6.2.2 / 6.2.3 / 6.2.4 

(NSS TEST) Spray liquid spray
sampling of pH value must be 
controlled in the range of 6.5 to 7.2. 
When adjusting the pH value, you 
must use the prescribed CNS-1967
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measurement or in routine checks, 
which can be read in increments or 
0.3 pH units or less. Make any 
necessary correction by adding 
hydrochloric acid, sodium hydroxide 
or sodium bicarbonate solution of 
analytical grade. 

(AASS TEST) 

Add a sufficient amount of glacial 
acetic acid to the salt solution to 
ensure that the pH of samples of 
sprayed solution collected in the test 
cabinet is between 3.1 and 3.3. If the 
pH of the solution initially prepared 
is 3.0 to 3.1, the pH of the sprayed 
solution is likely to be within the 
specified limits. Check the pH using 
electrometric measurement at 
25°C±2°C or, in routine checks, 
which can be read in increments of 
0.1 pH units or less. 

(CASS TEST) 

Dissolve a sufficient mass of
copper(II) chloride dihydrate 
(CuCl2‧2H2O) in the salt solution 
to produce a concentration of 
0.26±0.02 g/l of CuCl2 per liter. 

sodium hydroxide 0.1 mol / l. Or 
CNS-1745 the provisions of
hydrochloric acid 0.1 mol / l. 
According to CNS-6492 to 
determine pH value at 25°C±2°C. 

 

(AASS TEST) 

The salt solution to ensure that the 
pH of samples of sprayed solution 
collected in the test cabinet is 
between 3.1 and 3.3. While 
determination of pH value is under
25 ± 2 °C 

, CNS-6492 acetic acid could be 
used in accordance with the 
provisions.  

 

(CASS TEST) 

Adding 0.205 ± 0.015g copper(II) 
chloride dihydrate (CuCl2⋅2H2O) to 
1 liter test salt solution in the salt 
solution to produce a concentration 
of 0.26±0.02 g/l of CuCl2 per liter. 

Collecting 
devices 

Section 4.5 

At least two suitable collecting 
devices shall be available, consisting 
of funnels made of chemically inert
material, with the stems inserted into 
graduated cylinders or other similar 
containers. Suitable funnels have a
diameter of 100 mm, which 
corresponds to a collecting area of 
approximately 80 cm2. The collecting 
devices shall be placed in the zone of 
the cabinet where the test specimens 
are placed, one close to an inlet of 
spray and one remote from an inlet. 
They shall be placed so that only 
mist, and not liquid falling from 
specimens or from parts of the 

Section 8(1) / 8(2) / 8(3) / 8(4) 

Temperature: 

While NSS TEST, Spray near the
specimen holder temperature shall 
be maintained at 35 ± 2℃. While 
CASS TEST, temperature shall be
maintained at 50 ± 2℃. Temperature 
measurement position shall be more 
than 100mm from the tank wall. 

Spray fluid sampling: 

The specimen must scale and shape, 
spray liquid sampling was conduct 
after spraying in full 24 hours. 
Horizontal sampling area is 
approximately 80 cm2, average 
hourly collected 0.5 ~ 1.5ml. 

182



cabinet, is collected. Sampling of salt spray solution must 
be 50 ± 5g / l.  

Spraying 
device 

Section 4.4 

Compressed air is supplied to the
atomizer should be passed through a 
filter to remove all traces of oil or
solid substance. Atomization pressure 
should be over within a voltage range
of 70 ~ 170kPa. The most suitable 
voltage range is 98±10kPa.  

Section 7 

Compressed air deliver salt solution
to the nozzle to become a spray, 
should be without oil and dust. 
Atomization pressure should be over
within a voltage range of 70 ~ 
170kPa. The most suitable voltage 
range is 98±10kPa. 

Test period Section 9 

The period of test shall be as 
designated by the specification 
covering the material or product 
being tested. When not specified, this 
period shall be agreed upon by the 
interested parties. 

Recommended periods of exposure 
are 2 h, 6 h, 24 h, 48 h, 96 h, 168 h, 
240 h, 480 h, 720 h and 1,000 h. 

Section 13 

Recommended periods of exposure 
are 2 h, 6 h, 24 h, 48 h, 96 h, 168 h, 
240 h, 480 h, 720 h and 1,000 h. 

Evaluation of 
results 

Section 11 

Many different criteria for the 
evaluation of the test results may be 
applied to meet particular requirements,
for example: 

a) appearance after the test; 

b) appearance after removing 
superficial corrosion products; 

c) number and distribution or 
corrosion defects, i.e. pits, cracks, 
blisters, rusting or creep from 
scratches in the case of organic 
coatings, etc. 

d) the time elapsing before the 
appearance of the first signs of 
corrosion; 

e) change in mass; 

f) alteration revealed by micrographic 
examination; 

g) change in mechanical properties. 

Section 15.1 / 15.2 

Area Method: 

Determination in accordance with
the provisions of digital grading in 
Appendix 1. 

Quality Method: 

Quality change determination will 
be depended on the corrosion 
products of the specimen before and 
after the test. 
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5. CONCLUSION 

In this study, I collected 30 master theses related to "salt spray test" in the 
last five years.  Research about building materials and construction will make 
reference to CNS-8886 specification, and almost at the same time will make 
reference to ISO-9227 specification. International Organization for 
Standardization formulated ISO-9227 in 1990, revised to ISO-9227:2006 in 2006. 
Bureau of Standard, Metrology and Inspection in Taiwan developed national 
standards CNS-8886 salt test method standards based on ISO-9227 in 1982, 
revised to CNS-8886:Z8026 in 2002.  

Although the CNS-8886 reference to ISO-9227 Specification, CNS-8886 
have more details in test conditions of requirement. In this study, I suggested the 
construction industry to do salt spray test not only to reference CNS-8886 but 
also ISO-9227. For example, salt spray pressure, concentration and specific 
gravity of the test solution and Evaluation of results. In addition, the two 
specification of test samples angle are slightly different, the sample could be 
placed angle in the range of 20 ± 5°.  
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In Taiwan, patch repair is the very common method to repair the corroded 

RC members, but the statutes or requirements for the material of the patch repair 
are not sufficient. Fly ash is a scrap in thermal power generation. Fines of fly ash 
are a source of respiratory disease; therefore, disposal of fly ash is an important 
issue in environmental protection. However, this harmful material is a very 
beneficial material to civil construction. Its pozzolanic properties provide good 
durability and achieve economic benefits in the construction without sacrificing 
its intensity. 

The main topic of this research is to investigate the effect of fly ash on the 
mechanical properties of the mortar using mortar specimens with various fly ash 
replacement percentages. At first, experiments are conducted to get the 
compressive strength, tensile strength, bonding strength, and the rate of dry 
shrinkage and water absorption. Compared to the Japanese guidelines for the 
patch repair materials, it have already confirmed that basic properties of fly ash 
mortar approach the required performances for patching repair materials. 
Additionally, in order to upgrade the tensile and bonding strength, limited 
polymeric material is added. 

1. RESEARCH MOTIVATION 

Early in Taiwan, RC is the most common building style. From 1970 to the 
present, through years of wind, rain, and frequent earthquake, most of the RC 
buildings have shown degradation phenomenon, even cause danger. Therefore, 
choosing the right repairing materials and techniques are very important.  
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In Taiwan, patch repair is the very common method to repair the corroded 
RC members, but the requirement of the mechanical properties for the patch 
repair is not sufficient. According to the past researches, mortar-based patch 
repairing materials are added the polymeric material to improve the mechanical 
properties, e.g., tensile strength, bonding strength and flexural strength. However, 
the polymeric material is very expensive compared to the cement. For reducing 
the cost, this research adopts fly ash to reduce the cement in the patch repairing 
material and then add little polymeric material to improve its mechanical 
properties. 

Fly ash is a scrap in thermal power generation. Fines of fly ash are a source 
of respiratory disease; therefore, disposal of fly ash is an important issue in 
environmental protection. However, this harmful material is a very beneficial 
material to civil construction. Fly ash is used as a supplementary cementitious 
material, when used in conjunction with Portland cement, contributes to the 
properties of the hardened concrete through hydraulic or pozzolanic activity. Its 
pozzolanic properties provide good durability and achieve economic benefits in 
the construction without sacrificing its intensity. 

2. RESEARCH PURPOSE 

This research is to investigate the effect of fly ash on the mechanical 
properties of the using mortar specimens with various fly ash replacement 
percentages. On the basis of experimental results of the compressive strength, 
tensile strength, dry shrinkage, and water absorption the Japanese guidelines for 
the patch repair materials [5], the fly ash replacement percentages can be 
determined. Then, little polymeric material is added to improve the required 
mechanical materials including the tensile and bonding strength. Finally, the mix 
proportion of the fly ash mortar for the patch repairing can be suggested based on 
the specified requirement. 

3. RESEARCH METHOD  

3.1 Material 

Materials used in this research include cement from Taiwan Cement 
Company, sand from Hualien and fly ash from Hsinta Power Station. Material 
density is listed as the following Table 1. 
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Table 1 Material density 

Material Cement Sand Fly ash 

density (g/cm3) 3.15 2.604 2.185 

This research compares the experimental data with repair materials product. 
The trade name is called “Sika MonoTop-620 MY”, referred to as “Sika”. 
Material compositions are Quartz (SiO2), Cement and Fumes (silica). In addition, 
this study adds trace styrene-butadiene rubber (SBR), which is a liquid polymer 
material and can be dissolved in water and easy to use. 

3.2 Experiment 

The mix proportions of cement mortar are organized in Table 2. 

Table 2 Mix properties of cement mortar in the experiment. 

water-sand ratio 1: 3 

Water-cementitious material ratio 1: 0.6 

Fly-ash replacement 10%, 15%, 20%, 25% 

curing time 7, 14, 28, 56, 90 (days) 

Tests include compressive strength, tensile strength, drying shrinkage and 
water absorption, which accord the ASTM specifications, respectively. 

(1) ASTM C109 Standard test method for compressive strength of hydraulic 
cement mortars 

(2) ASTM C190 Method of test for tensile strength of hydraulic cement mortars 

(3) ASTM C596-09 Standard Test Method for Drying Shrinkage of Mortar 
Containing Hydraulic Cement 

(4) ASTM C1403-14 Standard Test Method for Rate of Water Absorption of 
Masonry Mortar 

(5) ASTM C642-06 Standard Test Method for Density, Absorption, and Voids in 
Hardened Concrete 
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Figure 1a Compressive strength specimens. Figure 1b Tensile strength specimens. 

 

Figure 1c Drying shrinkage specimens. 

4. RESEARCH RESULT  

4.1 Compressive strength  

According to the reference [5], compressive strength should be higher than 
204 kgf/cm2. Figure 2 shows the results of the compressive strength. The 
compressive strength of all specimens are greater than the required value in the 
reference [5]. 

 
Figure 2 Compressive strength. 
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In the early age of the mortar, it is obviously that the compressive strength 
of the mortar specimen without any fly ash is higher than the mortar specimens 
with various fly ash replacement ratios. However, with the curing time increasing, 
the compressive strength of the mortar specimens with fly ash is approaching the 
strength of the mortar specimens without any fly ash. For the fly ash replacement 
ratios of 10 % and 15 %, their compression strength is high than the mortar 
specimens without any fly ash.  

4.2 Tensile strength  

Figure 3 shows the results of the tensile strength. It is very obvious that the 
testing results are with high uncertainty in the early age. However, with curing 
time increasing, the tensile strength of the specimens with fly ash are close to the 
specimens without any fly ash. Since the tensile strength is very important for the 
patch repair material, the mortar with fly ash should be added the polymer 
material to improve the tensile strength. According to the reference [5], the 
tensile strength should be improved greater than 3.0 MPa, which is estimated 
from the specified flexural strength. 

 

Figure 3 Tensile strength. 

4.3 Drying shrinkage and water absorption rate on surface 

According to the reference [5], drying shrinkage rate should be smaller than 
0.15. Figure 4 shows that all specimens meet with the required value. Figure 5 
shows the results of the water absorption rate on surface. It can be found that the 
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water absorption rate on surface of 25 % of the fly ash replacement ratio is lower 
than the mortar specimen without any fly ash. 

 

Figure 4 Drying shrinkage. 

 

 

Figure 5 Water absorption rate on surface. 

 

4.4 Compressive strength and tensile strength of the specimens with fly ash 
and SBR 

Based on the testing results of tensile strength, the polymer material should 
be added to improve the mechanical properties of the mortar with the fly ash. To 
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investigate the effect of SBR on the compressive and tensile strength of the 
mortar specimens with the fly ash replacement ratio of 25 %, 3% and 5% of SBR 
is used to replace the water in the mix proportion. Figure 7 and Figure 8 show the 
testing results of the compressive and tensile strength. It can found that 3 % and 
5 % of SBR cannot upgrade the compressive and tensile strength effectively 
based on the limited experimental data. 

 

Figure 6 Compressive strength of the specimens with SBR 

 

 

Figure 7 Tensile strength of the specimens with SBR 
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5. CONCLUSIONS 

The results show that the mechanical properties of the mortar with the fly 
ash (maximum replacement ratio is 25 %) are nearly close to the mortar without 
any fly ash. This really can effectively reduce costs and reduce environmental 
pollution. In the future, the main purpose is set to improve mechanical properties 
of the mortar with the fly ash replacement ratios of 25% and 30% using the 
polymer material. Additionally, we would like to develop a bonding test method 
which can be used in the construction site in Taiwan. The fly ash produced in the 
different country has different properties and the performance of macro-cell 
corrosion resistance should be clarified. Therefore, we would like to continue this 
project in future with the help of a private company who is interested in this 
project. 
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1. INTRODUCTION 

To enhance the strength of concrete materials used in Taiwan, the National 
Center for Research on Earthquake Engineering has actively integrated the labor 
forces and resources of domestic industries and academic institutions to promote 
the New Reinforced Concrete Project in Taiwan. This project involved 
developing applications of local high-strength reinforced concretes (RC) for 
high-rise building structures, focusing on concrete strengths over than 70 MPa 
and using SD685 reinforcing bars (fy = 685 MPa) as research targets. The 
objective was to address the problem concerning the lack of regulations on 
material strengths that exceeded domestic specifications by referencing 
international studies or by conducting experimental tests, thereby promoting the 
applications of high-strength RC structures in Taiwan. The nature of the bond 
between reinforcement bars and concretes is associated with the interlocking 
behavior between the frictional resistance and binding force of the two materials. 
The bond behavior is the most fundamental concept in relation to the mechanical 
aspects of RCs. Only by maintaining a strong bond force can bars and concretes 
form composite structures that are capable of withstanding load. When strength 
of a certain level (specifically tension) must be provided by the bar on a certain 
section of the RC structure, the reinforcement bar must be configured with 
straight bond length, or standard hooked or mechanical anchorage length at the 
section area to provide sufficient bond and anchorage strength at the section area. 
When straight bond is applied, the bond length is assumed to involve an evenly 
distributed bond stress and can be determined by using equation (1). 
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Where Ld represents the bond length; Ab represents the sectional area of the 
bar; fs denotes the stress exerted by the bar; db denotes the nominal diameter of 
the bar; and u denotes the bond stress between the bar and concrete. This bond 
stress is related to the rib geometry dimensions on the bar surface, concrete 
strength, aggregate characteristics, and particle size. 

Because high-strength bars comprise large amounts of carbon, such property 
is not conducive for connecting bars to hooked anchorage or subjecting bars to 
welded connection. Therefore, high-strength bars feature threaded surfaces that 
facilitate connecting bars (Figure 1) to grout-filled threaded connection sleeves 
or anchoring bars to threaded T-shaped sleeves. The resulting bars could replace 
the conventional hooked or welded mechanical bar anchorage. 

 
Figure 1 Details of the threaded bars 

According to the ACI 408-03 [1] specifications and Lin’s [2] research, the 
surface geometry of deformed bar is one of the factors influencing the bond 
behavior of RCs. These are proved that with a ratio of relative rib area of the 
threaded bar, Rr, not less than 0.17, the bond strength assessed by mechanical 
model proposed by the existing code in US and Taiwan would be satisfied 
without any limitations on material strength. These results were also adopted by 
the Taiwan Concrete Institute (TCI) to establish surface characteristics of 
high-strength threaded bar in Taiwan. 

In despite of well evaluation on bond strength, a difference of splitting 
failure limit between specifying by code and obtaining by study results was 
found. An upper limit of splitting index, (cb+Ktr/db) is 2.5 for the existing Taiwan 
or American code and a value of 3.65 of the splitting index were examined in 
these study results. Therefore, this applying project in this year is intended to 
identify bond strengths contributed by concrete splitting strength and tensile 
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strength of confined stirrups and accuracy of the upper limit of splitting index of 
3.65, and establish mechanical bond model in accordance with strength and 
failure mode between the high-strength threaded bar and concrete. 

2. RELEVANT SPECIFICATIONS FOR BOND MODEL IN ACI 318 

Currently, an identical design equation (2) available in Taiwan for 
calculating the straight tension development length of a bar is used in the 
concrete structural design [3] and ACI 318-14 specifications [4]. The equation is 
expressed below. 
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Where fs represents the stress applied by the bar, which is designated based 
on the yield strength of the bar; fc’ denotes the compressive strength of the 
concrete; cb represents the smaller of (1) the distance from center of bar to the 
nearest concrete edge or (2) half the center-to-center spacing of the bars; db 
represents the extension diameter; and Ktr denotes the transverse reinforcement 
indicator. When calculating the development length, the compressive strength of 
the concrete has an upper limit of 70 MPa. 

In the New RC Project promoted in Taiwan, the minimum concrete strength 
was 70 MPa, but the bar and stirrup strengths were 685 MPa and 785 MPa, 
respectively, which exceeded the upper limit specified for concretes. To leverage 
the benefits of high-strength materials and satisfy current specifications, identical 
design equation was used to calculate the tension development length. Thus, 
verification studies were performed to identify the bond behavior of threaded 
bars in high-strength RCs, in addition to investigating the application range of the 
Rr values of threaded bars when no limitations are imposed on concrete strength 
and when using equation (2) remains an effective method for assessing the 
straight tension development length of reinforcing bars. 
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3. RELEVANT SPECIFICATIONS FOR SURFACE GEOMETRY OF 
THREAD BARS IN ACI 408 

The American Concrete Institute Committee 408-03 proposed several 
recommendations relevant to the rib properties of deformed bar surfaces in the 
research report regarding reinforcement extension length. According to the report, 
the concrete shear area can be increased to reduce the stress applied to the 
concrete, thereby facilitating the verification of RC bond properties. In addition, 
constraints were provided for the rib height and spacing of deformed bar surfaces, 
recommending that the Rr value (ratio of rib height to rib spacing) should range 
between 0.10 and 0.14, and that cross over and diamond-shaped rib surfaces 
should be avoided to maintain satisfactory bond performance. In this study, 
although threaded bars were used, their surface Rr value remains a crucial factor 
that influences the bond characteristics of the threaded bars. 

4. EXPERIMENTAL PLAN 

By the basis of previous study results for the surface geometry properties of 
thread bars and the straight development bond model in ACI 318-14 design code, 
the important parameters used in this study included the number of bars (D25, 
D32, D35, D38, D41), cover thickness (40, 50, 70 mm), compression strength 
(56, 80, 100 MPa) of concrete, and the direction of the embedded bars 
(horizontal, vertical) for discussing the bond performance (Table 1). According to 
examining the failure modes of past specimens, when the reinforcement adopted 
thread bars and the splitting indexes (cb+Ktr/db) of the splitting specimens exceed 
the upper limit of the current specification 2.5, even greater than 3.65, the 
splitting failure still occurred. Therefore, considering the relationship between 
the influence factors, bond performance and splitting modes, the straight 
development bond model of threaded bars should be re-established. 

This study conducted 20 sets of RC bond tests, in which test specimens with 
width, height, and length  of 160 mm, 450 mm, and 1400 mm, respectively, 
were used (Figure 2). 

The test involved simulating the mechanical bond behavior of reinforcement 
straight extension when real structural specimens simultaneously experience 
moment and shear forces. In this test, strength was controlled by using hydraulic 
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jack to apply unidirectional tensile load in increments onto the reinforcement bar. 
Figure 3 presents the bond test devices used in this study. 

  

Figure 2 Schematic diagram showing         Figure 3 Actual devices used in the  
the bond pull-out test using                bond test 
the RC specimen 

Table 1 Specimen parameters 

Specimen 
Name 

db,b 
(mm) 

hr 
(mm) 

sr 
(mm) 

Rr 
(hr/ sr)

fc' 
(MPa)

fy 
(MPa)

fyt 
(MPa)

ctop 
(mm)

cside
(mm)

ss 
(mm)

b tr

b

c K
d
+  

D. Length

Ld,dem 
(mm) 

Ld,test
(mm)

D25C4F56 

25 2.0 10 0.20 

56 

685 786

58.2

67.5

200

3.84 821 750

D25C4F8-V 80 3.84 734 750

D25C5F10 100 68.2 4.21 734 750

D25C7F8 80 88.2 4.21 734 750

D32C4F56 

32 2.65 1.2 0.22 

56 
58.2

64.0

3.11 1050 750

D32C4F8-V 80 3.11 939 750

D32C5F10 100 68.2 3.29 939 750

D32C7F8 80 88.2 3.29 939 750

D35C4F56 

35 2.95 14 0.21 

56 
58.2

62.5

2.89 1149 750

D35C4F8-V 80 2.89 1028 750

D35C5F10 100 68.2 3.01 1028 750

D35C7F8 80 88.2 3.01 1028 750

D38C4F56 

38 3.2 15 0.21 

56 
58.2

61.0

2.70 1247 750

D38C4F8-V 80 2.70 1116 750

D38C5F10 100 68.2 2.77 1116 750

D38C7F8 80 88.2 2.77 1116 750

D41C4F56 

41 3.65 16 0.23 

56 
58.2

59.5

2.54 1346 750

D41C4F8-V 80 2.54 1204 750

D41C5F10 100 68.2 2.57 1204 750

D41C7F8 80 88.2 2.57 1204 750
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Note:  

(1)Stirrup diameter was 13 mm. 

(2)Thread type refers to the geometry shape on the bar surfaces.  

(3)Overall, hr and sr represent the rib height and spacing of the threaded bars; Rr 
denotes the relative rib area of the bar surface (hr / sr), the measurement for 
thread bars were shown in Figure 4 ;cside and ctop represent the clean protective 
layer on the side and top; ss denotes the interval between the stirrups placed in 
the bond region; Ld,dem represents the reinforcement development length 
calculated using equation (2) according to design conditions; and Ld,test 
represents the actual embedment length of the bar. 

Figure 4 Measurement of geometrical dimensions for threaded bar ribs 

5. DISCUSSIONS OF SPLITTING AND BOND FAILURE 

The provision of splitting index (cb+Ktr/db) in equation (2) shows that the 
specimens demonstrated distinctive splits and cracks along the bar direction 
when the splitting index is 1.0 to 2.5. If the splitting index is greater than 2.5, the 
confined performance in core concrete is perfect and the failure mode of the 
specimen will change to pull-out. To confirm the confined performance and the 
occurrence of the longitudinal cracks when the threaded bars are adopted for 
bond, the splitting indexes and cracking for all specimens in this study are shown 
in Table 2. Table 2 shows that all the specimens demonstrated distinctive splits 
and cracks along the bar direction when the splitting indexes are greater than 2.5, 
even up to 3.9. Therefore, the upper limit of the splitting index (cb+Ktr/db) in ACI 
318-14 design code should be upgrade from 2.5 to 3.9 when the threaded bars are 
adopted for bond. 

 

 

rib

h90

h45

h135

A
Gap

Max. hr=h90 
Avg. hr=(h90+h45+h135)/3 
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Table 2 Splitting index and Cracking of all specimens 

Specimen 
(cb + Ktr) / db Splitting 

Top Cover Splitting Side Cover SplittingTop 
Cover

Side 
Cover 

Top 
Cover

Side 
Cover

D25C4F56 3.81 3.37 ․ ․ 

D25C4F8 3.81 3.89 ․ x 
D25C4F10 3.93 3.21 ․ ․ 

D25C7F8 5.33 3.69 x ․ 

D32C4F56 2.98 2.35 ․ ․ 

D32C4F8 2.98 3.35 ․ ․ 

D32C4F10 2.98 2.70 x ․ 

D32C7F8 4.13 2.76 x ․ 

D35C4F56 2.72 3.09 ․ ․ 

D35C4F8 2.72 2.49 ․ ․ 

D35C4F10 2.78 2.49 x ․ 

D35C7F8 3.58 2.58 x ․ 

D38C4F56 2.51 2.35 ․ ․ 

D38C4F8 2.51 2.82 ․ ․ 

D38C4F10 2.51 2.11 ․ ․ 

D38C7F8 3.40 2.14 x ․ 

D41C4F56 2.32 2.20 x ․ 

D41C4F8 2.32 2.35 ․ ․ 

D41C4F10 2.32 2.03 ․ ․ 

D41C7F8 3.13 2.01 ․ ․ 

6. EFFECTS OF SURFACE GEOMETRY OF THREAD BARS 

To investigate the bond effectiveness of high-strength materials, the 
researchers directly incorporated the actual tension and compressive strength 
(exerted on the test day) of the bar and concrete materials into equation (2), 
calculating the required reinforcement extension length and the test bond strength. 
According to equation (2), when the concrete strength is limited to 70 MPa, the 
actual extension length Lda,lmt required for reinforcement increases as the actual 
material strength increases, meaning that the advantage of achieving shortened 
extension length was not achieved when the concrete strength increased. When a 
limitation of 70 MPa concrete strength was not imposed, the extension length 
Lda,unlmt required for the test reinforcement decreased as the concrete compressive 
strength increased. 
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The suitability of the mechanical bond model of equation (2) for threaded 
bars can be determined by examining Figures 5 and 6. Specifically, the extension 
length ratio is the ratio of the modified actual reinforcement extension length to 
the reinforcement yield extension length, which was calculated using the actual 
reinforcement strength and equation (2). In addition, the test bond strength ratio 
refers to the ratio of the test tension to the actual yield tension of the 
reinforcement material. Figures 5 and 6 were formulated with test results 
presented by Lin’s [2] and derived by considering the presence and absence of 
the 70 MPa limitations. The 45°diagonal line in the figures was used as the basis 
to classify the results obtained using equation (2). If the test values of a specific 
specimen are located on the upper left position above the diagonal line, this 
indicates that the bond strength exerted by the specimen was greater than that 
predicted using equation (2). Conversely, when values are located on the bottom 
right area below the diagonal line, this means that the bond strength applied was 
lower than that predicted using equation (2).  

According to Figure 5, the values for marker “x” (D32 plain bars) are 
located on the bottom right area below the diagonal line and are substantially 
apart from the other values; this suggests that the bond strength provided by the 
plain bar is insufficient. The results for the remaining specimens showed that 
when the concrete strength was limited to 70 MPa, the predictions for the bond 
strengths of each specimen were conservative.  

Figure 6 shows the integrated results when the concrete strength was not 
limited to 70 MPa. According to the results obtained by calculating the bond 
extension length in equation (2) when the limitation of 70 MPa was absent, the 
specimens D32-SD685 (with Rr value of 0.13) and D39-SD490 (Rr value of 0.16) 
threaded bars failed to demonstrate the bond behavior predicted using equation 
(2). The results for the remaining specimens (with Rr value greater 0.17) showed 
that when the concrete strength was not limited to 70 MPa, the predictions for the 
bond strengths of each specimen were conservative. Therefore, when applying 
the bond model of equation (2) to threaded bars with Rr value greater than 0.17, 
the concrete strength should not be limited to 70 MPa. 

Figure 7 shows the relationship between the efficiency ratio and relative rib 
area of threaded bars. It also shows the predictions for the bond strengths of each 
specimen were conservative when the relative rib area Rr of threaded bars is 
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greater than 0.17. Moreover, by using equation (2) under no concrete strength 
limitation, a satisfactory prediction for the bond strength of specimens with Rr 

values of 0.17 was achieved. 

  
Figure 5 The relationship between extension 

length supply-demand ratio and 
bond strength yield ratio calculated 
based on the condition that concrete 
strength is limited 

Figure 6 The relationship between extension 
length supply-demand ratio and 
bond strength yield ratio calculated 
based on the condition that concrete 
strength is not limited 

 
Figure 7 The relationship between efficiency ratio and relative rib area of threaded bars 

By using equation (1), the average test bond stress values for each specimen 
and those obtained by Lin’s [2] can be achieved. In addition, substituting the 
bond model of equation (2) into equation (1) yields the required reinforcement 
bond stress, as shown in equation (3), where the concrete strength fca’ is the 
actual compressive strength of each specimen and is not limited to the upper limit 
of 70 MPa. Table 3 presents the bond stress values of the specimens used in this 
study and Lin’s [2] after the occurrence of bond splitting and cracking. To 
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investigate the influence of bar surface geometry on bond stress, the researchers 
combined the bar surface Rr values (Table 3) with the test bond stress, producing 
Figure 8. Overall, the results showed that reinforcement bars with large Rr values 
could provide large bond stress. 

Figure 9 exhibits the effectiveness of reinforcement bonds. This diagram 
was formulated by combining the Rr values of bar surfaces and test bond stress 
(Table 3) with the ratio of the required bond stress Reff (utest/udem). Accordingly, 
the bond effectiveness Reff value of D32 plain bar is located far below the 
standard line 1.0, indicating that the bond performance of the plain bar failed to 
achieve the required strength calculated using equation (3). The Reff values for the 
other specimens (Rr value greater 0.17) are located above the standard line, 
suggesting that the bond performance satisfied the requirement specified 
according to equation (3). Furthermore, when the bond model of equation (3) 
was applied, the performance of these specimens was not limited by the concrete 
strength of 70 MPa. 
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Figure 8 The relationship between Rr and bond       Figure 9 Comparison of Rr and bond  

stress effectiveness 
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Figure 10 Linear regression of the relationship between Rr and bond effectiveness 

Table 3 A summary of bar surface rib dimensions and average bond stress 

Bar 
size 

Material 
types 

Max. Rib 
height 

(hr) 
(mm) 

Avg.Rib 
height(hr) 

(mm) 

Rib 
spacing 
(sr)(mm)

Relative rib 
area 

(Rr = hr / sr)
fca’

(MPa)
utest 

(MPa) 

udem 
(MPa) 

Reff 
(utest/udem)

Max. Avg.

D25 

SD685 
Hot 

Rolled 

2.24 2.03 10.44 0.215 0.194

61.20 6.84 5.43 1.26 
72.02 6.60 5.89 1.12 
92.05 6.81 6.66 1.02 
77.96 7.45 6.13 1.22 

D32 2.64 2.28 13.27 0.199 0.172

61.20 7.90 5.43 1.45 
72.02 7.27 5.89 1.23 
92.05 6.82 6.66 1.02 
77.96 7.43 6.13 1.21 

D35 2.58 2.46 14 0.184 0.176

61.20 7.47 5.43 1.38 
72.02 7.03 5.89 1.19 
92.05 7.80 6.66 1.17 
77.96 7.14 6.13 1.17 

D38 2.88 2.72 15.4 0.189 0.178

61.20 8.40 5.43 1.55 
72.02 7.91 5.89 1.34 
92.05 7.74 6.66 1.16 
77.96 7.70 6.13 1.26 

D41 2.99 2.83 15.96 0.187 0.177

61.20 7.83 5.43 1.44 
72.02 7.49 5.89 1.27 
92.05 7.16 6.66 1.08 
77.96 7.43 6.13 1.21 

7. CONCLUSIONS AND RECOMMENDATIONS 

(1)The upper limit of the splitting index (cb+Ktr/db) in ACI 318-14 design code 
should be upgrade from 2.5 to 3.9 when the threaded bars are adopted for 
bond. 

(2)According to the test results, by using the mechanical bond model of equation 
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(2) and when the concrete strength was limited to 70 MPa, the threaded bars 
used in this study demonstrated a bond performance as expected according to 
equation (2). 

(3)After equation (2) was applied, the results showed that the performance of the 
threaded bars with surface Rr value of 0.17 was not limited by the concrete 
strength of 70 MPa; however, several specimens (threaded bars with Rr value 
less than 0.17) failed to provide the expected bond strength. Thus, by using 
equation (2) under no concrete strength limitation, a satisfactory prediction for 
the bond strength of specimens with Rr values of 0.17 was achieved 

(4)Threaded bars with large Rr values could provide large bond stress. 

(5)Based on the bond effectiveness Reff results, threaded bars with surface Rr 
value of 0.17 exhibited a bond performance corresponding to that specified 
according to equation (3). Furthermore, when the bond model of equation (2) 
was applied, the performance of these threaded bars was not limited by the 
concrete strength of 70 MPa. 
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1. INTRODUCTION 

After the World War 2, many buildings were constructed in many regions 
and countries such as California, Taiwan, and Japan. These buildings are now 
facing the risk and chance of seismic rehabilitation.  

In this paper, we examine the nature of risk perception and attitudes 
reflected in building rehabilitation decision. By literature review and case studies, 
we will illustrate how attitudes towards risk can be incorporated rationally in 
building rehabilitation decision.  

2. METHODOLOGY 

2.1Expected Cost Analysis 

There are two options. One is to maintain the building in the present 
condition (denoted by the subscript “0”). The other is to retrofit the building 
(denoted by the subscript “1”). The expected cost for each option is  

0,0,0,0,0,0 ][ LSLSILSLS pXXpXXE =+⋅=       (1) 

1,1,1,1][ ILSLS XpXXE +⋅=         (2) 

where LSX is the cost caused by an occurrence of specified limit state, LSp  
is the probability of the occurrence, IX  is the cost of implementing the seismic 
rehabilitation. 0,IX is zero for the option to maintain the building in the present 
condition. 

Based on the minimum expected cost analysis, the building rehabilitation 
decision will be made if ][][ 01 XEXE < . That reflects a risk-neutral attitude.  
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2.2 Utility Theory 

Decisions on earthquake retrofitting are often made considering 
consequences only in terms of loss. In such cases, the value function and utility 
function is equivalent. The function is presented in a normalized form 

)1(
1

1
)(

)(
max

max

C
CC

r

r e
e

CV
−

−
−

−
=        (3) 

where C is cost ( 0≥C ), maxC is the maximum value of potential cost, and 
r is the risk aversion parameter.  

The expected utility for each option is  

)1()()(][ 0,0,0,0,0,0 LSILSILS pXVpXXVUE −⋅+⋅+=     (4) 

)1()()(][ 1,1,1,1,1,1 LSILSILS pXVpXXVUE −⋅+⋅+=      (5) 

The building rehabilitation decision will be made if ][][ 01 UEUE > . The 
decision is made based on other than minimum expected cost, and the risk 
aversion has been introduced. The parameter r  reflects that risk aversion 
increases as the potential of consequences increase. The higher the value of r is, 
the more risk aversion is embedded in the decision. 

The degree of risk reversion can be determined by finding the tipping point 
of parameter r in the utility analysis [1]. The tipping point quantifies the 
minimum degree of risk aversion required for the retrofit option. That also 
implies the minimum degree of risk aversion in embedded in the decision. 

2.3 Cumulative Prospect Theory 

Tversky and Kanheman (1992) introduced a probability weighting function 
to include the subjective perceptions of event frequencies in the decision models. 
In the proposed Cumulative Prospect Theory (CPT) [2], the weighted cumulative 
probability associated with rank-ordered, one-side consequences is  

}|)|ln({)(
ϕα pepw −−=         (6) 

where p is accumulative probability and α and ϕ are the parameters which 
determine the shape of the probability weighting function. With α  set equal to 1, 
the parameterϕ  will be assumed to represent the risk aversion reflected in the 
probability weighting function. The parameter ϕ  represents the subjective 
evaluation of the probability of the rare events. The lower the value ofϕ is, the 
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more risk aversion is embedded in the decision. 

If the decision space is discrete, the decision weights for a kth largest loss, 

kX  are determined as  

)()()( 11 −− −=− kkkk pwpwppπ        (7) 

where ][ kk XXPp ≥=  and 1)( 1 =−∀ −k kk ppπ  

The expected value for each option is  

))(1()()()(][ 0,0,0,0,0,0 LSILSILS pXVpXXVVE ππ −⋅+⋅+=     (8) 

)1()()()(][ 1,1,1,1,1,1 LSILSILS pXVpXXVVE −⋅+⋅+= π      (9) 

The building rehabilitation decision will be made if ][][ 01 VEVE > .  The 
decision is made based on other than minimum expected cost, and the risk 
aversion has been introduced. If the parameter ϕ  is fixed, the tipping point of 
parameter r  can be found in a way similar to that used in the utility analysis. By 
repeating the analysis, the degree of risk aversion can be determined using the 
risk-aversion equivalent pairs of r and ϕ  [1]. The pair with high r and low ϕ  
represents high risk aversion embedded in the decision.  

3. ILLUSTRATIVE EXAMPLES 

3.1 Seismic Retrofit of Unreinforced Masonry Buildings 

Rutherford & Chekene (1990) studied the building as an example to develop 
the local ordinance mandating the seismic strengthening of 2007 privately-owned 
unreinforced masonry (URM) buildings in San Francisco [3]. Cha and 
Ellingwood (2013) recently analyzed the degree of aversion in the 
decision-making of seismic retrofitting [1]. In detail, the replacement cost and 
retrofit cost is $4.44M and $0.56M. The required service period is 30 years from 
the time of retrofit. The calculation of the life-cycle cost (LCC) considers 
structural damage costs, retrofit/replacement costs, and fatalities.  

Table 1 summarizes the expected LCC, utility and value of the building. As 
can be seen, the LCC is $0.4M for the option of no strengthening, and the LCC is 
$0.69M for the option of strengthening. As also can be seen, as the parameter r  
increases, the expected utility increases. The parameter r  reflects that risk 
aversion increases as the potential of consequences increase. While the parameter 
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ϕ  represents the subjective evaluation of the probability of the rare events. The 
expected values decrease as the parameter ϕ  decreases.  

Table 1 LCC, utility and values of an URM building w/o seismic strengthening [1] 

 (0) No Strengthening (E[LCC]=$0.40M) (1) Strengthening (E[LCC]=$0.69M) 

r  0 2.0 3.9 0 2.0 3.9 

E[Utility] 0.9484 0.9853 0.9901 0.9049 0.9801 0.9902 

( r ,ϕ ) (0, 0.54) (2.0,0.82) (3.9,1.0) (0, 0.54) (2.0,0.82) (3.9,1.0) 

E[Value] 0.8670 0.9616 0.99013 0.8672 0.9617 0.99016 

Table 2 Optimal design spectral accelerations based on the min LCC analysis, utility theory, and 
CPT [1] 

               Min LCC Analysis  Utility Theory CPT Model 

  ( r ,ϕ ) (0, 0.54) (3.9,1.0) 

E[LCC]($M) 9.7191-10.7504 E[Value] 0.8-0.83 0.983-0.9865 

Saopt (g) 0.4399 Saopt (g) 0.4749 0.6659 

3.2 Aseismic Design of a Steel Frame   

Wen and Kang (2001) analyzed the LCC for the 9-story steel office building 
located in the Vancouver, Canada [4]. Goda and Hong (2006, 2008) applied the 
CPT model to study the building. In the study, the service period of the building 
is considered to be 50 years [5, 6]. The building was designed for 15 base seismic 
design levels. Each design level is identified by the design spectral acceleration 
(Sa) corresponding to the return periods varying from 250 years to 2500 years. 
For simplicity, the maintenance cost is assumed the same for all the structures, 
and is not included in the calculation of LCC. The LCC was found to vary from 
$9.72M to $10.75M (Canadian dollars in 2003 value). The optimal design 
spectral acceleration was found to equal to 0.4399g form the minimum of the 
fitted LCC-Sa curve. 

For the same building, Cha and Ellingwood (2013) recently examined the 
optimal seismic design levels using the risk aversion pair (i.e. r  and ϕ ). Table 
2 summarizes the optimal design spectral accelerations based on the min LCC 
analysis, utility theory, and CPT. As can be seen, when only the value function 
reflects risk aversion, the expected values varies from 0.983 to 0.9865. The 
optimal design spectral acceleration was found to equal to 0.4749g. from the 
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maximum of the fitted curve. Similarly, when the probability weighting also 
reflects risk aversion, the expected values ranges from 0.80 to 0.83. That changes 
the optimal design spectral acceleration to be 0.6659g.   

4. DISCUSSION AND SUMMARY 

The above examples show that the degree of risk aversion may determine 
the long-term utility and values of buildings, regardless of the required use time 
from the retrofit, LCC, strengthening alternatives, and seismic design levels of 
the buildings. In addition, the expected utility and values increase for considering 
the increase in potential consequences, but decrease for the subjective evaluation 
of the probability of rare events. The risk perception needs detailed consideration 
in the strategy-making and policy promotion of building renovation and seismic 
rehabilitation. 
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ABSTRACT: In this paper, first the mechanism of chloride diffusion in marine 
RC structures is given, in which the crack rate is proposed to measure the amount 
of micro cracking in concrete. Then the sensitivity analysis of basic variables on 
corrosion probability is given. The third-moment (3M) method is performed to 
investigate the effect of the mean value and coefficient of variation of basic 
variables. The Monte Carlo (MC) simulation is used as a comparison method to 
verify the results of the 3M method. The result shows that in analysis of 
corrosion probability, the 3M method is applicable and more efficient than 
general MC simulation. It also shows that the coefficient of variation of variables 
has remarkable effect on the corrosion probability as well as the mean value. It is 
worth mentioning that for the same variable, the effect of its mean value and 
coefficient of variation on the corrosion probability may be inconsistent. It is 
therefore considered that in the design of marine RC structures, the coefficient of 
variation of variables should also be taken into account. It also shows that the 
distribution type of variables has almost no effect on the corrosion probability. 
Based on the sensitivity analysis of other variables, some suggestions also given 
to prevent corrosion of marine RC structures. 

Keywords: corrosion probability, third-moment method, marine RC structures. 

1. INSTRUCTION 

For RC structures in marine environment, an important phenomenon that 
should be considered is chloride-induced reinforcement corrosion. When chloride 
ions reach the surface of rebar, the passive film will be broken and corrosion of 
reinforcing steel will, thereby, be initiated (Apostolopoulos et al. 2013, Wang et 
al. 2013). Consequently, the performance of the RC structures in terms of 
serviceability is degraded. 
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Corrosion initiation of steel bar has been generally regarded as limit state 
for the assessment of service life of corroded RC structures (Song et al. 2008, 
Erdoǧdu et al. 2004, Bitaraf et al. 2008). A great number of empirical or 
analytical models (Bitaraf et al. 2008, Matsumura et al. 2008) have been 
suggested to predict corrosion initiation in the past decades. However, in these 
studies, random variables were considered deterministic. Since the random 
variables, especially the environmental factors, are constantly changing in real 
engineering structures, it is more appropriate to use a probabilistic approach to 
predict corrosion initiation. 

Some probabilistic assessments or analyses using Monte-Carlo (MC) 
simulation have been mostly reported (Dimitri & Pavel 2008, Li & Yang 2011, 
Kwon et al. 2009), which is considered applicable to the evaluation of corrosion 
initiation. However, it requires large sample size for obtaining accurate results. 
The third-moment (3M) method, which is simpler than MC simulation, with no 
need of time-consuming simulation (Zhao & Ono 2001), is more applicable for 
corrosion prediction. This paper attempts to use the 3M method to predict the 
time-dependent corrosion probability. 

By using the 3M method, effects of different factors, including the early-age 
micro cracking, are analyzed. It is worth mentioning that for the same variable, 
the effect of its mean value and coefficient of variation on the corrosion 
probability may be inconsistent. It is therefore considered that in the design of 
marine RC structures, the coefficient of variation of variables should also be 
taken into account. It also shows that the distribution type of variables has almost 
no effect on the corrosion probability. 

2. STOCHASTIC MODEL OF CORROSION INITIATION 

2.1 Analytical solution for corrosion initiation 

Numerous studies (Matsumura et al. 2008 & Pour-Ghaz et al. 2009) have 
indicated that chloride penetration through concrete can be empirically described 
by Fick’s second law: 

( )
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where t is the time from exposure to corrosion initiation (s), C(x, t) is the 
corresponding chloride concentration at depth x (m) (kg/m3), and erf is: 

( ) ( ) t-tzerf
z

d exp
2

0

2=
π

 (2) 

As an inherent and inevitable phenomenon in the formation of concrete 
mixture, early-age micro cracking will obviously influence the chloride 
penetration into concrete. Some previous study (Pour-Ghaz et al. 2009) has 
already found that the patterns of chloride penetration in cracked concrete are 
obviously different with that in sound condition. Therefore, early-age micro 
cracking will be included in the diffusion coefficient D (m2/s) in Eq. (1) to assess 
its effect on corrosion initiation. The diffusion coefficient D here can be divided 
into two parts (namely, Dcr and D0, Fig. 1) and is expressed as: 
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where Dcr is the value of chloride diffusion coefficient inside the early-age 
micro cracking, D0 is the corresponding value for sound area, Acr is the area of 
micro cracking (m2), A is the exposed surface area of the concrete element (m2), 
and ηw is referred as the crack rate to indicate the level of cracking, which equals 
to Acr/A. 

= +

Cracked sample Uncracked sample Cracked
D D0 Dcr

 
Figure 1. Partition hypothesis of chloride diffusion through cracked concrete 

It has been indicated (Rodriguez & Hooton 2003) that the value of chloride 
diffusion coefficient inside a crack of concrete cover (namely Dcr, m2/s) is 
independent of material effects, even if tortuosity and roughness are different. 
Djerbi et al. suggested the following relationship between the crack width w0 in 
concrete cover and its diffusion coefficient Dcr inside the crack: 
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This paper will cover only the case of crack width greater than 80 μm.  
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Besides penetration in the micro cracked area of concrete cover, the chloride 
will also diffuse in its sound area. The environmental parameters such as relative 
humidity and temperature, along with the exposure time of RC structures affect 
the diffusion in sound concrete greatly (Pour-Ghaz et al. 2009). In order to 
discuss the coupling effects of these influencing factors on the corrosion 
initiation, here the parameters are accounted for via corrections to the diffusion 
coefficient D0, as follows:  

280 DD tTh λλλ=  (5) 

where λh, λT, and λt are the correction coefficient for environmental relative 
humidity h (%), temperature T (K), and exposure time t (day), respectively. D28 is 
the chloride diffusion coefficient for a specimen under standard curing (28 days) 
(Tang & Gulikers 2007): 

( )cwD /.. 420612
28 10 +−=  (6) 

where w/c is the water-to-cement ratio. Also the parameters λh, λt, and λT can 
be respectively expressed as: 
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in which hc is the threshold relative humidity (hc = 75%), t28 is the time of 
standard curing (28 days), m is the age factor related to w/c by m = 3(0.55 - w/c), 
U is the activation energy equal to 35000 J/mol, R is the gas constant (8.314 
J/(mol·K)), and T28 is the temperature for standard curing on day 28 (293 K). 

Corrosion initiation occurs when chloride concentration on the surface of 
the steel bar C(x = c, t) (where c is the thickness of the concrete cover) exceeds 
the critical threshold chloride concentration Ccr. Therefore, the following 
equation can be regarded as the criterion for the corrosion initiation of the steel 
bar.  

( ) crCtcC ≥,  (10) 
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2.2 Stochastic corrosion model based on the 3M method 

Just like the assessment of reliability of a concrete structure, the following 
performance function can be used for the judgement of initiation: 

( ) 0≤−= SRG X  (11) 

where G(X) is the performance function, R and S are the interior resistance 
and the effect of exterior deterioration, respectively. The corrosion probability Pf 
can be calculated as 

( )[ ] ( )
( )

xxX
X

dfGP
Gf  ≤

=≤=
0

0Prob  (12) 

where X=[X1,…Xn]
T is the superposed T transpose of a vector of random 

variables representing uncertain quantities, and f(x) denotes the joint probability 
density function of X.  

By the 3M method, if the first three moments of random variables of 
corrosion-induced failure (i.e., the mean, standard deviation, and skewness) are 
known, the corrosion probability can be estimated, while the probability density 
functions (PDFs) of random variables are unnecessary. 

A random variable can be approximately determined by using these three 
indices. For a performance function of corrosion-induced failure z = G(X), 
assuming that the standardized variable 
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μ−=  (13) 

obeys the three-parameter lognormal distribution (Zhao & Ono, 2000), then 
the corrosion probability based on the 3M method can be obtained as 
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( )MfP 3β−Φ=  (15) 

where μG and σG are the mean and standard deviation of G(X) respectively, 
for α3G = 0, β3M = β2M. 

Base on the analytical solution for corrosion initiation (Eqs. (1) to (10)), it 
can be found that the chloride concentration on the surface of the steel bar C(c, t) 
is a function of a number of basic random variables (i.e. Cs, c, ηw, w/c, h, T and t). 
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The critical threshold chloride concentration Ccr and C(c, t) in Eq. (10) are 
identified with interior resistance R and effect of exterior deterioration S here, 
respectively. The performance function governing the initiation of corrosion can 
be written as 

( ) ( )tcCCG cr ,X −=  (16) 

The corresponding corrosion probability, Pf, can be estimated as 

( )[ ] ( )[ ]crf CtcCPGPP ≥=≤= ,X 0  (17) 

3. TIME-DEPENDENT CORROSION PROBABILITY ASSESSMENT 

One of the advantages of stochastic analysis is the possibility to examine the 
sensitivity of different variables affecting the corrosion probability. The basic 
information of all random variables are summarized in Table 1, where the 
distributions of variables are based on the reasonable presumption and the critical 
threshold chloride concentration Ccr is given as 0.9 kg/m3 (Lu et al. 2011, 
Weyers 2003). 

Table 1 Values of basic variables in the stochastic analysis of corrosion initiation 

Basic variables Mean 
Coefficient of 

variation 
Distribution 

Cs 3.5 kg/m3 0.5 Lognormal 
ηw 0.2 % 0.4 Lognormal 
w/c 0.5 0.1 Normal 
h 75% 0.05 Normal 
T 20 °C 0.2 Normal 
c 70 mm 0.14 Normal 

The prediction of the corrosion probability derived from the 3M method is 
compared with the results from traditional MC simulation using sample sizes N = 
100, 1000 and 10000 (illustrated in Fig. 2). One can see from Fig. 2 that 
compared with MC simulation, the 3M method is slightly conservative in 
predicting the corrosion probability, but with error in acceptable range. However, 
in the cases of corrosion probability higher than 20% or the sample size larger 
than 10000, MC simulation is time-consuming, while the 3M method is still 
efficient.  
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Fig. 2 Comparison of the 3M method and MC simulation on analyzing the corrosion probability 

3.1The influence of mean value 

The effects of the mean values of variables on the time-dependent corrosion 
probability are presented in Fig. 3(a) - (f). 
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Fig. 3 Influence of different factors on the corrosion probability 

Among these variables, the thickness of the concrete cover c has the 
strongest effect on the corrosion probability (Fig. 3(a)). For example, the time 
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when corrosion probability reaches 50% is shown to increase from 
approximately 2 years to 12 years as c changes from 30 mm to 70 mm. This 
demonstrates that increasing c is an efficient method for prolonging the service 
life of corroded RC structures. 

The corrosion probability also increases significantly with the increase in 
water-to-cement ratio w/c (shown in Fig. 3(b)). In the case of corrosion 
probability 30%, a decrease in w/c from 0.6 to 0.4 results in a delay in corrosion 
time from 3 years to 15 years. The w/c is directly related to the pores of the 
concrete structure, thus implying that improving concrete quality is also an 
efficient method for increasing service life. 

The effect of the surface chloride concentration Cs is also significant. As 
shown in Fig. 3(c), surface chloride concentration ranging from 2 to 5 (kg/m3) 
are considered, and the corrosion probability increases rapidly with Cs. The 
estimated corrosion probability on year 10 is approximately 20% for a surface 
chloride concentration of 2 (kg/m3), but increases to 60% when surface 
concentration is raised to 5 (kg/m3). Therefore, the content of chloride ions on the 
surface of concrete cover is an important factor influencing the service life of 
corroded RC structures. 

The corresponding effects of crack rate ηw is quite obvious and should not 
be ignored, as illustrated in Fig 3(d). An increase of ηw from 0.1% to 0.3% on the 
corrosion probability of 50% leads to a reduction of the corrosion time by 8 years.  

The effects of the remaining two factors (temperature T, and environmental 
relative humidity h) on the corrosion probability are apparent as well, as 
presented in Figs. 3(e) and (f). The influence of coefficient of variation. 
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Fig. 4 Influence of the coefficient of variation of variables on the corrosion probability 

 

The mean of a variable is generally used to study its effect on the corrosion 
probability. However, the values of variables are generally uncertain and change 
frequently in natural exposure environments. Thus, different coefficients of 
variation v of variables are also tested here to study their effect on the corrosion 
probability. As shown in Figs. 4(a) - (f), there are significant differences on the 
effects of the coefficients of variation of different variables.  

As shown in Fig. 4(a), corrosion probability is sensitive to variations in the 
surface chloride concentration Cs. A larger coefficient of variation leads to a 
lower corrosion probability. 

From Fig. 4(b), (d) and (e), the effects of variation in the thickness of the 
concrete cover c, the water-to-cement ratio w/c and environmental relative 
humidity h are also significant. In contrast to Fig. 4(a), a larger coefficient of 
variation in w/c leads to a higher corrosion probability, as shown in Fig. 4(e). In 
Fig. 4(b) and (d), a larger coefficient of variation leads to a higher corrosion 
probability in the early times. In contrast, when corrosion probability passes the 
crossover point, it decreases with the increase in v. However, in practical 
engineering, the accepted corrosion probability is extremely low (Approx. 10% 
to 20%), and thus, the effect on the later part of the curve is insignificant. 

It is shown that the effects of variations in crack rate ηw and temperature T 
on the corrosion probability are negligible (Fig. 4(c) and (f)).  

Actually, there exists many cases in which the coefficient of variations of 
the influence factors are greater than 0.2. From the results we can see, the effects 
of variation in variables should be considered as well as their mean value in the 
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assessment of corrosion probability. It’s worth mentioning that there is no 
inherent connection between the mean value and the coefficient of variation of 
variables in the effect of corrosion probability. 

3.2 The influence of distribution type 

The effect of distribution type of variables in corrosion probability is also 
investigated, as shown in Fig. 5. It is shown that different combinations of 
distribution types of variables almost have no effect on the corrosion probability, 
as shown in Fig. 5, where 5 cases as shown in in Table 2 are considered.  

Table 2 The distribution types of variables in different cases 
 Case 1 Case 2 Case 3 Case 4 Case 5 

Cs Lognormal Lognormal Extremevalue Gamma Lognormal
ηw Lognormal Weibull Weibull Weibull Normal 
w/c Lognormal Lognormal Extremevalue Extremevalue Lognormal
h Lognormal Weibull Weibull Gamma Normal 
T Lognormal Lognormal Normal Lognormal Normal 
c Lognormal Weibull Lognormal Normal Normal 
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Fig. 5 Influence of distribution type on the corrosion probability 

4. CONCLUSION 

After improving the analytical solutions of corrosion initiation of corroded 
RC structures, the stochastic model is developed by using the 3M method in this 
paper. With such a model, the time when the structure approaches an 
unacceptably of corrosion probability can be obtained, and thus the required time 
of repair can be carried out with confidence. Then the different effects of 
influencing factors on the time-dependent corrosion probability are also 
discussed. The following conclusions can be obtained. 
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(1)The proposed 3M method was proved to be applicable in the stochastic 
analysis of corrosion initiation. 

(2)The results clearly demonstrate that the coefficient of variation of influencing 
factors has remarkable effect on the corrosion probability as well as their 
mean value, which is worthy of attention. 

(3)It also shows that the distribution type of variables has almost no effect on the 
corrosion probability. 
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ABSTRACT: This research examined the cyclic performance of corroded beams 
using large-scale specimens. An electrochemical method was used to accelerate 
corrosion of steel reinforcement with the test features are: (1) the location of 
corrosion: corrosion only in the bottom layer of longitudinal reinforcement; 
corrosion in both the top and bottom layers of longitudinal reinforcement; and 
corrosion in the top, bottom layers of longitudinal reinforcement and transverse 
reinforcement; and (2) the corrosion level. After the corrosion process, the beam 
was tested using cyclic loading. Test results together with those from a previous 
study were used to examine the effects of corrosion locations on the cyclic 
performance of the beam. Test results showed that as the corrosion level in 
tension reinforcement increased, the failure mode of the beam changed from 
flexural shear due to crushing of core concrete to flexural tension due to fracture 
of tension reinforcement. Corrosion of longitudinal tension reinforcement had a 
significant negative effect on the peak load and on the ultimate drift when the 
failure was due to fracture of tension reinforcement. It had no or some degree of 
positive effect on the ultimate drift when the failure mode was flexural shear. 
Corrosion in compression reinforcement had a minor negative effect on the 
ultimate drift when the failure mode is flexural shear. It had little effect on the 
peak load and on the ultimate drift when the failure was due to fracture of tension 
reinforcement. Corrosion in transverse reinforcement had a negative impact on 
ultimate drift when the failure mode was flexural shear. It had insignificant effect 
on the peak load and on the ultimate drift when the failure mode was caused by 
fracture of tension reinforcement. 

Keywords: Reinforced concrete beams; corrosion; transverse reinforcement; 
longitudinal reinforcement; cyclic loading; corrosion location. 
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1. INTRODUCTION  

Many earthquake prone regions such as Taiwan, Japan, California and New 
Zealand have their populated areas close to coastline. RC structures in these 
regions are therefore susceptible to the combined hazards of reinforcement 
corrosion and seismic actions. Growing attention in recent years have been 
devoted to investigate structural behavior under the combined effects of 
reinforcement corrosion and seismic damage (Biondinia et al. (2011), Akiyama 
et al. (2011), and Biondini et al. (2014)). However, experimental seismic 
behavior of corroded RC beams have not received sufficient attention. RC beams 
under seismic reversed loading conditions suffer more severe degradation to the 
flexural and shear strengths than monotonic loading. This paper presents an 
experimental study on the cyclic behavior of corroded RC beams with corrosion 
induced to reinforcement at different locations of the beam. The beams examined 
in this paper have the same design as those examined in Ou and Chen (2014). 
While in Ou and Chen (2014), corrosion was induced mainly to transverse 
reinforcement, in this study, corrosion was introduced mainly to: (1) bottom 
longitudinal reinforcement; (2) both bottom and top longitudinal reinforcement; 
and (3) both longitudinal and transverse reinforcement. The effects of corrosion 
in different parts of reinforcement on the cyclic performance of corroded RC 
beams were examined quantitatively in this paper.  

2. EXPERIMENT PROGRAM 

2.1 Specimen design 

The specimen had the same design as those examined in Ou and Chen (2014) 
and was designed conforming to the requirements for flexural members of 
special moment frames (ACI Committee 318 (2011)). Figure 1 illustrates the 
specimen design. The specimen contained a beam connected to an anchorage 
block. The beam was designed with an equal amount of top and bottom 
reinforcement, each of which had three D29 deformed bars, and with D13 
deformed hoops as transverse reinforcement having a horizontal spacing of 100 
mm. Table 1 summarizes the design variables examined in the entire 
experimental program including specimens type Bt that have been presented by 
Ou and Chen (2014). The corroded specimens are classified into five types 
depending corrosion locations. Specimen types B, TB, and Bt (Ou and Chen 
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(2014)) had corrosion induced to bottom longitudinal reinforcement, top and 
bottom longitudinal reinforcement, transverse reinforcement, and all 
reinforcement, respectively, in the potential plastic hinge region. The potential 
plastic hinge region is the region from the fixed end of the beam extending 600 
mm towards the free end of the beam (Figure 1(a)). Steel reinforcement that was 
within and beside the intended corroded region and not to be corroded was 
coated with an anti-corrosion coating to prevent corrosion. The hoops of 
specimens TB-32, types B and TBt were tightly wrapped with a thin layer of 
plastic tape in addition to the epoxy coating for further corrosion protection. 
Specimens TB-0 and Bt-0 were the control specimens without reinforcement 
corrosion. The number at the end of each specimen name denotes the average 
actual corrosion weight loss of all longitudinal reinforcement in the corroded 
region for specimen type TB, that of all bottom longitudinal reinforcement in the 
corroded region for specimen type B, and that of all hoops in the corroded region 
for specimen type Bt (Ou and Chen (2014)). The specified concrete compressive 
strength is 28 MPa and the specified yield strength of longitudinal reinforcement 
and transverse reinforcement is 412 MPa.  

2.2. Accelerated corrosion 

After curing the specimens for at least 28 days, corrosion was induced to 
reinforcement by electrochemical accelerated corrosion method. Each 
longitudinal bar or each hoop to be corroded in the corroded region was 
connected with an electrical wire to the positive terminals of DC power supplies 
and acted as anode in the corrosion process. The corroded region was enclosed 
by wood plates. The space between the corroded region and the plates were filled 
5% NaCl solution to provide electrolyte for the corrosion process. The negative 
terminals of the power supplies were connected to four copper plates placed into 
the NaCl solution around the corroded region. The copper plates acted as cathode 
in the corrosion process. The impressed current density was approximately 
600 2μA/cm  for both longitudinal and transverse reinforcement. Figures 2(a) and 
2(b) illustrate the corrosion setup. 

2.3. Test setup and instrumentation for cyclic loading 

After accelerated corrosion for the corroded specimens and after curing for 
at least 28 days for the control specimens, the specimens were subjected to cyclic 
loading to investigate their seismic performance. The specimens were tested in a 
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cantilever fashion (Figure 3(a)). The anchorage block of the specimens were 
fixed to the strong floor. A hydraulic actuator was attached to the free end at a 
distance 1200 mm from the fixed end to apply cyclic loading. The loading was 
displacement controlled to prescribed drift levels (Figure 3(b)). 
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Figure 1. Specimen design: (a) side view; (b) cross-sectional view 

Table 1. Design variables 

Specimens 

TB-0; Bt-0 
(Ou and Chen 

(2014)) 
(Control beam) 

TB-6, TB-8, 
TB-13, TB-19, 

TB-32 

TBH-4, 
TBH-6

B-3, B-9, B-13,
B-16, B-33 

Bt-3; Bt-6; Bt-11; 
Bt-12; Bt-16; Bt-35 

(Ou and Chen 
(2014)) 
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Corrosion 
weigh loss 

0 
6%, 8%, 13%, 

19%, 32% 
4%; 6%

3%, 9%, 13%, 
16%, 33% 

3%; 6%; 11%; 
12%; 16%; 35% 

(1) Top and bottom longitudinal reinforcements in the potential plastic hinge region 

(2) Top and bottom longitudinal reinforcements and hoops in the potential plastic hinge region 

(3) Bottom longitudinal reinforcements in the potential plastic hinge region 

(4) Hoops in the potential plastic hinge region 
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Figure 3. Cyclic loading: (a) test setup; and (b) loading history (Negative drift denotes the 
beam is displaced downward at the loading end) 

3. EXPERIMENT RESULTS AND DISCUSSION 

3.1 Corrosion cracks and weight loss 

After accelerated corrosion, the cracks on the four faces of the 600-mm 
corroded region of the beam were mapped and their width were recorded by a 
crack width gauge. After the corroded beams were subjected to cyclic loading, 
they were demolished and the corroded reinforcement was extracted for 
corrosion measurement. Each corroded longitudinal bar and each piece of 
corroded hoop were carefully examined to determine their average corrosion 
weight loss (∆w), maximum corrosion weight loss (∆wmax), average residual 
cross-sectional area (Aavg), and minimum residual cross-sectional area (Amin). The 
average value of the total crack widths from the five regions is presented in 
Table 2. More information on the results of corrosion cracks width and corrosion 
weight loss can be found elsewhere (Nguyen (2015)). 

3.2 Cyclic test results 

Table 2 lists the performance indicators of the specimens for the positive 
and negative drift responses and their average values. Note that test results of B-
type specimens have been presented and discussed in Ou and Chen (2014) and 
hence are not repeated herein. Negative drift loading was applied downward 
(Figure 3(a)) and before positive drift loading in each cycle of loading. Under 
negative drift loading, the top and bottom longitudinal reinforcement acted as 
tension and compression reinforcement, respectively, while under positive drift 
loading, their roles exchanged. The performance indicators include the idealized 
yield force (Vy) and drift (∆y), peak force (Ppeak), ultimate drift (∆u), and ductility 
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(µ). The Ppeak is the peak applied load. The ∆u is defined as the drift 
corresponding to 20% drop in the applied load from Ppeak along the envelope 
response. To determine ∆y, the envelope response is idealized by a bilinear 
relationship same as Ou and Chen Ou and Chen (2014), which is based on 
FEMA 356 (2000). The ∆y is the drift at the turning point of the bilinear 
relationship. The Vy is the applied load at ∆y. The µ is the ratio of ∆u to. ∆y. 

Table 2. Corrosion measurement and performance indicators 

B
ea

m
s Transverse reinforcement Longitudinal reinforcement Performance indicators 

wΔ  
(%) 

maxwΔ
(%) 

avgA
 

(mm2) 
minA

 
(mm2) 

wΔ
(%)

maxwΔ
(%)

avgA
(mm2)

minA
(mm2) Δ

w c
r 

(m
m

) 

yV
(kN)

yΔ
 

(%) 
peakP

 
(kN) 

uΔ  
(%) 

μ

TB-01 0.00 0.00 126.67 126.67 0.00 0.00 641.30 641.30 0.00 316 0.78 336 4.64 5.93
TB-61 6.54 31.81 118.39 86.37 6.51 11.12 599.58 570.02 2.30 292 0.51 314 4.15 7.69
TB-81 4.16 31.93 121.40 86.22 8.08 12.99 589.49 558.03 2.04 278 0.54 297 4.27 7.96

TB-131 10.90 35.60 112.86 81.57 13.43 25.53 555.17 477.58 2.83 249 0.46 264 3.41 7.33
TB-191 7.25 40.79 117.49 75.00 18.99 34.25 519.55 421.67 4.86 223 0.36 241 2.79 7.66
TB-321 1.28 4.55 125.05 120.92 32.43 51.78 433.36 309.24 9.12 200 0.31 211 N.A. N.A.
TBH-41 15.74 68.32 106.73 40.13 4.11 6.60 614.98 598.98 1.66 285 0.51 300 3.42 6.76
TBH-61 16.43 46.86 105.86 67.32 5.50 7.45 606.06 593.54 2.66 283 0.50 306 4.20 8.34

B-33 1.45 5.75 124.83 119.40 3.26 5.64 620.39 605.13 0.32
285 0.94 304 4.51 4.78
-280 -0.62 -300 -4.28 6.9

B-92 0.95 5.75 124.83 119.40 8.74 18.54 585.25 522.38 0.51
260 0.64 284 3.85 5.99
-280 -0.81 -296 -4.68 5.75

B-132 1.05 2.69 125.34 123.27 12.94 20.77 558.32 508.11 3.58
248 0.82 261 4.73 5.77
-252 -0.62 -273 -4.57 7.41

B-162 1.76 6.30 124.44 118.70 15.75 46.69 540.29 341.90 3.82
209 0.41 226 2.79 6.77
-268 -0.44 -288 -4.3 9.85

B-332 2.62 6.69 123.35 118.21 32.92 50.53 430.18 317.24 3.82
200 0.31 212 1.48 4.83
-278 -0.39 -298 -3.56 9.02

(Note: 1 Performance indicators for TB- and TBH- type beams are verage value of those from 
positive and negative drift responses. 2 Performance indicators for B- and TBt- type beams 
consist of values for positive and negative drift responses.) 

3.3 Effect of corrosion locations on performance indicators 

B-type specimens under positive drift loading were used to observe the 
relationships between corrosion of longitudinal tension reinforcement and the 
performance indicators because the compression longitudinal reinforcement (top 
longitudinal reinforcement) and transverse reinforcement had little corrosion 
(Table 2) so that their corrosion effects were minimized. B-type specimens under 
negative drift loading were used to observe the effect of corrosion of longitudinal 
compression reinforcement on the performance indicators because the 
longitudinal tension reinforcement (top longitudinal reinforcement) and 
transverse reinforcement had little corrosion (Table 2). Bt-type specimens were 
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used to observe the relationships between transverse reinforcement corrosion and 
the performance indicators because the longitudinal reinforcement had 
insignificant corrosion (Ou and Chen (2014)). Specimens types TB and TBH had 
corrosion in more than one type of reinforcement and were used to verify the 
relationships observed from specimen types B and Bt. The performance 
indicators of each specimen were normalized with respect to the corresponding 
control specimen, i.e., specimen Bt-0 (Ou and Chen (2014)) for specimen type Bt 
and specimen TB-0 for specimen types TB, TBH, and B. 

3.3.1 Peak load and idealized yield load 

A strong correlation was observed between the normalized peak load and 
corrosion weight loss of tension reinforcement (Figure 4(a)). The peak load 
decreased with increasing corrosion. The decrease was mainly due to reduction in 
the cross sectional of tension reinforcement. Reduction in the bond due to 
corrosion likely had a minor effect on the peak load because the reinforcement 
was only partially corroded in the potential plastic hinge region and was still able 
to develop yielding after corrosion (Maaddawy et al. (2005) and Wang and Liu 
(2010)). The peak load correlated better with ∆wmax than with ∆w, which is 
consistent with findings of earlier studies (Malumbela et al. (2010) and Torres-
Acosta et al. (2007))). The peak load was found to have little correlation with the 
corrosion of compression reinforcement (Figure 4(b)). Equation (1) was derived 
also based on the linear least-squares regression analysis method for the 
relationship between the normalized peak load (

peakPr ) and avg
tenwΔ  and avg

hoopwΔ , and 
that between 

peakPr  and max
tenwΔ  and max

hoopwΔ . Corrosion of compression 
reinforcement was excluded based on the observation in Figure 4(b). Note that 
the coefficients in front of avg

tenwΔ  and max
tenwΔ  are much larger than those for avg

hoopwΔ  
and max

hoopwΔ , respectively, reflecting greater effect of tension reinforcement 
corrosion than transverse reinforcement corrosion 

2
avg avg0.940964 0.01072 0.00184   ( 0.743982)

peak

ten hoop
Pr w w R= − Δ − Δ =

 
2

max max0.956868 0.00623 0.00082   ( 0.828497)
peak

ten hoop
Pr w w R= − Δ − Δ =  

(1)

3.3.2 Ultimate drift 

The relationship between the corrosion location and ultimate drift depends 
on the failure mode. Two failure modes which are flexural shear and flexural 
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tension, were observed from test results. For the flexural-shear failure mode, the 
failure was caused by degradation of shear strength under inelastic cyclic loading, 
which eventually led to compression failure of concrete. Corrosion in 
longitudinal tension reinforcement decreased the shear demand, which could help 
delay shear failure. On the other hand, the portion of tension reinforcement inside 
the anchorage block was not corroded. Therefore, corrosion of tension 
reinforcement in the potential plastic hinge region likely reduced the beam 
deformation because of the reduced slip of tension reinforcement out of the 
anchorage block. It seems that the two effects counteracted each other in Figure 
5(a) so that corrosion in tension reinforcement had little effect on the ultimate 
drift. Note that B-16 and B-33 were not included in Figure 5(a) because tension 
reinforcement of these specimens fractured. Corrosion in compression 
reinforcement weakened the compression zone and that in transverse 
reinforcement weakened the shear resistance contributed by shear reinforcement. 
Both resulted in a reduction of the ultimate drift (Figures 5(b) and 5(c)). 
Equation (2) is the regression between the normalized ultimate drift (

u
rΔ ) and 

maximum corrosion weight loss of compression reinforcement ( avg
compwΔ  and 

max
compwΔ , respectively), and avg

hoopwΔ  and max
hoopwΔ . The reduction due to corrosion in 

transverse reinforcement is more significant than that due to corrosion in 
compression reinforcement as can be seen from the coefficients in front of avg

hoopwΔ  
and max

hoopwΔ  and, those in front of avg
compwΔ  and max

compwΔ .  

2
avg avg0.93419 0.00086 0.02024   ( 0.7915)

u

comp hoopr w w RΔ = − Δ − Δ =
 

2
max max0.99039 0.00146 0.00732   ( 0.7856)

u

comp hoopr w w RΔ = − Δ − Δ =  
(2)

For flexure tension failure, the failure was due to fracture of tension 
reinforcement, which should be mainly related to corrosion of tension 
reinforcement. The trend shown in Figure 6 confirms this reasoning. Note that in 
addition to the data from the positive loading of B-16 and B-33, those from 
positive loading of TB-19 and negative loading of TB-32 were also included in 
Figure 6(a) even though TB-19 and TB-32 had significant corrosion in 
compression reinforcement. This is because fracture of tension reinforcement is 
not related to corrosion of compression reinforcement. A good correlation was 
observed between 

u
rΔ  and avg

tenwΔ  but is not seen for 
u

rΔ  and max
tenwΔ  (Figure 6(a)). 

More data may improve the trend for 
u

rΔ  and max
tenwΔ . Equation (3) shows the 

regression between 
u

rΔ  and avg
tenwΔ  and, that between 

u
rΔ  and max

tenwΔ . When avg
tenwΔ  or 
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max
tenwΔ is approximately equal to or higher than 15% or 35%, respectively, 

Equation (2) governs the ultimate drift. Otherwise, Equation (3) governs the 
ultimate drift. 

2
avg avg0.73784 0.01175  for  15% ( 0.8027)

u

ten tenr w w RΔ = − Δ Δ ≥ =  

2
max max0.60885 0.00368  for 35% ( 0.1193)

u

ten tenr w w RΔ = − Δ Δ ≥ =  
(3)
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Figure 4. Effects on normalized peak load of corrosion in: (a) tension reinforcement; (b) 
compression reinforcement; and (c) transverse reinforcement 
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Figure 5. Effects on normalized ultimate drift for the flexural-shear failure mode of 
corrosion in: (a) tension reinforcement; (b) compression reinforcement; and (c) 
transverse reinforcement 
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Figure 6. Effects on normalized ultimate drift for the flexural tension failure mode of 
corrosion in: (a) tension reinforcement; (b) compression reinforcement; and (c) 
transverse reinforcement 

231



 

3.3.4. Verification using test results of TB- and TBH-type specimens 

Equations (1) and (2) were used to predict the responses of specimen types 
TB and TBH to verify their applicability when used in beams with significant 
corrosion in more than one type of reinforcement. This verification process is not 
needed for Equation (3) because Equation (3) was derived based on all the data 
with fracture of tension reinforcement including specimens from TB type. Only 
the results with prediction based on maxwΔ  for 

peakPr  and 
u

rΔ  for flexural-shear 
failure are shown in Figure 7. Other results can be found elsewhere Nguyen 
(2015). The prediction for 

peakPr  (Figure 7(a)) agreed well with the test results. On 
the other hand, the prediction for 

u
rΔ  for flexural-shear failure always 

underestimated the test results (Figure 7(b)). It seems the positive effect of 
corrosion in tension reinforcement due to reduced shear demand was generally 
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Figure 7. Verification using test result of TB- and TBH-type specimens: (a) idealized yield 
drift; (b) peak load; and (c) ultimate drift  

4. CONCLUSIONS 

Reinforced concrete beams with corrosion induced to various locations of 
the beam were tested under cyclic loading to investigate their seismic 
performance. Based on the test results, important conclusions are summarized as 
follow.  

(1) Corrosion in longitudinal tension reinforcement had significant detrimental 
effect on the peak load due mainly to the reduction in the cross sectional 
area. As the corrosion level in tension reinforcement increased, the failure 
mode of the beam changed from flexural shear due to crushing of core 
concrete to flexural tension due to fracture of tension reinforcement. 
Corrosion in tension reinforcement had little or some positive effect on the 
ultimate drift when the failure mode was flexural shear due mainly to the 
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reduction in shear demand, and showed an adverse effect on the ultimate 
drift when the failure mode was fracture of tension reinforcement due to 
severe pitting at high corrosion levels.  

(2) Corrosion in longitudinal compression reinforcement had a minor negative 
effect on the ultimate drift when the failure mode is flexural shear because 
of weakening of shear resistance of the compression zone due to corrosion 
expansion. It had an insignificant effect on the peak load and on the 
ultimate drift when the failure was due to fracture of tension reinforcement.  

(3) Corrosion in transverse reinforcement had a negative impact on the 
ultimate drift when the failure mode was flexural shear due to reduction in 
the shear resistance. It had insignificant effect on the peak load and on the 
ultimate drift when the failure mode was caused by fracture of tension 
reinforcement.  
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ABSTRACT: Many factors affect a bridge’s reliability against floods. Among 
of the potential influencing factors, the occurrence of scour plays a key role. The 
scour potential at bridge sites in Taiwan has drawn much attention in recent years, 
especially after Typhoon Morakot in 2009. Because scour potential evaluation 
involves many uncertainties, a probabilistic approach is often adopted. This study 
aims to analyze the system reliability of a selected bridge that includes five limit 
states and that has random variables for the water surface elevation, water 
local scour depth, soil property and wind load. Monte Carlo Simulation (MCS) is 
adopted here to solve the bridge reliability. However, it is well known that MCS 
does not have an advantage in terms of the computational cost. To improve this 
aspect, this study proposed to build a response surface (RS) followed by an MCS 
to calculate the bridge reliability. The RS was established by a machining 
technique (i.e., Least Square Support Vector Machine, LS-SVM). In addition to 
ensuring the accuracy of the proposed approach, the variation of our solution was 
also examined by comparing the solution from MCS. The results of a numerical 
example have indicated that the proposed approach can efficiently provide an 
accurate bridge safety evaluation and maintain a satisfactory variation. 

Keywords: scour, bridge safety, flood-resistant reliability, MCS, LS-SVM 

1. INTRODUCTION 

Although uncertainties in bridge safety evaluation play an important role, 
most of the evaluation processes do not take the randomness into consideration. 
For example, Chen et al. [1] performed a stability analysis to evaluate the safety 
of a bridge, in which the soil bearing capacity, pile strength and bridge 
serviceability were considered. The National Freeway Bureau in Taiwan [2] and 
Sung et al. [3] used a finite element method to conduct a bridge safety evaluation. 
The random variables that were considered here include the water surface 
elevation, water velocity, local scour depth, wind load and soil property. The 
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performances of the soil bearing capacity, the soil resistance to a pulling force, 
the pile shear strength, pile axial strength, and bridge serviceability (the top 
displacement of a pile) were considered. In other words, this study considers five 
limit states in a bridge reliability analysis, and it is a system reliability analysis. 
In general, MPP-based (most probable point-based) reliability analysis methods 
(e.g., FORM, first order reliability method) are not suitable for a systems 
reliability analysis. Although some researchers have proposed more advanced 
MPP-based approaches [4], investigation among them is beyond the scope of the 
current study. This study adopted a Monte Carlo Simulation (MCS) to solve the 
bridge reliability. However, it is also well known that MCS does not have an 
advantage in terms of the computational cost. To improve this aspect, this study 
proposed to build a response surface (RS) followed by an MCS to calculate the 
bridge reliability. The RS was established by the Least Square Support Vector 
Machine (LS-SVM) [5]. In addition to ensuring the accuracy of the proposed 
approach, the variation of our solution was also examined by comparing the 
solution from MCS.  

2. THE PROPOSED APPROACH AND A NUMERICAL EXAMPLE 

The uncertainties considered in current study will be introduced first 
following the introduction of the proposed algorithm. The random variables 
considered in this study include water level, stream velocity and local scour 
depth. RSM is then used to calculate the bridge reliability against floods, in 
which the LS-SVM is used to build the RSM. Once the RSM is completed, the 
MCS is used to compute the system reliability. The flowchart of the proposed 
approach is shown in Fig. 1. For a fair efficiency comparison of the proposed 
algorithm and MCS, the cov of the results from the proposed approach and the 
traditional MCS should be monitored at the same level, for example, 5% in this 
paper. 

2.1 Uncertainties considered in this study 

The design values of a 100-year flood specified in the code (2009) are used 
as the mean values of water level and stream velocity. Their distribution types 
and variations are explained as follows. Based on the previous studies, the covs 
of water level and stream velocity fluctuate among studies, indicating that a 
single distribution cannot universally describe hydraulic parameters for all cases. 
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Because variations/distributions of hydraulic parameters often depend on its 
region/location, it may not be a good strategy to adopt the variations/distribution 
used in the literature. Thus, to reveal the variations/distributions of water level 
and stream velocity on Gaoping River Basin, a probabilistic hydraulic analysis 
using HEC-RAS (hydrologic engineering center river analysis system, 1997) 
with random variables of discharge rate and Manning’s roughness coefficient is 
performed.  

The water level and stream velocity simulated by HEC-RAS are then plotted 
on probability plots to identify their distribution. The chi-square goodness of fit 
test is used to determine whether simulated sample data (i.e., water level and 
stream velocity) are consistent with the hypothesized distribution (i.e., 
Log-normal distribution).  

Local scour depth can be calculated using an empirical formula. Recent 
studies have proposed many formulae for calculating local scour depth. Because 
the variation among the aforementioned formulae are significant, the 
corresponding mean and cov are adopted to represent the scour depth. Similar to 
the water level and velocity, simulation is used to generate samples of local scour, 
the probability paper and Chi-square are used to determine the pdf of local scour 
depth. 

2.2 Building of Response Surface 

Response surface methodology is a combination of mathematical and 
statistical methods that aims to accurately relate the decision variables and target 
performances. Such a relationship usually has the advantages of simplifying the 
characteristics of the original model and reducing the analysis time. The 
LS-SVM is adopted here to establish the response surface, as described below. 

The goal of the supporting vector machine (SVM) is to separate the 
collected data samples into two classes using a classifier. A suitable kernel 
function can increase the chance of separating the nonlinear data by mapping the 
original data into a nonlinear feature space. A Gaussian radial basis function 
(RBF) kernel, as depicted in Eq. (1), is often considered to be a reasonable choice 
and was therefore adopted in this study. 

2(|| ||)( , )                                                (1)iX X
iK X X e γ− −=  
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where X is the input vector,  is the parameter of the kernel function, and 
Xi are the support vectors. SVM uses the principle of structural risk minimization 
(SRM), as described in Eq. (2), to determine a classifier that has the maximum 
separation distance: 

1

1
minimize 

2

( ( ) ) 1
Subject to                                       (2)

0,  1, 2,...,

n
T

i
i

T
i i i

i

w w C

y w K x b
i n

ξ

ξ
ξ

=

+

 + ≥ −
 ≥ =


 

where w is a vector that defines a direction perpendicular to the hyper-plane; 
C is the error penalty; 

1=


n

i
i

ξ represents the sum of the distances of the points on the 
wrong side, yi is a label that represents the two classes; [wTK(xi )+ b] is the 
classifier; n is the number of training data samples, and K indicates the kernel 
function. 

Because the constraints in the SVM are inequality in solving the 
optimization problems, QP (quadratic programming) is applied to solve the 
optimization problems. This method is computationally complex. To reduce the 
computational cost, LS-SVM introduced the Least Squares Loss Function to 
SVM [5]:  

2 2

1

1
min  || ||

2 2

s.t. ( ( ) ) 1 ,  =1,...,n

n

i
i

i i i

Cw

y w K x b i

ξ

ξ
=

+

⋅ + = −

  (3) 

where C is a parameter for adjusting the spacing maximization and error 
minimization and, thus, is known as the regularization parameter. Changes in this 
parameter represent the error sensitivity of LS-SVM. The value of C positively 
correlates with the sensitivity to errors; higher C values also indicate that error 
minimization is important. Here, iξ  is the error variable. If the addition of the 
error variable increases its value, then a greater adjustment of the data is required 
to comply with the data separation. Therefore, the value of the error variable 
negatively correlates with the quality of the LS-SVM classifier. The optimal 
solution of the LS-SVM can be obtained by using the Lagrange method. Thus, 
the original optimization problem is converted into a solution of linear equations, 
which reduces the computational complexity. 

Eq. (3) can be modified as follows to form the LS-SVM for the case of 
function estimation. 
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Eq. (4) is then used to build the response surface in this study. 

2.3 Case Study 

The Shuangyuan Bridge was analyzed by the proposed algorithm. The 
Shuangyuan Bridge over the Gaoping River is part of the No. 17 Road and 
connects the Linyuan District of Kaohsiung and the Hsinyuan Township of 
Pingtung. The bridge is 2.7 km away from the sea. Several piers of the 
Shuangyuan bridge were seriously damaged during the Typhoon Morakot period. 
The bridge information before restoration is provided as follows. The pile length 
is 50 meters. The span is 31.6 meters (the end spans) and 30.6 meters (the other 
spans). The superstructure is Type I pre-stressed concrete girder, and the 
substructure is a cantilevered single-column pier. The height of the pier is 9.2 
meters. According to the Gaoping River Management Planning Report [6], the 
design’s flood period for a bridge in the No. 17 Road is 100 years.  

The kernel parameter (γ) and the error penalty (C) were determined using a 
grid search, in which the values of γ ranged from 100 to 105, and the values of C 
ranged from 10-1 to 105. LS-SVM has two prediction models: classification and 
function prediction. Function prediction was adopted here because it can provide 
a better prediction performance. The MAPE and R2 of the established 7 response 
surfaces are as shown in Table 1. The system failure probability using the above 
7 response surfaces via MCS with a sample size of 3000 is 2.1x10-3, as displayed 
in Table 2. As shown in Table 1, most of the prediction models (Modes 1~4) 
have MAPE below 0.1, which indicates that the prediction capability is good [7]. 
The MAPE values of Models 5, 6, and 7 are greater than 0.1, and notably, the 
MAPE of model 7 is 1.69, which is far above 0.1. An improvement of these three 
models is needed. On the other hand, if R2 is used to measure the accuracy of the 
built prediction model, then the prediction performances of all of the models are 
acceptable. Only the R2 value of model 7 is slightly lower (0.8262).  

Increasing the number of samples can improve the accuracy of the 
prediction models. This study increased the number of samples from 50 to 80, 
100, 120 and 150, and the results are shown in Table 2. As expected, MAPE 
reduces as the sample size increases. In the case of a sample size of 150, except 
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for models 6 and 7, the MAPE values were in the acceptable range. The MAPE 
of models 6 and 7 was 0.1212 and 0.495, respectively. On the other hand, except 
for the sample size of 50, the R2 values for all of the other cases are very close to 
1.0, which indicates that the built models fit the samples very well. As shown in 
Table 3, the results (failure probability and cov) of RSM with a sample size of 
150 were similar to those of traditional MCS. Based on the above computation, 
for the problem of bridge reliability against floods, the response surface with a 
sample size of 150 can provide a solution that has a similar accuracy and 
variance compared to that obtained from MCS. The number of samples can be 
reduced from 3000 to 150 by using the proposed approach. The analysis 
efficiency is considerably improved. 

The failure probability of the considered bridge against a 100-year flood 
was not a small number (e.g., 2.3x10-1), which verifies that the selected bridge 
was seriously damaged during the Typhoon Morakot period (the return period is 
approximately 200 years). For the current failure probability level, it is of interest 
to investigate the effects of the sample range in generating the response surface. 
The upper and lower limits of the sample are the mean value plus/minus 3 
standard deviations in the earlier analysis. The 3 standard deviations could cover 
a failure probability of as low as 0.00135. The sample range could be too broad 
for the current probability level. Thus, we narrowed the range of the samples to 
the mean value plus/minus 1 standard deviation and evaluated its performance, as 
shown in Table 3. It was observed that narrowing the sample range space can 
effectively reduce the required sample size to 80 under the same level of solution 
accuracy and variance.  

3. CONCLUSIONS 

The bridge reliability against floods is an interdisciplinary problem that 
involves a wide range of knowledge. For example, the impact of drifting wood 
on the water velocity and water level is important for some cases and should be 
considered in the reliability analysis. This study proposed the LS-SVM to 
establish the response surface to increase the calculation efficiency. The MCS 
analysis is time consuming. In the presented case, 3000 samples were needed. 
This study proposed an RSM-based reliability analysis. The results suggested 
that if the sample range was the mean value plus/minus three standard deviations, 
the number of samples can be reduced from 3000 to 150. If the sample range was 
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the mean value plus/minus 1 standard deviation, the number of samples can be 
reduced from 3000 to 80. 
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Table 1. The MAPE and R2 of the established 7 response surfaces 

No. of RS Prediction outputs MAPE(%) R2 

1 Demand of pile pulling force 3.2840 0.9586 

2 Demand of soil bearing force 3.1217 0.9510 

3 Capacity of pile pulling force 12.4739 0.9408 

4 Capacity of soil bearing force 8.9859 0.9503 

5 Demand of pile shear stress 29.5894 0.8549 

6 Demand of pile axial stress 43.3448 0.8938 

7 Demand of pile head displacement 169.5049 0.8262 

Table 2. System annual failure probability (Pf) using RSM with different sample size 

Sample 

size 
Pf 

MAPE(%) R2 

#1 #2 #3 #4 #5 #6 #7 #1 #2 #3 #4 #5 #6 #7

50 2.10x10-3 3.28 3.12 8.99 12.47 29.59 43.34 169.50 0.96 0.95 0.95 0.94 0.85 0.89 0.83

80 2.30 x10-3 1.04 0.98 3.48 3.14 11.75 23.72 173.03 1.00 1.00 1.00 1.00 1.00 1.00 0.99

100 2.13 x10-3 0.63 0.62 1.84 2.18 16.96 21.57 92.50 1.00 1.00 1.00 1.00 0.99 0.99 0.97

120 2.34 x10-3 0.41 0.41 2.73 2.65 5.66 12.99 74.67 1.00 1.00 1.00 1.00 0.99 0.99 0.98

150 2.31 x10-3 0.30 0.30 1.22 1.52 9.46 12.12 49.54 1.00 1.00 1.00 1.00 0.99 1.00 0.98
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Table 3. Comparison of annual failure probability (Pf) using RSM and MCS 

Approach Bounds* Pf cov 

MCS NA 2.32 x10-3 0.033 
RSM(150) ** 3 2.31 x10-3 0.026 
RSM(80) ** 1 2.25 x10-3 0.036 

*Lower and upper bounds for samples 
**sample size  

 
Figure 1. The flowchart of the proposed approach 
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ABSTRACT: This research proposes a new method to evaluate seismic capacity 
of factory building by combining the deterministic and probabilistic approach. 
Nonlinear static analysis as the deterministic approach is used at first and 
followed by fragility analysis as the probabilistic approach to account the 
randomness and uncertainness of the ground motion. The fragility analyses are 
done in several damage stages of structures. One factory building is used as the 
study cases in this research. The peak ground acceleration (PGA) is used as the 
parameter of the capacity. In addition, High Confidence of Low Probability of 
Failure (HCLPF) is calculated and being compared with the preliminary fragility 
curves. The results show that the proposed method give reasonable estimation 
accompanied by its probability to give more confidence to the owner or the 
designer of the factory building to decide whether or not the factory need to be 
retrofitted. 

1. INTRODUCTION 

HAZUS (FEMA, 2003) states that Nuclear Power Plant (NPP) is one of 
high potential loss facilities where the losses will be huge if the structure is 
significantly damaged. Learning from the Fukushima Dai-ichi Nuclear Power 
Station damaged by 9.0 earthquake and subsequent tsunami, the engineers in the 
entire world have increased their awareness to reassess their nuclear power 
plant’s capacity to anticipate the probability of larger earthquake ground motion. 
Basically, structural capacity assessment to any type of structures can be 
accomplished either by deterministic or probabilistic approach.  

In the deterministic approach, there are 4 types of analysis. Those are linear 
static analysis as the simplest one, linear dynamic analysis, nonlinear static 
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analysis, and nonlinear dynamic analysis as the most complicated one. Among 
those 4 types of analysis, nonlinear static analysis is recommended by FEMA-
451 (FEMA, 2006) as a practical and convenient tool to provide the inelastic 
deformation or damage in the structure. Some methods are developed to 
determine the target displacement of a structure. ATC-40 (ATC, 1996) and 
FEMA-356 (FEMA, 2000) use the elastic demand spectra together with the 
capacity curve to get the target displacement. These methods require iteration 
process to get the final target displacement. Modal Pushover Analysis (Chopra 
and Goel, 2002) use the uncoupled modal response history analysis to define the 
target displacement of certain earthquake. This method keeps the weakness of 
nonlinear dynamic analysis, i.e. complication of choosing and scaling the ground 
motion and the required of high computational resources. In the other side, basic 
N2 method (Fajfar, 1999, 2000) use inelastic demand spectra to eliminate the 
iteration process to determine the target displacement and will not use the ground 
motion history; hence, it will not have problem in choosing and scaling ground 
motion. However, Basic N2 method is good only for regular and low- or 
medium-rise building. The extension of basic N2 method are proposed by 
(Kreslin and Fajfar, 2000; Oktavianus et. al., 2012) to take account of the higher 
modes of the building.  

Deterministic approach is an exact solution when the capacity used in the 
analysis is exactly the same with the real situation and the demand is the same in 
every event of earthquake. Nevertheless, the parameters for seismic capacity of 
structures have uncertainty factor and the randomness always occurs in seismic 
events. (Cho and Joe, 2005) states that these uncertainty and randomness are not 
allowing the analysts to estimate the responses of structure only by a 
deterministic method. The Electric Power Research Institute (EPRI) (Reed and 
Kennedy, 1994) presented a methodology for developing seismic fragilities. High 
Confidence Low Probability of Failure (HCLPF) is able to be developed to give a 
measurement of the conservative result of the current capacity. The application 
of this analysis in Korea’s NPP is presented by (Cho and Joe, 2005).  

Taken into account that probability is also quite important, the proposed method 
combines the deterministic and probabilistic approach. The way is firstly using 
the capacity curve resulted from deterministic approach, which represents 
median capacity, to observe the members or structure damage condition (Liao 
and Loh, 2004). The seismic probabilistic risk assessment (SPRA) is then 

244



 

 

preferred in addition to the deterministic approach to give the owner or the 
designer the reasonable estimation followed by its probability. (Liao and Loh, 
2004) states that fragility curve, a part of SPRA, is used to represent the 
probability of each structural damage or performance under different levels of 
seismic excitation. According to HAZUS (FEMA, 2003), structural damages 
may be divided into 4 parts, i.e. Slight (S), Moderate (M), Extensive (E), and 
Collapse (C). In defining the structural damages, the proposed method uses two 
limitations, which are local failure and global failure. Local failure is governed 
by using a percentage of the total plastic hinges of members (beams, columns, 
and bracings) which are defined by the expert judgement and based on the 
statement available in HAZUS. The global failure is governed by the drift of the 
structure. The proposed method will adopt the drift limit and lognormal standard 
deviation attained from HAZUS for essential building in the moderate-code 
seismic design level. By using 4 damage stages, the proposed method is believed 
to be able to capture the performance of the structure more detail rather than 
HCLPF that only have one value. 

To examine the reasonability of the proposed method, two pump houses in 
NPPs are used as the study cases. Peak ground acceleration (PGA) is used as the 
parameter of the capacity. In addition, High Confidence of Low Probability of 
Failure (HCLPF) is calculated by defining the 95% confidence curve and being 
compared with the preliminary fragility curves. 

A new method to evaluate seismic capacity of factory building by 
combining the deterministic and probabilistic approach is proposed in this study. 
One factory building is used as the study cases in this research. Steel brace frame 
system and steel moment frame system are used in the X-direction and Y-
direction, respectively (see Figure 1). The total length in X-direction is 127.86 m, 
while in Y-direction is 20.53 m. The building consists of only 1 floor with total 
height is 18.86 m. The elevation view of the X-and Y-direction are also displayed 
in Figure 1. Portal as shown in Figure 1a is named as X-direction loading and 
only exist in Portal A and F, hence the portal B to E will have free space. 
Furthermore, the details of the member’s properties are described in the Table 1 
and 2. All of the columns and beams use I-shape type, whereas all of the bracing 
use L-shape. The yield and ultimate strength of the steel is 250 MPa and 400 
MPa, respectively. S1 and S2 is a column installed with the depth is parallel to 
Y-direction and X-direction, respectively. S3 is a beam installed in weak axis. S4 
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to S6 are beams installed in strong axis. The live load in the roof floor is 60 
kg/m2. Total dead load is set to 1680 ton. 

Table 1. Beam-column properties (mm) 
Label Type Depth Width  Flange 

thickness  
Web 

thickness 
S1 I-shape 600 400 51 19 
S2 I-shape 254 152 13 10 
S3 I-shape 262 302 19 13 
S4 I-shape 300 300 13 13 
S5 I-shape 300 203 13 10 
S6 I-shape 1327 406 29 16 
S7 I-shape 864 400 35 22 

Table 2. Bracing properties (mm) 

Label Type 
Vertical leg 

length 
Horizontal 
leg length

Vertical leg 
thickness 

Horizontal 
leg thickness

L1 L-shape 200 200 15 15 

 
(e) 3D view of numerical model 

Figure 1. Elevation view of study case 

2. PROPOSED METHOD 

The proposed method combines the nonlinear static analysis and then 
followed by the fragility analysis in each level of damage stages. Following are 
the explanation about the procedure of the proposed method start from the 
nonlinear static analysis, fragility analysis, and the additional HCLPF analysis. 
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2.1 Fragility Analysis (Probabilistic Approach) 

The fragility curves can be derived using Eq. (1) for each median value of 
damage stages. The proposed limitation for each damage stages are the 
combination of local and global failure. The local and global failure are based on 
HAZUS (FEMA, 2003) for medium-code seismic design level for special 
building. The global damage stages use the drift value stated in the HAZUS 
directly. Whereas the local damage stages are derived from the statement in the 
HAZUS and simplified using the percentage of total members which reach yields 
or ultimate. 

[ ] 1
| ln

PGAdsds

AP ds A
β
  = Φ ⋅ ⋅  

  
 (1) 

where [ ]|P ds A  is the conditional probability of exceeding a discrete damage 
stage, ds, for a given PGA level, A (or other seismic demand parameter);  Φ  is 
standard normal cumulative distribution function; dsβ  is standard deviation of the 
natural logarithm of PGA for damage stage ds; PGAds  is median value of PGA at 
which the building reaches the limit of damage stage ds. dsβ for PGA is equal to 
0.64 for any damage stages as recommended by HAZUS.  

Based on the capacity curve in the pushover analysis, the controlling failure 
either local or global failure for each damage stage and the corresponding PGA 
value are shown in Table 3. After defining the median value of the damage stages, 
the fragility curves can be derived using Eq. (1) and are shown in Figure 2.  

Table 3. Controlling failure and structural responses for each damage stage 

Structure X direction Y direction 

Damage 
Stages 

S M E C S M E C 

Failure Bracing Drift Bracing Beam Drift Drift Drift Column

Displacement 
(cm) 

7.3 13.57 30.6 58.95 9.43 16.21 36.95 82.18 

Drift (%) 0.39 0.72 1.62 3.13 0.5 0.86 1.96 4.36 

PGA(g) 0.88 1.29 2.4 4.24 0.25 0.43 0.99 2.2 
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Figure 2. Fragility curves with PGA as parameter 

2.2. High Confidence Low Probability of Failure (HCLPF) 

To have better understanding whether the building should be retrofitted or 
not, High Confidence of Low Probability Failure (HCLPF) is developed. HCLPF 
is defined by 95% confidence rate for 5% probability of failure. To determine 
HCLPF value, it is needed a median value, mA , with lognormal standard 
deviation of randomness of ground motion, Rβ , and uncertainty of the capacity, 

Uβ , as described in Eq. (2).  

( )HCLPF exp 1.65m R UA β β = ⋅ − +   (2) 

( )SSE 0.4gm m mA F F= ⋅ = ⋅  (3) 

m C RSF F F= ⋅  (4) 

C SF F Fμ= ⋅  (5) 

eu
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V

=  (6) 
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T T
F T T T

T T
μ μ

μ

 <


= − < <
 >

 (7) 

where mF is median factor of safety; CF  is capacity factor of safety; SF  is 
strength factor of safety, defined with ratio of ultimate strength to the stress 
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calculated for SSE (Safe Shutdown Earthquake); Fμ is inelastic ductility factor; 

RSF  is response conservatism factor; euV is effective ultimate base shear capacity 
of the structure obtained from the bilinear capacity curve; dV  is total base shear 
due to SSE demand; nT  is natural period of the structure in corresponding loading 
direction; aT  is equal to 1/33 s; bT  is equal to 1/8 s; cT  is equal to 0.67 s; 

RSF  is estimated as the product of the response factor for modal response to 
the specified seismic event MRF , response effects introduced by combination of 
modes MCF , effects of earthquake component combination ECF , and effects of 
soil structure interaction SSF  

RS MR MC EC SSF F F F F= ⋅ ⋅ ⋅  (8) 

MR SA MF F F Fδ= ⋅ ⋅  (9) 

where SAF  is median spectral shape factor, which is equal to the ratio 
between the spectra used in the design and site specific spectra; Fδ  is median 
damping factor; MF  is modelling factor.  

The Electric Power Research Institute (EPRI) (Reed and Kennedy, 1994) 
recommends the value for each factor with corresponding assumption. The 
factors used in this research are summarized in Table 4. Table 5 shows the 
median value and HCLPF for each direction of loading in each study cases 

Table 4. Factors used to define the median value and HCLPF 
 Capacity factors Response factors

mF
SF Fμ  CF SAF Fδ MF MCF ECF SSF  RSF  

Median 
F


 
X 2.16 4.3 9.29 1.28 1 1 1 1 1 1.28 11.89
Y 1.47 3.84 5.64 1.28 1 1 1 1 1 1.28 7.22

Random 

Rβ  
X - 0.21 0.21 0.2 - - 0.15 0.15 - 0.29 0.36
Y - 0.21 0.21 0.2 - - 0.15 0.15 - 0.29 0.36

Uncertainty

Uβ  
X 0.2 0.165 0.26 0.28 0.07 0.15 - - 0.05 0.33 0.42
Y 0.2 0.14 0.24 0.28 0.07 0.15 - - 0.05 0.33 0.41

Table 5. Median value and HCLPF for each direction of loading in each study cases 

 X direction Y direction

mA (g) 4.76 2.89 

HCLPF (g) 1.31 0.81 
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3. CONCLUSION 

The proposed method combines the nonlinear static analysis as deterministic 
approach and fragility analysis as probabilistic approach. Probabilistic approach 
is needed since the occurrence of uncertainness in the seismic capacity of 
structures and the randomness in seismic events. Capacity curve is established 
with performance points for four damage stages: Slight (S), Medium (M), 
Extensive (E), and Collapse (C). The performance point for each damage stages 
then is treated with lognormal standard deviation in the fragility analysis. The 
procedure in the proposed method is rational and proven to give a reasonable 
estimation of the structure’s capacity. Both fragility analysis and HCLPF give the 
same conclusion that a structure will need to be retrofitted if probability in 
extensive damage is larger than 50% or the summation of probability in 
extensive and collapse damage is larger than 50%.  
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ABSTRACT: The performance of infrastructures rely on proper life-cycle 
maintenance. Determining the optimal maintenance strategies, as for when and 
how to perform maintenance for deteriorating reinforced concrete buildings, has 
become a major challenge. Previous work has built a decision support system 
(DSS) to examine the trade-off relationship among maintenance cost, structural 
safety and usability, considering various sources of uncertainty in the analysis of 
seismic hazard and deterioration of structures. To alleviate the heavy 
computation load required by the targeted DSS, the present study develops 
parallel computing models: Master-slave, Island, and Ring. The models are 
implemented and tested in a computer cluster, composed of 40 computing 
processors. A four-story school building is used as the test case. The present 
study shows that the parallel computing models can greatly reduce computation 
time (450 times faster using 40 processors) and therefore lead to much better 
solution quality. 

1. INTRODUCTION 

This study applies parallel computing technique in improving the 
computational efficiency of the DSS proposed by Chiu & Lin (2014). The 
targeted DSS can be used to obtain the trade-off relationship among maintenance 
cost, structural safety and usability, considering various sources of uncertainty in 
the analysis of seismic hazard and deterioration of reinforced concrete (RC) 
structures. Yet, the long computation time of the targeted DSS may impede its 
future applications. Thus, the present study develops three parallel computing 
models and investigates their usefulness in reducing the computation time of the 
targeted DSS. 
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The targeted DSS includes four modules, whose details can be found in 
(Chiu & Lin 2014) as follows:  

(1)Deterioration analysis: mechanical analysis of deteriorating RC columns 

(2)Seismic performance assessment: seismic performance assessment of a 
deteriorating RC building 

(3)Choices of maintenance strategies: determining feasible maintenance 
strategies for a deteriorating RC building; and  

(4)Multiobjective optimization: search for the optimal maintenance strategies in 
terms of multiple objective functions. 

In the targeted DSS, several repair and retrofit works have been commonly 
used in Taiwan: 

 Finishing renewal: Renew the finishing of corroded RC members using the 
original finishing material. Not only is the finishing recoated, but also the 
spalling and cracking are repaired. 

 Patching: remove the corroded areas where spalling occurs. 

 Chloride-ion removal: use electrochemistry or replacement methods to 
remove chloride-ion. 

 Steel supplementation: Replace or supplement reinforcing steel. 

 Seismic retrofit: RC jackets, RC wing walls, and shear walls. 

Since these tasks may be performed simultaneously, the targeted DSS 
defines seven maintenance strategies, each of which represents a combination of 
different maintenance works. 

 Type I: Finishing renewal 

 Type II: Finishing renewal and patching 

 Type III: Finishing renewal, patching, and chloride-ion removal 

 Type IV: Finishing renewal, patching, and steel supplementation 

 Type V: Finishing renewal, patching, chloride-ion removal, and steel 
supplementation 
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 Type VI: all the tasks but to a small extent (cost less) 

 Type VII: all the tasks but to a large extent (cost more) 

 Life-cycle maintenance involves multiple objective functions. The targeted 
DSS considers the following objective functions 

 Minimize the life-cycle maintenance cost (LCMC) 

 Minimize the failure probability of the building 

 Minimize the spalling probability of the building 

 Minimize the number of maintenance tasks 

The decision vector identifies the maintenance strategies being chosen and 
the years they take place. When the decision vector is set, the retrofitting and 
repair costs are normalized by the construction cost and considered in the LCMC. 
After identifying all the costs by year and amount, they are converted to the 
present value. Adding the costs together leads to the LCMC of the maintenance 
decision. 

2. MULTIOBJECTIVE PARTICAL SWARM OPTIMIZATION 

The goal of multi-objective optimization is to find a set of non-dominated 
solutions, which cannot be further improved. A multiobjective solution is said to 
dominate another solution if the former is superior to the latter in at least one 
objective and not worse in the other objectives. In the objective space, the 
non-dominated solutions constitute the Pareto front. 

Conventional PSO was inspired by the movement of swarms (Kennedy & 
Eberhart 1995). It maintains a balance between exploration and exploitation in a 
swarm of solutions by moving a particle, each being a candidate solution, 
towards both the best solution that the particular particle ever achieved (pBest) 
and the best solution located by the entire swarm (gBest). The particles are 
moved in the search space, whose dimensionality is equal to the number of 
decision variables (Yang and Hsieh 2011). 

A particle is iteratively moved to a new position by velocity 

)1()()1( ++=+ tvtxtx lll


 (1) 
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where )1( +txl


 is the position of particle l at iteration t+1; )1( +tvl


 is the 
moving velocity, which is computed by 

))(())(()()1( gBest22pBest11 txxcrtxxcrtvwtv llll
 −+−+×=+  (2) 

where w is an inertia weight used to control the influence of the previous 
velocity; r1 and r2 are two random numbers uniformly distributed in the range of 
(0,1); c1 and c2 are acceleration constants used to scale the influence of pBest and 
gBest respectively; The vectors pBest and gBest represent the position vectors of 
the local and global best. The velocity is constrained within a feasible range 
(-Vmax, Vmax) to prevent undesired oscillation. 

The conventional PSO has been modified to handle multiple objective 
functions. First, an external elite archive keeps track of all the non-dominated 
solutions found during the search. Second, the definitions of pBest and gBest are 
amended. The personal best is determined based on the dominance relationship 
as every particle compares its current position to the previous pBest and choose 
the non-dominated one as the new pBest. The global best, on the other hand, is 
selected dynamically from the elite archive. The guide of selection gives 
preference to the non-dominated solutions that dominates the “fewest” particles 
in the current iteration. The underlying concept is to preserve diversity of 
solutions by encouraging movements to the less represented areas (Yang et al. 
2012). 

3. PARALLEL PROGRAMMING 

Parallel computing is a form of computation where calculations are carried 
out simultaneously to expedite the task. The MOPSO algorithm is very suitable 
to be parallelized because a group of particles move simultaneously across the 
search space; each particle can therefore be modeled independently with limited 
communication. 

In the proposed framework, the elite archive has to be shared by computing 
processors to improve the Pareto front. This sharing requires inter-processor 
communications. Communication can be implemented either synchronously or 
asynchronously. Synchronous communication is referred to as blocking 
communication because processors must wait until the communication has 
completed. In contrast, asynchronous communication is referred to as 
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non-blocking communication since calculation can continue during 
communication. Between the two classes of communications is the loosely 
synchronous model where processors operate independently most of the time but 
being synchronized periodically. 

There is a tradeoff between computation time and solution quality. On one 
hand, communication between processors is necessary to share the elite archive 
so as to improve the Pareto front. On the other hand, it is necessary to minimize 
synchronous communications between processors to achieve peak computation 
efficiency. Synchronous communications are overhead in computation time 
because most processors need to idle and wait for the slowest processor. Thus, 
the structure and frequency of communications must be determined carefully to 
reduce idle time and to seek full utilization of all the processors. 

Load balancing is another important issue in parallel computing. The 
assignment to divide computation tasks onto all available processors should 
require equal wall-clock time on all processors to achieve the maximum 
computing speed. Nonetheless, it may be difficult to determine such optimal 
work distribution statically. A more dynamic approach is to break the tasks into 
smaller pieces and use a scheduler to distribute the pieces based on processor 
availability. Although the dynamic approach is more advanced, cautions need to 
be taken when communication overhead in distributing tasks may offset the 
benefit of reduced idle time. 

In the master-slave model, the master processor collects the elite archives 
from all of the slave processors. Next the master processor combines the 
non-dominated solutions to form a new set. That is, solutions being dominated by 
other solutions in other archives are deleted. The new set of non-dominated 
solutions is then sent back to slave processors to start the next round of the 
MOPSO algorithm. Despite being simple, the master-slave model suffers from a 
bottleneck problem where the slowest processor dictates the overall speed. This 
is because the optimization procedure relies on the condition that all the slave 
processors finish their tasks and reply the results. Even if some slave processors 
finish sampling, they have to wait for the others to perform the next task. The 
implemented master-slave model is thus a synchronous algorithm and cannot 
achieve peak computational efficiency. 
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In the island model, each processor is treated as an isolated island. 
Non-dominated solutions are migrated between the islands with a given 
frequency. To search the problem space more thoroughly, we split the islands into 
groups (archipelagos), where processors exchange elite archive within the group 
once every p iterations (intra-communication); groups then exchange elite 
archive with each other once every q iterations (inter-communication). It is by 
design that q is greater than p to reduce synchronizations to improve efficiency.  

The ring model decreases synchronization overhead. It is named because of 
the topology. It is designed to keep some processors working while others are 
exchanging the elite archive. The ring model splits particles in different groups 
and divides them among the processors to perform MOPSO. In specific intervals, 
processors are allowed to communicate with pre-specified neighbors. A variety of 
neighborhood topologies is possible, such as ring, hypercube, mesh, and pyramid. 
The most efficient topology may depend on the underlying networking hardware. 
In the ring model, processors only communicate with the closest neighbor. 
Information is sent from even-numbered processors to odd-numbered processors 
at one time slot and vice versa at the next. Such arrangement minimizes data 
transmissions from any single processor, and synchronizations of elite archives 
are done in pairs and in parallel. 

The parallel computing models are coded in C language and compiled by 
the GNU C compiler. The parallel programming models are implemented using 
MPICH2 as the message-passing interface (MPI) on the PC cluster. The MPICH2 
library defines the syntax and semantics of routines that can be employed in 
inter-processor communication (Gropp et al. 2008). Ten personal computers are 
interconnected by Gigabit Ethernet. They form the computer cluster. Each 
machine equips a 2.66GHz quad-core CPU and 2GB RAM. The total number of 
computing processor is 40. The 40-core cluster is set up using Rocks Cluster 
distribution running on top of CentOS Linux 5.5 operating system. All the 
software is open source and available free of charge. 

4. CASE STUDY 

We use the case described in (Chiu & Lin 2014) to demonstrate and 
compare the performance of the parallel computing models. The case is a 
four-story RC school building in Taipei, Northern Taiwan, which is over 30 years 
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old. The structure plan is shown in Figure 1. The related information about the 
building is given in (Chiu & Lin 2014). The height of floor is 3.6 m. The floor 
area is 376.38 m2. The vertical loading is 338450 kgf. 

 
Figure 1. Structural plan (Chiu & Lin 2014) 

The present study chooses hypervolume to be the indicator for the 
performance measurement of multiobjective optimization. The hypervolume of 
an obtained front is defined to be the union of the dominated hypercuboids, 
bounded by a reference point, in the objective space. The hypervolume indicator 
can combine the performance on both convergence and diversity in a single 
metric (Coello Coello et al. 2010). The hypervolume is larger when the front is 
more toward the origin and/or when the front has a wider range and an even 
dispersion. To sum up, the larger the hypervolume, the better is the front. 

Table 1 lists the computation time required by the parallel computing 
models to achieve hypervolume= 0.4, varying the number of processors. Among 
the three models, the ring model reduces the computation time dramatically from 
22,329 seconds to 49 seconds using 40 cores. That is, the original computation 
time 6.2 hours can be reduced to less than 1 minute. Such a huge reduction 
substantially increases the practical attractiveness of the targeted DSS. 

Table 1. Computation time to achieve HV=40% (seconds) 

Number of cores 1 10 20 40 
Master-slave 22329 518 481 144 

Island 22329 747 627 333 
Ring 22329 220 117 49 
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5. CONCLUSIONS 

The present study improves the computational efficiency of an existing 
decision system for maintenance optimization. Three parallel computing models 
have been developed to perform multiobjective optimization; they are 
implemented in a 40-core computer cluster: master-slave, island, and ring. 

The ring model has been to shown to achieve the best speedup, which can 
go as high as 450 when the number of computing processors is 40. That is, the 
original computation time 6.2 hours can be reduced to less than 1 minute. Such a 
huge reduction dramatically lower the computational burden of life-cycle 
maintenance optimization. The main reason for the improvement is attributed to 
the highly efficient communication structure. 
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ABSTRACT: The influence of chloride invasion and neutralization on 
reinforced concrete (RC) bridges was serving as target for hazard map of 
reinforcement corrosion in Taiwan. The hazard map was established on kmkm 11 ×  
grid-base. All the climate information related to corrosion models of chloride 
invasion and neutralization, respectively, in every grid are taken into account. 
Under natural circumstances, the time required for a specific loss ratio of 
effective cross sectional area of reinforcement as well as structural performance 
can be displayed on Taiwan map. The results obtained could benefit not only 
durability evaluation of existing bridges but also life-cycle-based design of new 
bridges. 

Keywords: chloride invasion, neutralization, durability, life-cycle-based design 
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1. INTRODUCTION 

The present study aims to explore the durability of the reinforced concrete 
(RC) bridges due to chloride invasion as well as neutralization and to establish 
corrosion hazard map of reinforcement. Taiwan map was gridded by kmkm 11 × , 
all the climate information related to deterioration model of chloride invasion and 
neutralization at every grid were determined by interpolation of the collected data 
at some specific stations. In addition, some important factors such as population 
density and the GIS of petrifaction-industry zone, etc. affecting the neutralization 
were implemented in the gridded map. The deterioration trend of RC bridges due 
to chloride invasion and neutralization can be expressed by effective cross 
sectional area of corroded reinforcement versus service time. Under natural 
circumstances, the time required for a specific loss ratio of effective cross 
sectional area of reinforcement can be displayed grid by grid on Taiwan map. 
The results obtained could help bridge management and life-cycle-based design.  

2. ENVIRONMENTAL DATA  

Taiwan was gridded by kmkm 11 ×  for having the significant climate data 
including annual average temperature (AAT), average humidity (AH) and 
average distribution of chloride in air (ADCIA), etc. The hazard maps were 
established through Google Fusion Table service. 

Based on the investigation by Chiu and Lin (1), the monthly average 
temperature (MAT) of the recurrence equation all over Taiwan can be obtained 
by equations in Table 1 in case that the data of altitude E and X and Y coordinate 
for the TM zoning of each grid are given. Accordingly, the AAT value is able to 
be obtained by Equation (1). 

Table 1 Monthly average temperature (T1 ~ T12) of the recurrence equation (1) 

Monthly Average Temperature Recurrence Equation 
T1 57.398 - 0.00461E + 0.00001038X - 0.0000163Y

T2 64.407 - 0.00444E + 0.000008993X - 0.0000186Y

T3 66.225 - 0.00436E + 0.00000571X - 0.0000181Y

T4 56.226 - 0.00472E - 0.0000044X - 0.0000122Y 

T5 46.342 - 0.00511E - 0.00000863X - 0.00000705Y

T6 34.397 - 0.00541E - 0.0000047X - 0.00000215Y

T7 28.622 - 0.00568E 

T8 28.288 - 0.00565E 
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Monthly Average Temperature Recurrence Equation 
T9 32.747 - 0.00535E - 0.00000767X - 0.0000015Y

T10 44.389 - 0.00498E - 0.00000567X - 0.00000694Y

T11 49.22 - 0.00476E - 0.0000015X - 0.0000103Y 

T12 52.256 - 0.00469E + 0.000005803X - 0.0000133Y

Note: E is altitude. X and Y coordinate for the TM zoning 

12

1i
Temp Average Ti

=

 =  
 
  (1) 

 

Figure 1 Average annual temperature on gridded map 

As can be seen in Table 2, the average annual humidity (RH) of ten 
locations are announced by the Central Weather Bureau (Table 2), based on 
which, the distribution of average annual humidity in Taiwan is able to be 
determined by interpolation as shown in Figure 2. 

Table 2 Relative humidity (RH) values of SPECIFIC stations (2) 

Location Average RH Statistics Times 
Dawu 75.6 1971-2000 

Taitung 75.6 1971-2000 
Hengchun 76.7 1971-2000 
Taichung 77.1 1971-2000 

Taipei 77.7 1971-2000 
Kaohsiung 77.7 1971-2000 

Wuqi 77.9 1977-2000 
Hsinchu 78.3 1992-2000 
Tainan 78.4 1971-2000 
Hualien 78.8 1971-2000 
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Figure 2 Average annual humidity on gridded map 

The interpolation approach adopted is similar to the shape function related 
to triangular plate element in finite element method (3), which is illustrated as 
follows: 

(1)Determine whether the bridge position (O point) is located within three 
stations that are forming an approximate triangle or not. 

Case1: The bridge is located within three stations forming a triangle; the 
average annual humidity value of the bridge location is calculated in 
accordance with the following equation: 

31 2
1 2 3( ) ( ) ( )

AA ARH RH RH RH
A A A

= + +  (2) 

where 1A , 2A and 3A  are, respectively, the grid corresponding to the 
triangular area enclosed by the stations 1P , 2P ; and 3P , respectively; 1RH is the 
annual average humidity of station 1P ; 2RH  is the annual average humidity of 
station 2P ; 3RH  is the annual average humidity of station 3P . Each parameter is 
defined as shown in Figure 3. 

 
Figure 3 Interpolation approach 1. 
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Case 2: The bridge is not located within the three stations forming a triangle; 
the average annual humidity value of the bridge location is calculated in 
accordance with the following formula: 

3 1 2 31 2

1 2 3 1 2 2 3 1 3

RH D D DRH RHRH
D D D D D D D D D

 
= + + ×  + +   (3) 

where 1D , 2D and 3D  are, respectively, the bridge position corresponding to 
the distance of the stations 1P , 2P  and 3P , respectively. Each parameter is defined 
as shown in Figure 4. 

 
Figure 4 Interpolation approach 2 

Based on the research of Chiu (4), the amount of chloride content in air at 
some specific stations were investigated and the resultant  chloride content in air 
all over Taiwan can be determined by interpolation as shown in Figure 5. Since 
chloride content in air is able to be neglected in case the location considered with 
a distance far than 15 km from coast, a strip sensitive zone around coast can be 
found in Figure 5. 

 
Figure 5 Distribution of chloride content in air 
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3. ANALYSIS OF CHLORIDE INVASION TO BRIDGE 

The chloride penetration of concrete is determined by Equation (5). (5) 

( ) ( ), 1
2

i s i
c

xC x t C C C erf
D t

  
= + − −        (5) 

where C(x,t) (kg/m3) is chloride concentration at time t and the penetration 
depth at a distance x from concrete surface; Ci (kg/m3) is the initial concentration 
of chloride in concrete; Cs (kg/m3) is the chloride concentration of the concrete 
surface; Dc is chloride diffusion coefficient. Equation (6) related to the general 
concrete chloride diffusion coefficient suggested by the Japanese Society of Civil 
Engineering (6) is taken into account; erf is the error function. 

2log 6.77( ) 10.1( ) 3.14c
w wD c c= − + −

  (6) 

where Dc is a chloride diffusion coefficient and w/c is water-cement ratio. In 
Table 3, the prediction equations of in-air chloride at seven stations in Taiwan (7) 
are served as base of calculation for the chlorine salt content at the bridge site, 
and then the chlorine salt content attached at concrete surface can be calculated 
by Equation (7). 

0.639413.137s airC C= ×   (7) 

where Cs (kg/m3) is the chlorine salinity attached at concrete surface and Cair 
is in-air chloride content. 

Table 3 Prediction equation of in-air chloride (7) 

Station Prediction Equation of Cair 

Taoyuan 3.9654 1.90760.4606airC u d− −= × ×  

Suao 4.0179 1.27490.0526airC u d− −= × ×   

Taichung 5.5253 0.92350.1588airC u d− −= × ×   

Mailiao 3.8131 1.39320.3089airC u d− −= × ×   

Kaohsiung 2.916 1.04540.0539airC u d− −= × ×   

Hengchun 2.3821 1.16370.1111airC u d− −= × ×   

Hualien 2.5298 1.30610.0992airC u d− −= × ×   

The reinforcement corrosion due to chloride invasion can be divided into 
four primary periods including incubation, propagation, acceleration front and 
acceleration behind, etc., as illustrated in Figure 6. (7) 
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Figure 6 Corrosion rate of reinforcement due to Chloride invasion (7) 

In accordance with the codes of JCI (2004) and AIJ (2004), when the 
chloride penetrates into reinforcement and chloride concentration exceeds the 
critical point (taken as 0.6 kg/m3), the reinforcement begins to corrode and the 
concrete structure processes into the propagation period. The average annual loss 
rate of reinforcement weight Vcorr(t) (%/year) can be expressed by Equation (9). 
(8) 

( )52.1)/(023.0)(578.0
1

)(
2

−×+××






= cwtCl
c

tVcorr  (9) 

where Cl(t) (kg/m3) is chlorine salinity at surface of reinforcement; c is 
concrete cover depth (mm) and w/c is water-cement ratio. 

 The acceleration front period can be defined as the duration between initial 
crack status to spalling status of concrete, the corresponding corrosion speed is 
regarded as the same as that of propagation period. When the weight loss rate of 
corroded reinforcement exceeds the critical value Vcr=3.28%, concrete cover 
begins to spall. At this stage, the average annual loss rate of reinforcement 
weight Vcrack(t) (%/year) for northern, middle, western and eastern area in Taiwan 
are expressed, respectively, by Equation (10) through regression analysis. 
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4. ANALYSIS OF NEUTRALIZATION TO BRIDGE  

Generally speaking, concrete neutralization depth can be expressed as 
relationship between neutralization coefficient K and time t (year) as shown in 

Incubation
period

Propagation
period

Acceleration 
front period 

Acceleration 
behind period

Time (year)
Tcorr T crack
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Equation (11). 

CD K t=   (11) 

The neutralization coefficient K is able to be expressed by Equation (12) via 

regression analysis. (9) ~ (11) 
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)1(195.12
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280
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+×+×+

−×−×+

×=

βα

βα

RHRHTemp
cf

RHTempcfK

 (12) 

where, '
cf  is the concrete strength (kgf/cm2); Temp is annual average 

temperature (℃); RH is annual average humidity (%); α  is level air pollution 
indicated by distance from petrochemical industrial area and β  is level of CO2 
indicated by population density. 

The concrete neutralization process can be divided into four periods 
including incubation, propagation, accelerated and deterioration (Figure 7). The 
reinforcement corrosion rate in propagation stage is expressed by Equation (13). 
(9)  

83.136.13

2

)
100

45
(

04.0
exp

3
10022.1)(

−−−−×= tc
RHTemptprop

corrR   (13) 

where, t is the service time of the bridge (year); RH is the average annual 
humidity (%); c is cover depth (mm) and Temp is the annual average temperature 
(℃). The reinforcement corrosion rate in acceleration stage ( )tR acee

corr  is preferably 
2.5 times the propagation period (9), i.e. ( ) ( )tRtR prop

corr
acee
corr 5.2= . Further, the 

reinforcement corrosion rate in deterioration stage is assumed to be identical to 
that of acceleration period. i.e. ( ) ( )tRtR acee

corr
dete
corr = . Therefore, the reinforcement 

corrosion depth during different stages can be expressed by Equations (14) and 
(15). 

( ) ( ) ( )prop
prop corr it R t t tδ = × −   (14) 

( ) ( ) ( ) ( )acee
acee prop cr corr crt t R t t tδ δ= + × −  (15) 

The critical time point between propagation stage and accelerated stage is 
defined as the time tcr when concrete cracks. The corrosion rate at cracking of 
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concrete cover is estimated as 310805.5)( −×=tRcrack
corr (mm/year) (9), and tcr can be 

determined by simultaneous solution of functions of ( )tR prop
corr  and crack

corrR . 

 

Figure 7 Reinforcement corrosion process due to neutralization (10) 

The initiation of reinforcement corrosion can be determined by Equation 
(16). 

2

0
i

measured

c Dt
K

 −=  
   (16) 

where D0 is residual depth of neutralization (mm) and can be expressed as 
following: 

)3.2)(ln5)(45.05.1(9063.5 '
0 −−−+−= cfcRHRHD  (17) 

In which, RH is the environmental annual average humidity (%); c is 
concrete cover depth (mm); concrete cover is taken as c= 50 mm in case of c > 
50 mm and '

cf  is concrete strength (MPa). 

5. DETERIORATION OF MATERIAL IN BRIDGE 

5.1 Chloride invasion 

Reinforcement corrosion not only causes the loss of cross sectional area of 
reinforcement rebar, but also directly affects the mechanical properties of 
structures. Since chloride invasion causes a uniform corrosion on reinforcement, 
the loss rate of cross sectional area and weight of the reinforcement are almost 
the same, in addition, the reduced ultimate strength as well as cross sectional area 
of reinforcement follows approximately a proportional relationship that can be 
expressed by Equations (18) and (19). (12) 
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η

 
= − × 
     (18) 

( ) ( ), 1 1.077 ,y corr y if t t f t tη = − ≥    (19) 

where fy,corr(t) and fy are yield strength of corroded and uncorroded 
reinforcement (MPa or kg/cm2), respectively; η(t) is loss ratio of cross section 
area of the corroded reinforcement bars (%); As,total, and As,left(t) (mm2) are cross 
sectional area of corroded and uncorroded reinforcement, respectively, and ti is 
time for initial corrosion of reinforcement (year). 

5.2 Neutralization  

The strength of neutralized concrete was considered as the same as that of 
concrete without neutralization. 

The effective cross section of neutralized concrete is calculated as follows: 

( ) ( ) ( )
( ) ( ) ( )

2 ,  and 

2 ,  and 
e c cr c

e c cr c

B t B D t t t D t c
H t H D t t t D t c

 = − × ≥ ≥
 = − × ≥ ≥   (20) 

where Be(t) is the effective width of the concrete section (mm); He(t) is the 
concrete cross section effective depth (mm); B and H are cross-sectional width 
(mm) and depth (mm), respectively; Dc(t) is the neutralization depth (mm); c is 
the concrete cover (mm). A schematic effective cross-section of the 
neutralization concrete is shown in Figure 8. 

 
Figure 8 Effective cross section of neutralized concrete (9) 

6. CORROSION HAZARD MAP OF REINFORCEMENT IN RC BRIDGES 
IN TAIWAN  

By the aforementioned deterioration characteristic of RC bridges, the 
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decreases of effective cross sectional area of RC member gives direct influence 
on attenuation of structural performance. The present study focuses on analysis 
of loss rate of reinforcement in RC bridges with respect to every geographic grids, 
considering the specific environmental conditions. The time required for each 
grid to get a specific loss rate of reinforcement is able to be determined and 
displayed on the hazard map. The process of hazard map is shown in Figure 9 
and the results are shown in Figures 10 and 11. 

 
Figure 9 Analysis process of hazard map 

   

(A)η=5%  (B)η=30% 
Figure 10 Chloride damage Hazard Map 

(Cover = 5cm) 

   
(A)η=5%  (B)η=30% 

Figure 11 Neutralization damage Hazard Map 

(Cover = 5cm) 
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The closer the distance from coast, the server the chloride damage will be 
found, as can be seen in Figure 10. The vicinity areas of Hsinchu, Hualien and 
Taitung have a high concentration of air-born chloride content, and thus a more 
serious corrosion of reinforcement is found. Figure 11 gives the hazard of 
reinforcement due to neutralization. It can be seen that the more density of 
population (i.e., equivalent content of carbon dioxide) and the closer the distance 
from petrifaction-industry zone (i.e., equivalent air pollution), the more serious 
the neutralization damage reveals. Figure 11 shows the petrochemical industry 
area in Yunlin and Kaohsiung and some northern area with high density of 
population have the apparent neutralization reaction. The hazard map of 
reinforcement corrosion such as Figures (10) and (11) could benefit not only 
durability evaluation of existing bridges but also life-cycle-based design of new 
bridges. 

7. CONCLUSIONS 

A hazard map of reinforcement corrosion of RC bridges in Taiwan was 
established by kmkm 11 ×  grid-base. All the climate information related to 
corrosion models of chloride invasion and neutralization, respectively, in every 
grid are taken into account. Under natural circumstances, the time required for a 
specific loss ratio of effective cross sectional area of reinforcement can be 
displayed on Taiwan map. The conclusions obtained can be drawn as below: 

(1)For durability evaluation of existing bridges, the relationship represented by 
effective cross sectional area of reinforcement versus service time can be 
obtained. Accordingly, the deterioration of structural performances such as 
bending strength, shear strength ,deflection, or seismic capacity etc. 
accompanied with service time are able to be displayed for the grid where the 
existing bridge is located as well. It benefits the bridge management institute 
setting threshold values of time point for repairing or retrofitting. 

(2)For a new design case of bridge, the developed hazard map gives a direct 
instruction on determining a set of concrete cover, strength of concrete and 
reinforcement to achieve a satisfied service time. By the way, a design table 
related to different sets of above data with the corresponding service time is 
able to be established for durability design. The developed hazard map gives 
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not qualitative but also quantitative expressions of structural performance and 
benefits life-cycle-based design of bridges. 
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ABSTRACT: In flood risk management, multi-objective optimization (MOO) is 
advocated in evaluating the performance of different design options. However, 
the application of MOO in flood risk management is restricted mainly due to the 
high computational demanding simulations of flood damage in the optimization 
process. In this study, a novel methodology of risk-informed decision making is 
developed to assist determining the Pareto optimal solutions for flood damage 
mitigation system design considering the inherent uncertainties. Three objectives 
are proposed to evaluate the performance of options in reducing the flood risk, 
which are maximization of the expectation of the annual net benefit (NB), 
minimization of the standard deviation of NB, and maximization of the 
exceedance probability of NB to a threshold. The proposed method for decision 
making under uncertainty, referred here to as stochastic approximated multi-
objective optimization (SAMOO), consists of three components: (1) the flood 
risk analysis model; (2) an evolutionary-based MOO interface; and (3) recently 
developed surrogate modeling techniques and stochastic simulation algorithms 
for stochastic sampling to replace the most computational demanding part of the 
physical model simulation. The reduction in the computation effort will greatly 
enhance the practicality of the application of MOO in flood risk management. 
The developed model is applied to determine the optimal design of a levee 
system in a real-life metropolitan region under uncertainty. 

1. INTRODUCTION 
Flood risk analysis has been widely used to evaluate the performance of 

flood damage mitigation systems in preventing severe flood damages and risks. 
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In an uncertain environment, the uncertainties of project outcomes play an 
important role in decision making when considering issues like risk, system 
reliability, resiliency, or solution robustness to measurement errors, especially in 
the field of flood risk management. Moreover, in flood damage mitigation system 
design, the decision context often involves different conflicting objects that are 
measured in non-commensurable units. The performances of different design 
alternatives can be evaluated by not only the economic cost and the inundation 
reduction benefit, but also a wider range of non-economic impacts. 

In this study, a new methodology is established to support the determination 
of optimal design alternatives in a complex decision making problem under 
uncertainty. An evolutionary-based multi-objective optimization (MOO) 
technique is used to find the nondominated solutions. This algorithm optimizes 
all conflicting objectives simultaneously and generates a set of nondominated 
solution. It provides the decision maker a greater insight into the tradeoffs 
between conflicting objectives without giving predetermined criteria weights that 
is usually criticized by its subjectivity. One main contribution in this work is that 
besides considering the mean value in the existing work in multi-objective flood 
risk management, more quantitative risk measures, such as the variance and the 
even more challenging exceedance probability (or reliability integral), are also 
considered to account for the uncertainty features.  

Although evolutionary algorithms have the advantage of dealing with 
problems with numerous design variables, the required computational burden in 
applying the evolutionary algorithms prohibit their application in the field of 
flood risk management (Woodward et al. 2014). The main reason for this is that 
the performance evaluation of design project options requires a lot of model 
simulations which, in hydrosystems design, are usually computationally intensive. 
The multiple objective functions being probability integrals make the 
optimization even much more computationally challenging. The computational 
limitations posed by fitness evaluations have motivated the development of 
approximation frameworks in this paper. In this paper, an algorithm of stochastic 
approximated multi-objective optimization (SAMOO) is also proposed, which 
integrates an evolutionary algorithm and recently developed stochastic 
simulation algorithms and surrogate modeling techniques to reduce the 
computational burden associated with the stochastic sampling required in the 
optimization. 
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The developed methodology is applied to determine the optimal design for a 
flood damage mitigation system in a real-life metropolitan region with multiple 
objectives under uncertainty: the levee system in the river basin of Chester Creek 
in PA, USA (USACE 1996). The merit of different flood damage mitigation 
system alternatives are evaluated by considering the trade-offs between multiple 
performance metrics holistically. The performance of the proposed algorithm is 
also discussed. 

2. PROPOSED METHOD FOR MULTI-OBJECTIVE OPTIMIZATION  

In this study, the optimal risk-based flood damage mitigation system design 
aims to balance three risk measures in terms of the system performances in 
reducing the potential flood damage. The three objectives considered here to 
evaluate the performance of flood damage mitigation system designs are: 

• Maximize the expected value E[NB] of the annual net benefit NB for each 
design alternative due to reduced flood damage; 

• Minimize the standard deviation σ[NB] of annual net benefit; and 

• Maximize the exceedance probability Pr(NB>NBthreshold) of NB exceeding 
an acceptable threshold NBthreshold 

Due to the stochastic nature of floods and future state of nature, the system 
performance in terms of the flood damage reduction efficiency is a random 
variable. The expected value of the annual inundation reduction benefit (BIR) 
which is defined to be the difference of inundation damage under the conditions 
of “without” and “with” the implementation of the design alternative Ai with the 
corresponding design parameters θde

(i) the flood-damage-reduction project, can 
be computed by 

( ) ( ), / /0i iIR A w o w A QE B D q f q dq
∞

−  =    (1) 

where fQ is the PDF (probability density function) of the discharge 
magnitude which can be established through a flood frequency analysis. Here we 
consider the case with design parameters θde being continuous, which imply there 
will be an infinite number of design alternatives. The standard deviation of BIR 
associated with design alternative Ai is computed by  
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In flood risk mitigation option appraisal process, the annual net benefit (NB) 
for a design alternative is typically regarded as the economic performance 
indicator, which is BIR minus the annual construction/maintenance cost of 
implementing the plan. Then the mean and standard deviation of NB can be 
readily calculated. 

The exceedance probability of NB represents the likelihood of a design 
alternative yielding a return greater than a threshold defined by the decision 
maker. The exceedance probability can be calculated by 

Pr ( ) 
i Aithreshold

A threshold NBNB
NB NB f x dx

∞
 ≥ =    (3) 

where NBthreshold is the threshold level of the net benefit and 
AiNBf  is the PDF 

of NB associated with design alternative Ai. The higher threshold means the 
decision maker is more conservative and more interested in having higher values 
of NB. When setting the threshold level zero, the exceedance probability is the 
probability of having positive NB. 

The proposed method for decision making under uncertainty consists of 
three components: (1) the flood risk analysis model in simulating the 
performances of flood damage mitigation systems under inherent uncertainties of 
the rainfall-runoff process, in which the resulting reduced flood damage of flood 
mitigation alternatives to a range of extreme flood events is simulated by 
conjoining the frequency-discharge-stage-damage functions; (2) the 
nondominated sorting genetic algorithm II (Deb et al. 2000), as an evolutionary-
based MOO interface, in determining the nondominated flood risk management 
solutions; and (3) the surrogate model of entropy-based moving least squares 
response surface approximation for stochastic sampling is incorporated to replace 
the most computational demanding part of the physical model simulation. 

2.1 Genetic algorithm based nondominated sorting genetic algorithm II 
(NSGA-II) 

MOO is to generate a set of non-dominated solutions, known as the Pareto-
optimal solutions, rather than one single best solution (Pareto 1896). MOO 
provides a comprehensive set of any Pareto solutions regardless of how the 
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criteria weights are subjectively assigned and provides greater information about 
the potential tradeoffs among the multiple objectives for the decision maker. 
Genetic algorithms (GAs) have been widely applied in MOO problems. An 
example in flood management can be found in (Woodward et al. 2014). An 
evolutionary-based MOO technique, nondominated sorting genetic algorithm II 
(NSGAII) (Deb et al. 2000), is used in this paper to find the nondominated flood 
risk management solutions. 

NSGA-II is a popular non-domination based genetic algorithm for MOO 
(Deb et al. 2000). For each generation, N individuals are generated to represent 
different design alternatives in the feasible range of design variables and 
constraints, if any, where N is the population size. The performance of all 
objectives of each individual is evaluated simultaneously according to multiple 
objectives and sorted into each front based on fast non-domination sort algorithm. 
A solution is said to be non-dominated if it is not worse than other solutions in all 
objectives and strictly better than others in at least one objective.  

The individuals are assigned rank values based on front in which they 
belong to, and the crowding distance, which is a measure of how close an 
individual is to its neighbors. The use of crowding distance is to ensure better 
diversity in the population. In NSGA-II, parents are selected sequentially with 
lesser rank values and larger crowding distance by using binary tournament 
selection. The new population combining the current population and current 
offspring is sorted again based on non-domination and only the best N 
individuals are selected. And hence the process repeats to generate the 
subsequent generations until the predetermined number of generation or stopping 
criterion is reached. A stopping criterion is adopted to stop the optimization 
process when no significant improvement is likely to take place on further 
iterations. The stopping condition based on the stabilization of the maximal 
crowding distance of non-dominated (Roudenko and Schoenauer 2004) is used 
here. 

2.2 Flood risk evaluation 

In context of uncertainty, decision objectives regarding the flood risk are 
considered in the option appraisal process. In the decision making model, the 
flood risk evaluation is included in the optimization loop. For each candidate 
design alternative, the system performance indicators in terms of flood risk are 
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estimated by some physical simulations, like hydraulic simulation model, under a 
range of design storm events. The optimization algorithm then iterates the 
evolution process and generates a set of nondominated solution with respect to 
the selected flood risk measures. 

The computational challenge of risk-based simulation limits the widespread 
application of MOO in the field of flood risk management (Sun et al. 2011; 
Woodward et al. 2014). Woodward et al. (2014), as one of the few applications 
that considers the flood risk reduction of implementing different mitigation 
measures, attempted to overcome the limitation of computational burden by 
reducing the number of uncertain storm events to be simulated in calculating the 
expected total volume of overflow. 

For each performance evaluation executed in the optimizing process, the 
performance metrics of different design alternatives are evaluated (i.e. E[NB], 
σ[NB], and Pr(NB>NBthreshold) in this paper). The probabilistic features of annual 
flood damage cost can be represented by the frequency-damage function, which 
can be derived by conjoining the relationships between discharge-frequency, 
stage-discharge, and damage-stage. The probabilistic characteristics of NB for the 
design objectives can be computed from the damage-frequency relationships 
under the conditions of ‘‘with’’ and ‘‘without’’ projects. 

2.3 Moving Least squares response surface model (MLSRSA) 

The computations of the performance metrics are the most computational 
demanding parts in applying NSGA-II for MOO due to the numerous 
computationally intensive model simulations required in stochastic sampling. 
Thus the integration of an approximate (surrogate) model is important in making 
the MOO process practically more feasible. For this, a modified moving least 
squares response surface approximation (MLSRSA) method for stochastic 
sampling proposed in Taflanidis and Cheung (2012) is introduced here. The 
integration with other types of approximate (surrogate) models will be presented 
in future publications.  

The goal of MLSRSA is to define a function ( )f̂ θ to approximate 

( )f θ given a set of independent variables θ  by minimizing the weighted sum of 
squared error { }RJ θ in a local approximation manner. A weight function { }w θ  is 
introduced which helps to construct the model. Finally the surface response 
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function is given by 

( ) ( ) { } { }1ˆ Tf F−=θ b θ M θ L θ  (4) 

where ( ) ( )[ ]1
...

T

NSf f=F θ θ , b(θ) is the vector of quadratic basis functions. 

M = BTW{θ}B, L{θ} = BTW{θ}. ( ) ( )[ ]1
...

T

NS=B b θ b θ , and 

{ } ( )( ) ( )( )[ ]1
diag ; ... ;

T

NSw d w d=W θ θ θ θ θ . 

The distance d(θ;θI) between the interpolated point and the supporting point 
can be measured by the weighted quadratic vector norm 

( ) ( )2 2
,

1

; I

n

i i I i
i

d
θ

υ
=

= −θ θ θ θ  (5) 

where υi represent the relative weight of each variable of θ. The weight 
selection in Eq. (5) highly affects the efficiency of the conventional MLS 
approximation. Taflanidis and Cheung (2012) proposed a modified moving least 
squares response surface approximation methods considering how the response 
surface needs to be established so as to benefit the stochastic sampling from 
some target probability distribution. More details regarding the above method 
can be found in Taflanidis and Cheung (2012). 

3. ILLUSTRATIVE EXAMPLE 

The proposed method of SAMOO which integrates the approximate 
(surrogate) models (MLSRSA) and MOO interface is demonstrated by an 
example case study of Chester Creek flood-damage-reduction project design that 
is extracted and modified from the report of the U.S. Army Corps of Engineers 
(USACE 1996). The Chester Creek basin in Philadelphia, Pennsylvania has long 
been subjected to serious flood damage.  

In this example, the design variable is the height of the levee system. New 
levee systems with levee height ranging from 5m to 10m are to be evaluated on 
the basis of the statistics of NB in reducing the potential inundation damage. 
Three performance metrics are considered: the expectation, standard deviation, 
and exceedance probability of NB.  

Simulated binary crossover and polynomial mutation are used in this study 
for NSGA-II, by which the population size is 100, crossover probability is 0.9, 
and mutation probability is 0.25 in this study. The maximum generation number 
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is 300. The stopping criteria that proposed by Roudenko and Schoenauer (2004) 
is used.  

The MLSRSA method with a quadratic basis is used to construct the 
response surface for the flood damage estimation based on the support points.  

3.1 Flood damage estimation model 

In order to demonstrate the application of MOO in flood risk management, a 
simplified flood damage model is formulated by using the information taken 
from the USACE report (USACE 1996) of the frequency, discharge, stages, and 
damage at the site. A frequency-damage function is developed for flood damage 
estimation for the evaluation of flood risk mitigation options. The annual 
construction cost (in $1000) of the levee system can also be estimated. 

3.2 Results and discussion 

The results obtained by the proposed method, SAMOO method considering 
the three aforementioned objectives are shown in Figure 1. The final Pareto 
optimal front formed after the stopping criterion is reached. During the 
optimization process, the performance metrics of the E[NB], σ[NB], and 
Pr(NB>NBthreshold) are calculated for each individual design alternative of the 
Chester Creek levee system. The inundation reduction benefit and construction 
cost is estimated following the frequency-flow-stage-damage relationships. 

The nondiagonal diagrams in the figure show the Pareto front projected onto 
space formed by different pairs of objectives. Based on this figure, a Pareto 
solution cannot be improved by one objective without causing negative effect on 
at least one objective. The optimal solutions with the highest E[NB], lowest 
σ[NB], and highest Pr(NB>0) are denoted as A5, A3, and A1, respectively, as listed 
in Table 1. Comparing A1 and A3, the increase of the levee height by 30% (1.48m 
increment from 5m) results in an increase of E[BIR] by 1500%, an increase of 
Pr(NB>0) by 41%, but also an increase of σ[NB] by 2%. While comparing A3 
and A5, 0.77m increment of the levee height brings a 25% increase in E[BIR], but 
σ[NB] increases by 48% and Pr(NB>0) decreases by 11%.  

The flood damage estimation model is used to generate support points for 
the SAMOO method that integrates the entropy-based moving least squares 
response surface approach into the MOO process. Though the results obtained by 
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the MOO process without the proposed surrogate integration are not shown here 
due to space limitations, it can be seen that a comparable Pareto optimal front 
and the corresponding optimal design solutions can be obtained using the 
proposed method.  

The integration of approximate (surrogate) models and multi-objective 
stochastic optimization is critical in making the evaluation process practically 
more feasible. For example, the original NSGA-II algorithm requires at least 20 
generations of simulation and 20 individuals in each generation, and about 10000 
samples of net benefit should be used to estimate the three performance metrics. 
By the SAMOO process, about only 500 runs of the flood damage estimation 
model are required to get a good approximation of the performance metrics and 
the Pareto optimal front instead of 4000000 runs of the flood damage estimation 
model. 

0 20 40 60 80 100

E[
N

B]
 ($

10
3 )

0.000

0.005

0.010

0.015

0.020

0.025

0 50 100 150 200 250 300 350
0

20

40

60

80

100

0.26 0.30 0.34 0.38 0.42

0

20

40

60

80

100

0 20 40 60 80 100

σ[
N

B]
 ($

10
3 )

0

50

100

150

200

250

300

350

0 50 100 150 200 250 300 350
0.000

0.002

0.004

0.006

0.008

0.010

0.26 0.30 0.34 0.38 0.42
0

50

100

150

200

250

300

350

E[NB] ($103)
0 20 40 60 80 100

Pr
(N

B>
0)

0.26

0.30

0.34

0.38

0.42

Pr(NB>0)
0.26 0.28 0.30 0.32 0.34 0.36 0.38 0.40 0.42
0

2

4

6

8

10

12

14

σ[NB] ($103)
0 50 100 150 200 250 300 350

0.26

0.30

0.34

0.38

0.42

 
Figure 1: Pareto optimal front generated by SAMOO process 

 
Table 1: Levee height, three performance metrics for options in the Pareto optimal front. 

Alternative Levee height E[NB] ($1000) s[NB] ($1000) Pr(NB>0)
A1 5.00 4.3 40.4 0.284 
A2 5.86 43.2 125.9 0.387 
A3 6.47 68.8 210.4 0.401 
A4 6.48 69.5 214.2 0.387 
A5 7.25 86.2 312.1 0.358 
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4. CONCLUSIONS  

In this study, the model of SAMOO for flood damage reduction system 
design is developed. Three objectives are considered to evaluate the performance 
of options in reducing the flood risk, which are: maximize E[NB], minimize 
σ[NB]; and maximize Pr[NB>nbthreshold].  

MOO presents the information including all potential solutions and the 
trade-offs between considered objectives to ensure that the choice is made based 
on all sufficient information, and offers insights into the decision problem. The 
decision can be made by setting a specific target level for each objective that 
must be fulfilled. In the proposed method, a novel methodology of MLSRSA is 
employed to replace the most computational demanding part of the physical 
model simulation for stochastic sampling. The reduction in the computation 
effort will greatly increase the feasibility and practicality of the application of 
MOO in flood risk management. 

This study uses a simplified flood estimation model to demonstrate the 
application of the MOO in flood risk management and the results obtained using 
the proposed method of SAMOO. The application of the proposed method to the 
case involving more complicated numerical flood estimation models with more 
design parameters and random variables and more technical details of this can be 
found in the journal version of this paper. Many other surrogate models or meta-
models such as an artificial neural network (ANN), kriging, or support vector 
machine, Gaussian process surrogate modeling (e.g., Rasmussen and Williams 
(2006)), and stochastic response surface methods such as stochastic polynomial 
chaos (Ghanem and Spanos 1990; Xiu and Karniadakis 2002; Xiu and 
Karniadakis 2003) and stochastic collocation methods (Babuška et al. 2007; 
Nobile et al. 2008) are also valid to be integrated with the MOO process. The 
corresponding algorithms involving the above surrogate models are currently 
under development.  
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ABSTRACT 

Decisions on flood mitigation measures are made more complex with 

uncertain features of hydrosystem parameters. A decision making framework is 

developed with the PROMETHEE MCDA technique and applied to a central 

basin of Jakarta, Indonesia to analyse potential levee alternatives. Expected loss 

and graduality are formulated as two criteria to reflect the hazard severity with the 

uncertain rainfall, and the construction cost of various alternative levee design 

plans represents the expense of the project. This decision framework using an 

outranking MCDA approach is shown to be able to address uncertainty in rainfall. 

1. INTRODUCTION 

Flooding is a serious natural hazard frequently resulting in loss of life and 

damage to residence and infrastructures worldwide. Flooding not only impacts on 

the productivity of the affected region, but also the cost of rehabilitation and 

reconstruction may adversely impact on the country’s economy. Statistics show 

that in the last 10 years, 2,949 flood events had been recorded with 2.2 billion 

people affected worldwide. The economic loss was some USD 530 billion along 

with 155,026 deaths (EM-DAT: International Disaster Database, 2014). Various 

types of flood mitigation measures, such as levees are implemented to reduce the 

flood risk. One common design approach is to predict the future events and so 

design protection against the future flood hazard. However the inherent uncertain 

behaviour of hydrosystems such as rainfall often complicates design decisions on 

flood mitigation measures. 
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Analysis of rainfall uncertainties as they influenced hydrosystem response 

were reported in the literature. Overeem et al. (2008) analysed the uncertainty in 

rainfall depth-duration-frequency (DDF) curves. Maskey et al. (2004) analysed 

temporal rainfall uncertainty and its propagation into flood forecasting. This was 

further extended to future prediction by analysis of the uncertain behaviour of 

changing climate (Prughmme et al., 2003, Chen et al., 2011).  

Multi-Criteria Decision Analysis (MCDA) is one of the decision making 

techniques available to analyse alternative design solutions based on conflicting 

criteria. As MCDA techniques are applicable to selecting the best solution, they 

can be applied to decision making process on flood mitigation measures to handle 

uncertainty arising in the parameters influencing the hydrosystem and arising 

from inherent natural randomness. Su and Tung, (2014) proposed a quantitative 

risk measure based on the concept of an expected opportunity loss (EOL) and 

applied EOL to assess the relative performance of multiple decision alternatives 

with further extensions to decision making problems involving multiple criteria. 

The impact on design alternatives as arising from the external uncertainty, 

resulting from the lack of perfect understanding of decision environment or 

randomness inherent in a hydrosystem was studied. Lim (2009) evaluated the 

flood damage reduction alternatives with a spatial MCDA technique. Flood depth, 

flood damage, land use disruption, drainage capacity and flood risk zone were 

used as the primary criteria in the analysis. The reported work here analyses the 

effect of uncertain rainfall with its natural variability within a MCDA framework 

on the decision process of flood mitigation via levees. The outranking MCDA 

techniques are used to analyse the criteria to find the best alternative levee. 

2. UNCERTAIN RAINFALL 

Decision making on flood mitigation measures involves significant statistical 

parameters and analysis. The uncertain features of these parameters will affect the 

final decision. Design of flood mitigation measures is based on the hydrological 

responses of design rainfall. Historically the use of design rainfall is accepted and 

practised, though this approach has a number of limitations. Incorporating 

uncertainty in rainfall can provide improvements in flood risk forecasting and 

management with uncertainty arising in the magnitude, temporal distribution, and 

spatial distribution of the rainfall (Maskey et al., 2004; Beven and Hall, 2014). 
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The approach adopted here is to have the uncertain feature of forecasted 

rainfall magnitude reflected via rainfall frequency analysis. The assumption here 

is that the inherent rainfall variability leads to varying confidence interval in the 

fitted probability distributions used for rainfall forecasting.  

3. PROMTHEE 

PROMETHEE is a straightforward outranking MCDA approach as it follows 

a transparent computational procedure to analyse a finite set of alternatives among 

conflicting criteria. Alternatives analysed in decision making process are reflected 

via its own performance values and compared across through preference function. 

The preference function  for criteria  is constructed as a function of 

the difference  between the performance values and of alternatives 

and respectively, i.e. 

                            (1) 

                           (2) 

The shape the of preference function for each criterion  should be defined 

to quantify the degree of performance for the alternatives. A preference index 

(  is defined as the weighted average of the preference function over all 

criteria in the decision process. The positive outranking flow  indicates 

how much alternative  is preferred over the others and this reflects the strength 

of the alternative . Similarly the negative outranking flow  indicates 

how much other alternatives are preferred over , i.e., the weakness of the 

alternative . These are formulated as: 

                         (3) 

 &                 (4) 

where  represents the number of alternatives. 

A complete ranking is obtained based on the net ranking index  to 

evaluate the outranking relation to yield a final decision. Alternatives can be 

ranked according to the  value with the alternative having higher net 

outranking index values being the better alternative. 
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                          (5) 

4. DECISION FRAMEWORK DEVELOPMENT 

The developed framework quantifies the uncertainty from rainfall forecasting 

and makes decisions on flood mitigation measures. The confidence interval in the 

frequency analysis of rainfall is used to represent the uncertainty in the rainfall. 

Frequency analysis for annual maximum daily rainfall data is done with standard 

probability distributions and the uncertainty is assumed to follow a Gaussian 

distribution as shown schematically in Figure 1(a). The uncertainty in the design 

rainfall amount will be reflected as an uncertain discharge in rivers (Figure 1(b)). 

This uncertain feature is then translated into an uncertain amount of overflow 

when the levee is breached for that particular rainfall return period (Figure 1(c)) 

and further will lead to an uncertain damage value for the study area (Figure 1(d)). 

The criteria to be used are annual expected loss, graduality and construction cost 

of the mitigation measure. 

 (a) Uncertainty in the IDF curve - 24h 

 

(b) Uncertainty in the overflow 

 

(c) Uncertainty discharge at the mouth 

 

(d) Uncertainty in loss  

Figure 1 Propagation of uncertainty from rainfall data to annual loss 
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The annual expected loss is the loss value expected in each year calculated 

based on statistics, but with uncertainty in the forecasted loss values. Therefore 

the expected loss  at each return period  is calculated as: 

              (6) 

 expected loss at period  

   loss value from the pdf of uncertain results at return period  

 pdf (unknown) of uncertain loss at return period  

 interval in expected loss in summation over the pdf of uncertain loss at return 

period  

The probability density function  of uncertainty in the loss at each 

return period is unknown. However it is a function of the uncertain rainfall value 

(  rainfall value from the pdf of uncertain results at return period ) where 

the uncertainty in the forecast rainfall is assumed to be normally distributed. 

Therefore the probability of occurrence of an uncertain loss value  can be 

replaced by the probability of occurrence of an uncertain rainfall value . 

Similarly the pdf of the annual expected loss values for a certain flood plain is 

unknown. A similar computational method is thus proposed to compute the annual 

expected loss. 

                (7) 

,  

 annual expected loss 

  interval rainfall value from probability distribution function (pdf) at return 

period  

 pdf of uncertain results due to natural randomness  

  interval in the rainfall summation over the pdf of natural randomness 

The graduality  essentially represents the slope of the typical 

discharge-damage relationship which is not uniform. De Bruijn (2005) defined the 

graduality as ‘an indicator of flood resilience which measured the progressiveness 

or the increase of impact with increasing flood levels’ as based on the percentile 

discharge  and percentile expected loss . In this study the increasing 
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flood is uncertain due to the uncertain rainfall. Thus the term graduality is 

modified to accommodate its uncertain feature as defined below in Eqn 8. 

 

 

  

 

        (8) 

 discharge with larger return period,  

 discharge with ten year return period 
    

    

Note that in this representation higher graduality  is the more preferred 

solution. 

Annual expected loss and the graduality reflect the severity of the hazard and 

the construction cost represents the expenditure of the mitigation project. The 

relationships between rainfall, discharge, overflow and the loss values were 

developed via the case study below to obtain the performance values of criteria.  

5. CASE STUDY 

The decision making framework was applied to a central basin of Jakarta 

which is surrounded by the rivers Ciliwung with its West Banjir Canal (WBC) to 

the east and Cengkareng to the west (Figure 2). The alternative mitigation 

solutions were defined via different level of protections of levee systems along the 

rivers. Specifically the levee options were set to safely convey discharge driven by 

rainfall amount corresponding with a certain return period (RP) of rainfall amount. 

The following were the alternative mitigation measures considered in the decision 

making process. 

- Plan 0 - current level (do nothing) 

- Plan 1 - protect 50yrs RP rainfall (Cengkareng and Ciliwung/WBC) 

- Plan 2 - protect Ciliwung/WBC 50yrs RP rainfall & Cengkareng 100yrs RP 
rainfall 
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- Plan 3 - protect Ciliwung/WBC 100yrs rainfall & Cengkareng 50yrs RP 
rainfall 

- Plan 4 - protect 100yrs RP rainfall (Cengkareng and Ciliwung/WBC) 

- Plan 5 - protect 250yrs RP rainfall (Cengkareng and Ciliwung/WBC 

 

(a) River catchment                      (b) Java Island 

Figure 2: Studied river-basins in Jakarta 

Annual maximum of daily rainfall from gauging stations in Jakarta were 

fitted with Log Pearson type III (LP 3), a standard probability distribution to 

represent the natural randomness in annual maximum of daily rainfall. The annual 

maximum daily rainfall values via the LP 3 fits were point rainfall. However the 

rainfall was not constant spatially or temporally over the catchment. To represent 

the spatial variability, an Area Reduction Factor (ARF) of 0.75 was applied and 

Soil Conservation Service (SCS) Type 1A was used to temporally distribute the 

daily rainfall.  

Hydrology and hydraulic models were exercised with the Hydrologic 

Engineering Centre (HEC) Hydrologic Modelling System (HMS) and River 

Analysis System (RAS) codes. These HEC-HMS and HEC-RAS models were 

earlier calibrated with the Feb 2007 and Jan-Feb 2002 flood events in Jakarta. The 

inundation areas were mapped with Arc-GIS for the loss calculations using a loss 

model developed internally (Lo and Chen, 2013). 
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Figure 3: Daily rainfall vs overflow 

 

Figure 4: Daily rainfall vs loss 

Figure 3 and Figure 4 show the propagated uncertain feature of rainfall to 

loss values. The expected loss values were calculated using equation (6) and (7) 

for all six alternative plans. Similarly the graduality was calculated with Eqn (8) 

by assigning the maximum and minimum values corresponding to 2500years and 

10years of rainfall RPs, respectively. The construction cost for the levees was 

adopted from a study (Figure 5) for Oreans, France (Hyo-Nam Cho et.al, 2007). 

The performance values of alternative plans are given in Table 1.    
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Figure 5: Construction cost of levee for 
unit length 

 

6. RESULTS AND DISCUSSION 

The net outranking values were obtained by applying PROMETHEE, MCDA 

technique with the criteria equally weighted. The criteria expected loss and 

Alternative 
solutions 

Criteria 
Expected 
Loss (106 

USD) 

Gradualit
y 

Construct
ion cost 

(106 USD)

Plan 0 
169.56

4
0.969 0.000

Plan 1 85.362 0.900 9.509

Plan 2 71.836 0.880 13.427

Plan 3 63.941 0.864 42.593

Plan 4 53.385 0.845 46.511

Plan 5 23.299 0.758 92.403

Inflexion 

point 
49.541 0.069 34.118

Table 1: Performance values 
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construction cost of levees were minimized while the criterion graduality was 

maximized. The preference indexes (Table 2) for all the possible pairs were 

calculated based on the Gaussian preference function by defining the inflexion 

point of the curve as the standard deviation of performance values of each 

criterion (Table 1).  

Net outranking values (Table 3) indicate that the alternative plan 1 (protect 

Cengkareng and Ciliwung/WBC for 50yrs RP rainfall discharges) was the best 

plan of the 6 considered. Moving from one plan to the next the loss reduction for 

Ciliwung River is more significant than Cengkareng (Table 1). Adversely the 

construction cost was larger for Ciliwung due to its longer channel even for equal 

level of protection. The rank values were not sensitive within the criteria in that 

expected loss or graduality could be removed without changing the decision. 

Further sensitivity analysis conducted using a range of 0.5–1.5 times the inflexion 

point of the preference function within each criteria had Plan 1 being the best 

solution for more than 76.8% of the time. The selection of the preference function 

and its parameters and the criteria weights which are the key element which is 

essential and be verified with sensitivity analyses in the future. 

Table 2 Preference index and outranking flows    Table 3 Net outranking flows 

Alternatives Plan 0 Plan 1 Plan 2 Plan 3 Plan 4 Plan 5
 

Plan 0 0.000 0.255 0.286 0.299 0.312 0.329 0.296

Plan 1 0.142 0.000 0.012 0.030 0.063 0.181 0.086

Plan 2 0.213 0.017 0.000 0.004 0.022 0.127 0.077

Plan 3 0.408 0.167 0.110 0.000 0.007 0.095 0.158

Plan 4 0.469 0.240 0.165 0.015 0.000 0.056 0.189

Plan 5 0.655 0.609 0.572 0.448 0.379 0.000 0.532

  
0.377 0.258 0.229 0.159 0.157 0.158

7. CONCLUSION 

The research study presented here assists in making decisions on flood 

protection levels under uncertain rainfall. The decisions are made with 

PROMETHEE which is the outranking approach. The propagated uncertainty in 

loss from uncertain rainfall is quantified and accommodated in the decision 

Alternatives 
 

Rank

Plan 0 0.081 3 

Plan 1 0.172 1 

Plan 2 0.152 2 

Plan 3 0.002 4 

Plan 4 -0.032 5 

Plan 5 -0.375 6 
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making framework. Different sources of uncertainties influence a hydrosystem 

and flood mitigation decisions can also be analysed with this framework.   
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A response spectrum method for site amplification of surface strata overlying 

an outcrop bedrock is developed. In this method, 1)site amplification is calculated 

by approximating a multi-layer strata to an idealized two-layer instead of 

one-layer which is used before, 2) By representing the multi-layer strata by a 

multi-lumped mass model, soil nonlinearity is calculated by model analysis. Then 

the applicability of the proposed method is confirmed, by analyzing 50 actual 

sites. 

1. INTRODUCTION 

It has been recognized that surface strata have an important impact on free 

field ground motion which is always represented by response spectrum widely 

used in structural dynamic analyses. In order to involve the local site effect in 

seismic design, response spectrum at outcrop bedrock (S0) is always given. Then 

response spectrum on free field (Sa) can be calculate from S0 by seismic analysis 

of surface strata, which will contain the local site effect. Generally, there are there 

main approaches can be used to calculate Sa in terms of S0: (1) Earthquake Input at 

outcrop bedrock (OB) is set as earthquake time-history converted from S0, then Sa 

can be transformed from free field ground motion time history calculated by 

analyzing local site. The main criticism of this procedure is that ground motion 

time history converted from S0 is non-unique. Although the problem can be 

overcome in part by using of several different time histories compatible with the 

same input response spectrum, the time-history solution are uneconomical to start 

with, and the use of several time histories further adds to the cost.(2)The second 

one is that used like reference 1)2)3),earthquake Input at OB is specified as power 

spectrum(G0) transformed from S0, and site effect is represented by site 
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amplification (H) based on 1D multiple reflection theory, then Sa can be 

transformed from power spectrum on free field(Ga) calculated by G0×H2.(3) The 

third one is called response spectrum method (RSM) ,and the Sa is evaluated 

approximatively by S0×H. The method is appropriate for design, and is 

commonly used in codes of many countries like Eurocode84), ASCE/SEI5) and 

Japanese Building Code6). In this method site amplification should be evaluated 

corresponding to the input S0 considering soil nonlinear. MIURA7) proposed a 

calculation method of nonlinear site amplification, in which site amplification is 

calculated by approximating a multi-layer strata to an idealized one-layer and soil 

nonlinearity is evaluated by model analysis of multi-lumped mass model 

representing multi-layer strata. A similar method is also developed by INOUE 8). 

However, the site amplification calculated by methods introduced above was 

underestimated especially when the impedance of strata change greatly 7) 8), which 

is considered due to the approximation .A method of site amplification 

considering multi-layer is also proposed9), but the results calculated by this 

method are not stable  

 

 
Fig. 1 Calculation flow of site amplification 

 

Yes 

No 

Set Vi ,hi,ρi ,Hi of each layer 

Approximate to a multi-lumped 
mass model 

Calculate shearing strain of each layer 

Convergence 
test 

Update physical properties each layer 

Calculate site amplification 

Approximate to a two-layer model 
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according to  the strata thickness divided. In this study, a new method to 

evaluate amplification ratios of multi-layer strata is developed by approximating a 

multi-layer strata to an idealized two-layer instead of one-layer, then the 

applicability of the proposed method is confirmed, by analyzing 50 actual sites. 

2. CALCULATION METHOD OF SOIL NONLINEARITY 

The calculation flow of nonlinear site amplification is depicted in Fig.1. 

Firstly, the multi-layer strata is represented by a multi-lumped mass model, whose 

response is considered mostly determined by first mode. So maximum relative 

displacement Us of surface strata can be calculated as following8). 
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Where T1, ξ, β, U1 are period, damping ratio, participation factor, eigenvector 

of first modal respectively. Sa0(T1) is acceleration response spectra at outcrop 

bedrock. Gs1is first peak of site amplification that will be discussed in later 

section. Then, the effective shearing strain of each layer can be calculated by 

following equation. 

iiii Huu /)(65.0 1+−=γ                               (4) 

Where ui is maximum relative displacement of i th layer. Then, update the 

physical properties of each strata according to γi, then repeat the computing 

process again until γi is stable. 

 

 

 

 

 

307



 

 

 

 

 

 

 

 

 

 

3. CALCULATION METHOD OF SITE AMPLIFICATION 

Calculation method of Site amplification introduced in Japanese Building 

Code6) (code method) and reference 8)9) are based on transfer function of 

one-layer strata, by connecting first peak Gs1, second peak Gs2 as the envelope of 

the one-layer transfer function shown as Fig. 2. However, as the Gs1 ,Gs2 are 

regressed based on transfer function of one-layer strata, when the method is 

applied for multi-layer strata, the site amplification may be underestimated, 

especially the impedance of strata change greatly 7) 8). Therefore, a new method to 

evaluate peaks of site amplification of multi-layer strata will be developed, in 

which the multi-layer strata is approximated to an idealized two-layer instead of 

one-layer.  

3.1The method to approximate multi-layer strata to two-layer 

Peaks of site amplification are calculated by approximating multi-layer strata 

to two-layer modal, at the interface where the impedance ratios ai is smallest as 

shown in Fig.3. Impedance ratios of each adjacent layer can be calculated using 

equation (5). And, if ai >1 ,set ai as inverse of impedance ratio. 

11 ++

=
ii

ii
i V

Va
ρ

ρ
                                     (5) 

Where, ρi, Vi are density and shear wave velocity of each layer above outcrop 

bedrock. 
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Then, equivalent density ρe, thickness He and shear wave velocity Vse of two 

layers can be calculated as following equations. 
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Where, Hi is the thickness of each layer. Vse1 Vse2, ρe1 ρe2and He1 He2 are 

equivalent shear wave velocity, density and thickness of the equivalent two-layer 

strata respectively.  

3.2 calculation method of peaks of equivalent two-layer 

Predominant period T1, T2 can be calculated by eigenvalue analysis of 

multi-lumped mass model. The first and second peak Gs1, Gs2 corresponding to 

predominant period can be calculated by following expressions, which are 

regressed from transfer function of two-layer. 
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Where a is the impedance ratio of equivalent one-layer. h is damping ratio. 
ρB, VB are density and shear wave velocity of outcrop bedrock.f1(a1,He1/He2), 
f2(a1,He1/He2) are correction coefficient of first, second peak respectively. The 

correction coefficient of peak is considered to be a function of thickness ratio 

He1/He2 and impedance ratio a0 of equivalent two-layer strata, and are regressed 

based on transfer function of two-layer strata. By parameter analysis, formulas of 
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f1(a0,He1/He2) , f2(a0,He1/He2) can be regressed as following. 
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4. VERIFICATION OF PROPOSAL 

In the verification of the proposed method, site amplification and response 
spectrum Sa on free field of 50 sites selected from K-NET.KiK-net10) are calculated 
by proposed method, then the results are compared with those calculated by 
SHAKE method 11), code method, and INOUE method6). In order to show the 
accuracy of proposal,3 sites are taken as examples, shear wave velocity of these 
sites are presented in Fig. 4.The input on outcrop bedrock is acceleration response 
spectra (ARS) in code method, INOUE method and proposed method, and is 
time-history converted from ARS in SHAKE method. Two levels of input 
corresponding to moderate and severe earthquake motions defined in Japanese 
Building 
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(b) Site amplification under severe earthquake motion 

Fig. 5 verification of proposed calculation method of sit amplification  

Codes are considered. For simplicity, every sites are divided into 2m one 

layer. And, Hardin-Drnevich (HD) model 12) is used to consider shear modulus 

and damping characteristics according to shearing strain γ of soil. Then, results of 

these 3 sites calculated by each methods are displayed in Fig.5. It can be noticed 

that, site amplification calculated by proposed method can almost envelop transfer 

function calculated by SHAKE method under Severe earthquake (Fig.5 (b)), 

although not that precisely under moderate earthquake (Fig.5-(a)), and is more 

accurate comparing with code method and INOUE method. Acceleration response 

spectrum Sa on free field calculated by different site amplification methods of 

these 3 sites are depicted in Fig.6. Same with site amplification, the accuracy of 
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(a)Sa under moderate earthquake 

 

 

 

 

 

 

(b)Sa under severe earthquake 

Fig. 6 Comparison of Sa calculated by different calculation methods of site amplification 

 

 

 

 

 

(a)Sa under moderate earthquake motion 

 

 

 

 

 

 

 

(b)Sa under severe earthquake motion 

Fig. 7 verification of stability of proposed method  
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Sa calculated by proposed method can be seen improved comparing with 

code method and INOUE method. 

In order to inspect the stability of proposed method when strata are divided 

into different thickness. The results of Sa of these 3 sites calculated by proposed 

method are displayed in Fig. 7 when strata are divided into 2m, 1m, 0.5m and not 

divided. It can be noticed that, results of Sa are nearly the same regardless the 

thickness of strata divided under moderate earthquake (Fig.7 (a)).Even though 

results of Sa of some sites like TCGH016 are different according to the thickness 

divided, the results become stable when the thickness of strata are divided thinner 

than 2m (Fig.7 (b)). 

5. CONCLUSION 

In this study, a calculation method of site amplification for RST is proposed. 

Then the validity of this proposal is verified by calculating 50 actual sites. The 

merits of this proposal can be summarized as fowling. 

1. The accuracy of peaks of site amplification calculated by proposed method is 
improved comparing with code method and INOUE method. 

2. The results calculated by proposed method is stable when strata are divided 
into different thickness. 
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This study proposes a new generation of scour depth monitoring system by 
integrating a wireless transmission system. Through the multi-channel real-time 
monitoring system, the vibration of the superstructure under flooding can be 
measured, and the corresponding scour depth can be calculated to evaluate the 
overall safety status of the bridge, which is an existing bottleneck when bridge is 
under serious erosion period.A SHM algorithm combining the concept of 
expression array and Naïve Bayes(NB) classification is first developed to detect 
the scouring depth. With the design of the simple and intuitive interface, the rapid 
assessment result of the bridge scour depth is displayed, allowing the users to 
interpret easily the current bridge safety state. In order to verify the performance 
of the developed system, a series of full-bridge scour validation experiments was 
carried out. The results has shown that in addition to providing a reliable 
prediction on the bridge scour depth,  the overall safety condition can also be 
reliably evaluated by the proposed scour depth monitoring system. 

1. INTRODUCTION 

The bridge structure is always a notable field in structure engineering, and 
lots of resources have been invested in this field. As it plays an important role in 
public transportation; the damage of a bridge not only causes injuries or 
intervention of traffic but also the impact on economy. In the past decade, the 
health monitoring has been focused on deploying numerous sensors such as 
temperatures, inclinometer, and speedometer on structures. According to different 
kinds of diagnostic theories, the warning signal and the related information can 
be announced when the bridge achieved its safety warning. (1) 
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As technology advances more, the implementation of mobile real-time SHM 
system has been taken seriously, and the application of wireless sensors become 
the focus in many researches. The integration of the wireless sensor technique 
and the structure health monitoring system has become a trend in these years. 

According to US statistics(2), The damage caused by the hydraulic bridge 
up to 60%, far higher than the earthquake caused by the 3%, When the bridge 
does not match the conditions of use cases for life, property and economic 
development will bring loss. 

Due to the scouring effect of the floods, the bridge faces the serious risk of 
collapse, and many related research about the bridge scour in flood period have 
been studied these years. For example, simulating the reaction by finite element 
model when the bridge suffers scouring effect to predict the possible damage 
location of the bridge was conducted.(3) Analyzing the characteristics of the soil 
layers of the bridge to realize the depth changes when the bridge is scoured by 
the floods was also attempted.(4) As obtaining the real-time scour depth changes 
under the harsh environment during the floods is still a tough issue among the 
research of the bridge scour, a new bridge real-time monitoring system 
integrating the wireless module is proposed in the study. 

2. THE PROPOSED SHM ALGORITHM FOR SCOUR DEPTH 
EVALUATION 

In order to achieve the goal of the real-time bridge health monitoring system, 
a numerical model is basically required to represent the monitored structure. In 
this study, the SHM algorithm is divided into three steps. As shown in Figure.1, 
the first one is the AR-ARX expression array; the second is the Naïve Bayes 
algorithm, and finally the scour depth estimation module. 

2.1 AR-ARX expression array 

Since Sohn (5) has successfully applied the two-tier AR-ARX expression 
array for SHM on small-scale structures, it is adopted in the first part of the 
proposed algorithm. The AR-ARX expression array is treated as the 
characteristic array similar to the DNA role in human beings (6), which have 
been demonstrated to be efficient in disease detection.  
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The AR-ARX expression array can be established as follows. First, the 
bridge structure is assumed as a linear single-input-single-output (SISO) system. 
The external excitation to the structure is assumed as ambient vibration and an 
auto-regression (AR) model can be established. The coefficient calculated by the 
AR model is adopted as the first part of the expression array. 

To provide a precise description of the structure, an additional 
auto-regression with exogouos (ARX) model is further established in the second 
stage. By entering the vibration data into the established AR model, the uncertain 
external input can be estimated by treating the error values as the external input 
source of the second-stage ARX model. The detailed derivation of the equations 
is shown below.  

In the AR model of Figure.2, the correlation equation of input  with 
time t can be described as  

1

(t) (t j) e (t)
p

xj x
j

x xφ
=

= − +  (1) 

Where  is white noise signal, which is defined as external disturbance 

input in the AR model.  

The ARX model in Figure.3 can be derived by the correlation between 
 and  as  

1 1

(t) (t j) e (t j) (t)
a b

j j x x
j j

x xα β ε
= =

= − + − +   (2) 

Finally, the characteristic array database of the structure can be established 
by using the coefficient obtained in the AR-ARX model shown in Figure.4. 

      
Figure 1.Mobile Bridge Health Monitoring System Schematic    Figure 2 AR Model  

317



    
Figure 3 ARX Model                   Figure 4 AR-ARX Model 

2.2. Naïve Bayes Algorithm 

Naïve Bayes Algorithm is an intuitive classified method based on 
probability and statistics, and the concept of this algorithm is originated from 
Bayes theorem. Through the theorem, the impact of the event which may be 
occurred in the future under the observed event condition can be calculated, and 
it can be expressed into conditional probability. The observed event conditions 
are referred to training patterns as shown in Figure.5(a).The probability density 
distribution in the database is consisted of two statistical parameters, the mean 
values and standard deviations. Therefore, the probability of the occurrence to 
the testing patterns in the future can be classified by the Bayes classification 
probability model shown in Figure.5(b).The distribution of coefficients of the 
row vector is considered as normal gaussian distribution, and each coefficients of 
row vector are independent. 

In this study, the training pattern can be obtained by analyzing the vibration 
response of the superstructure under different bridge scour condition, and each 
time series can be corresponding to an AR-ARX characteristics array shown in 
Figure.6.As the NB algorithm is mainly based on the statistical theory, the 
reliability can be largely improved by enhancing the training database. 

The application of The Naïve Bayes Algorithm is shown as follows: 
For a testing pattern X expressed as 

{ }1 2 3, , Xi g nX X X X X=     (3) 

It is compared with the training pattern, which can be described as 

{ }1 2 3, ,g g n
i i i i i iM M M M M M=     (4) 

The criteria for classification of the testing pattern by NB Algorithm is shown as 
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(x) arg max(log (x ))ii
Class p M=   (5) 

The Gaussian probability distribution can be obtained as  

2

2

2

(x )

2
,

1
(x )

2
P e

μ
σ

μ σ σ π

−

=   (6) 

As the training sample  can be substituted by the mean  and standard 
deviation , it can be further derived as 

2

(x) arg max log 0.5
g g

g i
i gi coefficient i

xClass μσ
σ

   −  = − −  
     

  (7) 

 
Figure 5(a) Training Pattern                 Figure 5(b) Testing Pattern 

 
Figure 6 AR-ARX Characteristics Array 

2.3. Scour depth estimation module 

As the probability distribution of the testing pattern can be predicted, the 
expected value of the scour depth can be obtained by multiply the mean scour 
depth of every class with the corresponding probability, which can then be 
illustrated as a scatter plot in time history.  

i iP Kα=  (8) 

0

i

e i iD PD=  (9) 
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3. DEVELOPMENT OF THE BRIDGE SCOUR DEPTH MONITORING 
SYSTEM 

A real-time bridge health monitoring system is developed in both hardware 
and software. In this study, the NI CompactRIO-9074 is chosen as the platform 
of the SHM system with powerful and reliable processing capability to meet the 
requirements of the mobile bridge health monitoring system. In addition, the high 
efficiency and stability can be further provided by the embedded control and 
acquisition system. 

3.1. The SHM Hardware 

The NTU-WSU (Figure.7) is adopted as the wireless modulus in this study, 
and the measured data is transmitted to the SHM platform by using RS232 to 
achieve the function of saving and computing. In the part of sensors, the velocity 
sensor VSE-15D, produced by Tokyo Sokushin Co., Ltd, is used in this study. By 
processing the data measured from wireless transmission into the SHM platform, 
the scour evaluation algorithm can be conducted for the real-time scour depth 
monitoring. The inclinometer is set in the middle of the bridge deck as shown in 
Figure.8.The NI 9795, WSN C Series Gateway is integrated with the SHM 
platform as the receiver, and the inclinometer is connected with the NI 
WSN-3202 module to reflect the inclination angle instantly when the bridge is 
scoured so that the comprehensive real-time bridge information can be obtained. 

        
Figure 7 NTU-WSU and CompactRIO-9074  Figure 8 The inclinometer is set in the middle of 

the bridge deck 
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Figure 9 The interface of Mobile Bridge Health   Figure 10 The time history of SPC-51 and 

Monitoring System      CompactRIO 

3.3. The SHM Software 

LabVIEW is used to product the monitoring interface, and its advantage is 
to provide a mathematical analysis and show results on interface, and the 
interface is provided for the sample. A simple and intuitive interface is designed 
in this study, and users can easily ascertain the authenticity of the data. With the 
establishment of the LabVIEW interface, the environmental data is presented in a 
graphical way, shown in Figure.9. This interface can judge two scour depth of the 
bridge piers in time, which S1 and S2 represent the conditions of two bridges. 
The indication of time history signals and the curved graph of turning the 
probability value into the scour depth are also displayed, and the real-time 
changes of the bridge scour depth can be observed through the graph. 

To verify the stability of the wireless module, the data will be compared 
with the portable micro-seismometer (SPC-51), which is commonly used 
nowadays. The same sensor VSE-15D is used to verify whether the measured 
data of wireless modulus is the same as the signals obtained by SPC-51. 
Figure.10 shows the figure of the time domain of the vibration time history data 
after the experiment, and the difference between two systems can be compared 
that the serviceability of two systems can be verified. From the results of view, 
the instruments of these two sets of systems are identical and common for 
analysis. 
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4. EXPERIMENTAL VERIFICATION OF THE BRIDGE SCOUR 
MONITORING SYSTEM 

The micro-vibration sensors are arranged on the cap beam of the bridge 
column paralleled to the flow direction. The columns were partially buried in the 
sand, which was compacted around the test specimen to avoid the inadequate 
initial scour due to the large porosity. As investigated, the front of the covering 
soil was gradually reduced due to the scour, and the boundary conditions of the 
bridge column changed with time. The vibration response of the bridge of 
different scour depth was measured and recorded in this experiment, and the 
estimated bridge scour depth was displayed after processing the vibration 
response. 

Figure.11 shows the condition of the experiment. The video recorder and the 
real-time display screen are displayed in the left for the purpose of verifying the 
accuracy of the scour depth. The wired and the wireless instrumentation are at the 
right side where the wired system is only used for the comparison with the 
wireless module. The SHM platform system was applied to process the vibration 
data collected by the wireless module and provide a real-time evaluation of the 
bridge scour depth. Four sensors were deployed in the experiment, and the two 
sensors in the flow direction, S1 in the middle column and S2 in the left column, 
were considered by the proposed algorithm. Moreover, inclinometers were 
arranged on the bridge deck to support the inclination angle of the bridge deck on 
the display interface. 

   
Figure 11 The condition of the experiment             Figure 12 Final result 
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4.1 Scour depth analysis and comparison with video recording 

The experiment was lasted a total of 30 minutes, and the vibration signals 
were recorded with a sampling rate of 200 Hz when the water started to flume the 
bridge pier. Figure.12 shows the result of the bridge scour depth monitoring 
system after the experiment was completed. The initial embedded depth of the 
bridge pier is set as 25 cm. The vibration time history graph of S1 and S2 are 
shown in Figures.13 and.14, respectively. It can be seen from the figure the trend 
is very similar between two piers, and the time of the peak values of the vibration 
time history graph are very consistent, too. 

In order to verify the accuracy of the scour monitoring system, comparison 
between the video recording and the estimated scour depth is made. As shown in 
Figure.15, S1 indicates the evaluated scour depth of the middle bridge pier, and 
S2 is the estimated scour depth of the left bridge pier. Moreover, the curves 
Camera1 and Camera2 represent the video recording for S1 and S2, respectively.  

As shown in Figure.15 the embedded depth in the beginning was 25 cm, and 
it declined at 10 cm, which is 75% of the total scoured depth in only 10 minutes.. 
Smoother trend was observed for curve Camera1 and Camera2 in the next 10 
minutes(X-axis between 10 and 20 minutes). When the experiment finished, the 
final scour depth was detected by camera as approximately 5 cm. 

In order to match the estimated scour depth of S1 and S2 with the results 
from the video recording, a modification factor is used. The modification factor 
is defined as 

 inital final

inital final

D D
Modification factor

D D
+

=
−

 (10) 

Where Dinital is the initial depth before scour; Dfinal is the final depth when 
the experiment ends. 

As shown in Figure.16, the over-estimation phenomenon occurred in the 
initial scour stage is improved after applying the modification factor, and the 
predicted scour depth trend, which is very similar to the results of video 
recording, can be rapidly provided by the proposed monitoring system. 
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Figure 13 The time history of CH1 on S1    Figure 14 The time history of CH2 on S2 

   

Figure 15 Comparison with video recording   Figure 16 Comparison with video recording 
after times a modification factor 

5. SUMMARY AND CONCLUSION 

A bridge scour monitoring system integrating a SHM platform, and the 
NTU-WSU wireless module is proposed. Through the multi-channel real-time 
monitoring system, the scour depth of the bridge can be calculated, which is an 
existing bottleneck when bridge is under serious erosion period. A SHM 
algorithm combining the concept of expression array and Naïve Bayes(NB) 
classification is first developed to detect the scouring depth. Moreover, with the 
assistant of the proposed SHM platform and wireless module, the rapid 
assessment of the bridge scour depth can be achieved, allowing the users to 
interpret easily the current bridge safety state. 

The proposed scour monitoring system was examined through a series of 
scour experiment. The expression data were first generated from the measured 
vibration signal through the AR-ARX model. With the support of the Naïve 
Bayes classification, the possible scour level can be evaluated. Moreover, as the 
probability corresponding to different scour levels is calculated, the expected 
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scour depth of every bridge pier can be obtained. As demonstrated in the 
hydraulic experiment, the distribution of the expected scour depth of the whole 
scour process fits well with the recorded ones after considering the amplification 
factor at the beginning of the scour process.  

Comparing to the existing bridge scour monitoring systems, two main 
advantages including the flexibility and mobility can be provided by the 
proposed system. By integrating diverse modules supported to the SHM platform, 
functions such as real-time data acquisition, storage and signal processing can be 
easily achieved. Moreover, As the bridge scour depth can be rapidly evaluated, 
early warning can be alerted in advance to prevent the losses in human life and 
property. 
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Random field has grown more and more interests these years. As the 

computer technology developing, the method called SFEM (Stochastic finite 

element method) will be easier to adopt in the engineering practice. To generate a 

random field, the most widely used method is called the Spectral representation 

(SR). This method has some disadvantage such as Periodicity. A new stochastic 

harmonic function representation by partitioning the wave number domain is 

proposed in this paper. The properties will be discussed and a numerical example 

on a reinforced concrete shear wall is presented to illustrate the proposed model.  

1. INTRODUCTION 

Random field models are widely employed in engineering practice(1). For 

instance, the modulus of elasticity and the compressive strength of concrete are 

random fields rather than deterministic parameters.  

In order to generate a random field, some information about the random field 

must be known. Usually the first and the second order statistics are easy to get 

from engineering. A lot of studies were focusing on this. Studies including the 

spectral representation method(2-4), the ARMA method(5-7), the Kahunen-Loeve 

decomposition(8-10), the Proper Orthogonal Decomposition(11), and the 

double-orthogonal decomposition(12, 13), etc., were done by various researchers. 

These studies are accurate to the second order statistic as the number of variables 

becomes infinite. But in practice truncation must be involved and it will cause 

error. The cost of random variables will be large so that the error can be ignored. 

That is why the number of random variables is sensitive to the problem(10, 14). 
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In 2010, Chen and Li studied the concept of Stochastic Harmonic Function 

(SHF)(15). This method will reduce the number of random variables. Also the 

concept is extended to two dimensions by Liang et al.(16). 

This paper proposes a new scheme of SHF in two-dimension, this method 

will use less random variables and the recovered power spectral density function 

(PDF) will fit the original PSD well. In the first part of this paper, the concept of 

SHF and SR will be introduced; in the second part some properties will be studied; 

in the last part a numerical example will be given to verify the use of this method. 

2. SPECTRAL REPRESENTATION AND STOCHASTIC HARMONIC 

FUNCTION 

2.1 The concept of Spectral Representation 

If we consider a multi-dimensional random field ( )Y x , let ( )1 2, ,..., rx x x=x  

be the spatial vector, and 1 2( , ,..., )rK K K=K  be the wave number vector, where 

r is the number of dimension. Consider the mean of this random field equals zero 

and the random field is stationary, ( )G K  is considered as its one-sided power 

spectral density function (PSD). So the truncated spectral representation can be 

written as: 

( ) ( ) ( )
1

sin
N

T
SR j j j

j
Y A φ

=

= ⋅ +x K K x                  (2.1) 

Where jφ  is a random phase angular, it is uniformly distributed between 0 

and 2π , it is independent with each other. And jK  is the jth decreased wave 

number coordinate in the wave number domain. The amplitude ( )jA K  can be 

expressed as: 

( )
( )

( )2

2 j
j rA G d

π Ω
= K K K

                  (2.2) 

Where jΩ is a hyper-cubic subdomain of the wave number to which the jK  

belongs. Because the decreased wave numbers jK  is deterministic, this method 

will be accurate to the target PSD when the number N tend to infinite. 

2.2 Stochastic Harmonic Function 

To improve the spectral representation method, the concept of SHF is 

proposed by Chen and Li. Consider the same random field mentioned above, the 
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SHF representation can be defined as: 

SHF
1

( ) ( )sin( )
N

T
j j j

j
Y A φ

=

= ⋅ +x K K x                 (2.3)
 

Where jK  becomes a random variable in the hyper-cubic subdomain jΩ . 

Consider it uniformly distributed in jΩ . And the amplitude becomes: 

( )2

2
( ) ( )

(2 )j j jA G S
π

= ΩK K    (2.4)
 

Where ( )jS Ω  is the measure of this jΩ . jΩ  can be expressed as: 

lower upper lower upper lower upper
1, 1, 2, 2, , ,[ , ] [ , ] [ , ]j j j j j r j r jK K K K K KΩ = × ×   (2.5) 

Where lower upper lower upper
1 , ,[ , ] [ , ]iN

j i j i j i iK K K K= = , 1,2,...,i r= . iN  is the number of 

partitions in the ith dimension. So of course we have: 

1

r

i
i

N N
=

= ∏   (2.6) 

The biggest improvement of SHF is that it can recover the target PSD 

however many random variables are used, but this is only the theoretical result, in 

practice, the samples of random variables are used. So this method still needs 

1

2
r

i
i

N
=

∏  random variables as the wave number and the phase angular are all 

random variables. 

In this paper a new scheme of SHF is proposed to solve this problem. In this 

method the partitioned subdomains are difference, define Vj as the jth subdomain 

of wave number domain in the present method. For example, the wave number 

domain of a two-dimensional random field can be partitioned as Figure 1. 
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Figure 2 
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This method partitions the wave number domain directly into several cells 

rather than partition it by different axis. This will reduce the number of random 

variable because the number of partitions is independent with dimension. In the 

present study, the wave number domain is partitioned using the Voronoi Cell. And 

the subdomains are now defined as Vj, so the equations of SHF becomes: 

( )

SHF
1

( ) ( )sin( )

2
( ) ( )

(2 )

N

j j j
j

j j jr

Y A

A G S V

φ

π

=

= ⋅ +

=

x K K x

K K

 

                     (2.7)

 

Also the decreased wave numbers jK  are uniformly distributed in each Vj: 

1 ( ) ,  for 
( )

  0,         otherwisej

j jS V V
p

∈
= 


K

K
K                    (2.8)

 

In practice, some uniformly distributed points are applied into the wave 

number domain, then the Voronoi cells can be generated by the points(17). 

3. PROPERTIES OF THE RANDOM FIELD GENERATED BY SHF 

3.1 The sample of random field 

In order to study the properties of the present method, a two-dimensional 

stationary Gaussian random field is considered. The PSD(4) of this random field is: 

( )
2 2

2 1 2 1 1 2 2
1 2

,1 1 ,1 ,2 2 ,2

, exp ,
4 2 2

,  u u u u

c c c K c KS K K

K K K K K K

σ
π

    = − −    
     

− ≤ ≤ − ≤ ≤
    (3.1) 

Where the parameters 1c  and 2c  are related to the correlation distance, 

both assumed to be 1 here; σ  is also assumed to be 1. The cut-off wave number 

is Ku,1=Ku,2=5. 

One of the samples of random field is illustrated in Figure 3. This sample is 

generated by SR. The wave number domain is partition into a 100x100 mesh, and 

thus the number of random variables is 10000. Figure 3 (a) is the 3D view of the 

sample while Figure 3 (b) is the contour line the sample. 
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Contour lines of the random field sample 
based on The Spectral Representation Method
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Figure 3 

The sample generated by SHF is shown in Figure 4. In this process, the wave 

number domain is partitioned into 25 Voronoi cells, so the total random variable is 

75 for this two-dimensional problem. 

 

Contour lines of the random field sample 
based on The Stochastic Harmonic Functions
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Figure 4 

For more details the PSD of these two method is studied. 

3.2 The PSD of random field 

The correlation function of SHF can be calculated by the expect operator: 

( ) ( ) ( )2
,1 ,2 ,1 ,2

1

1
, , cos

2

N

j j j j
j

R E A K K K Kζ ξ ζ ξ
=

 = +            (3.2)
 

Where ( ),ζ ξ  represents the x lag and the y lag since the random field is 

stationary. 

In practice, the correlation function can be calculated using a Monte-Carlo 

method, then we have: 
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( ) ( ) ( )
MC 2

1, 2, 1, 2,
1 1MC

1
, , cos

2

N N

ij ij ij ij
i j

R A K K K K
N

ζ ξ ζ ξ
= =

 = +            (1.3) 

Where MCN  is the number of random field samples. The results are shown 

in Figure 5. Here we take MC 100000N = . 
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Then a FFT method is applied to compute the PSD of the random field. The 

result is shown in Figure 6. 
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Figure 6 

According to the above Figure 4 to 5, the PSD of SHF converges to the target 

PSD very well, and the number of random variables in one random field sample is 

30. It show a high accuracy with some error on the top of the PSD, this means 

some energy is lost during the decrease procedure. This problem will vanish when 

the number of Voronoi cells increases. 
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4. THE RANDOM FIELD MODEL FOR A SHEAR WALL 

In this chapter a shear wall model is studied using a random field model. Two 

situations were considered: 

(1) The structure is considered to be deterministic, the parameters of the 

materials are deterministic. 

(2) The parameters of the concrete are random fields. Including the initial 

elastic modulus and the strength of the concrete material. 

4.1 Description of the model 

The 1/3-scale frame shear wall is modeled below, the geometry of the 

specimen are shown in Table 1. 

Table 1 geometry of the specimen 

Depth (mm) Length (mm) Thickness (mm) 

1068 1068 100 

N N

P P

P
 

Figure 7  

As shown in Figure 7 the wall is surrounded by columns and beams. N is a 

constant vertical axial load while P is a reversed cyclic horizontal load, the 

reversed cyclic horizontal load is applied by displacement control. 

The wall is modeled by Opensees using a quadrilateral element and the 

columns and beams are modeled by non-linear beam-column element.  

The constitutive relationship of concrete is modeled by the ‘ConcreteZ01’ 

material(18), this kind of material can describe the softening effect and the cracks 

opening/closing of concrete. 
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The parameters of the wall are shown in Table 2. 

Table 2 The parameters of the reinforced concrete wall 

Component Parameter 
Stochastic or 
deterministic 

Average Variety  

Number 
of 

random 
variables

Wall 

E0 Random field 22800（MPa） 0.1 30 

fc Random field 57（MPa） 0.1 30 

Es Deterministic 
187544.0

（MPa） 
—— —— 

ft Deterministic 419.2（MPa） —— —— 

vρ  Deterministic 0.0023 —— —— 

hρ  Deterministic 0.0023 —— —— 

E0 – elastic modular of concrete;  fc – compression strength of concrete; Es – elastic modular of 

steel bar; ft – tension strength of steel bar; vρ  – the vertical steel ratio; hρ  – the horizontal steel 

ratio. 

4.2 Analytical results 

The hysteretic circles of the top-left node in the deterministic analysis and 

stochastic analysis are shown in Figure 8. 
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Figure 8 Hysteretic circles by the deterministic analysis and stochastic analysis 

1000 samples are calculated by this random field model, each sample uses 30 
random variables.  
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4.3 Comparison of deterministic analysis and stochastic analysis 

As shown in Figure 8, the shear force calculated by deterministic analysis is 
larger than the average of stochastic analysis. That means because of the 
randomness, some of the elements that have random parameters will yield faster 
than the deterministic ones, this will cause some defect occurring in the wall, and 
the shear force will be smaller. 

In engineering practice the failure of structures are always caused by the 
defect in the components. That is what the deterministic analysis can’t describe. 
The random field model is better at the description of the kind of problem. 

5. CONCLUDING REMARKS 

A new scheme of Stochastic Harmonic Function is proposed and used in the 
analysis of a frame shear wall. Random fields are used in the calculation of this 
wall, comparison is made between the deterministic model and the random field 
model. The result shows that the shear force calculated by random field model is 
smaller than the deterministic model. 
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Abstract In engineering practice, it is of great importance to consider the 
uncertainty of structural parameters in the evaluation of the safety and reliability 
of complex structures. The probability density evolution method (PDEM) is 
capable of capturing the instantaneous probability density functions of structural 
responses. In the present paper, the generalized F-discrepancy (GF-discrepancy) 
is adopted as the criterion of point selection strategy, and PDEM is utilized to 
implement stochastic seismic analysis and reliability evaluation of a 
multi-degree-of-freedom (MDOF) nonlinear structure with uncertain parameters 
for different thresholds by considering three different seismic inputs. The results 
demonstrate that the accuracy of PDEM could be guaranteed by minimizing the 
GF-discrepancy of representative points and different seismic inputs could have 
remarkable influence on the reliability evaluation of nonlinear structures.  

Key words: nonlinearity; reliability; probability density evolution method 

(PDEM); generalized F-discrepancy (GF-discrepancy)  

1. INTRODUCTION  

In engineering practice, it is necessary to consider both the randomness of 
earthquakes and uncertainty of structural parameters in order to evaluate the 
performance and reliability of complex structures under earthquake excitations 
rationally. Under extreme earthquake excitations, the structural responses will 
exhibit nonlinearity inevitably [1]. Therefore, it is of great importance to 
consider the coupling of nonlinearity and randomness in the assessment of 
performance and reliability of structures under earthquake excitations. However, 
though a variety of approaches such as the Monte Carlo simulation [2], the 
random perturbation method [3], and the orthogonal polynomials expansion [4], 
ect., have been extensively studied in the past few decades, it remains to be a 
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great challenge to perform stochastic dynamic analysis of 
multi-degree-of-freedom (MDOF) nonlinear structures due to the coupling of 
nonlinearity and randomness, particularly when strong nonlinearity properties 
such as the strength degradation and stiffness degradation occurs. Moreover, 
these methods are mainly focused on obtaining the first and second order 
statistics of structural responses rather than higher order statistics or probability 
density functions, which are of critical importance in the reliability evaluation of 
nonlinear structures. From the perspective of physical stochastic system, a 
family of probability density evolution method (PDEM), which is capable of 
capturing the instantaneous probability density functions of dynamic responses 
of linear or nonlinear structures, has been well developed by Li and Chen in the 
past decade [5, 6] and now becomes a new feasible way to resolve the 
difficulties involved in both the stochastic analysis and reliability evaluation of 
MDOF nonlinear structures due to the coupling of nonlinearity and randomness 
[6, 7].        

In the present paper, according to the design spectrum in Chinese Code for 
Seismic Design of Buildings [8], three earthquake acceleration records are 
chosen as the seismic inputs in the seismic analysis of a MDOF structure. By 
adopting the generalized F-discrepancy (GF-discrepancy) [7] as the criterion of 
point selection strategy, PDEM is utilized to implement stochastic seismic 
analysis and to obtain the extreme value distribution (EVD) [9] of structural 
response such that the failure probabilities for different thresholds could be 
estimated [9, 10]. The results demonstrate that enough accuracy of PDEM could 
be guaranteed by minimizing the GF-discrepancy of the representative points 
and the reliability could be influent by different seismic inputs remarkably. 
Problems to be further studied are outlined. 

2. FUNDAMENTALS OF PROBABILITY DENSITY EVOLUTION 

METHOD (PDEM) 

2.1. The Generalized Density Evolution Equation (GDEE) 

In general, the equation of motion of an n-DOF structure reads  

 ( ) ( ) ( , ) ( , )t+ + =M Θ X C Θ X f Θ X F Θ    (1) 

in which X , X , and X  are the displacement, velocity and acceleration 

vector, respectively; M  and C  are the n-by-n mass and damping matrix, 
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respectively; f  is the linear or nonlinear restoring force vector; F  is a 

n-dimensional loading vector; T
1 2( , , , )s= Θ Θ ΘΘ   is the s-dimensional basic 

random variable vector including all the basic random variables involved in both 

external excitations and structural parameters.  

For a well-posed system, the solution of Eq. (1) exists and is unique as a 

function of Θ . More generally, any physical quantities (e.g. stress and strain at 

critical points, internal forces of critical sections) T
1 2( ) ( , , )mt Z Z Z=Z   

involved in the system will be linked to the solution, and in turn could be 

assumed to be in the form of  

 ( , )t=Z H Θ , ( , )t=Z h Θ    (2) 

where m is the number of physical quantities of concern. 

Because all the randomness comes from Θ , the augmented system 

( )( ),tZ Θ  is a probability preserved system. Therefore, according to the 

principle of preservation of probability [5], and with some mathematical 

manipulation [5], one can finally have an m-dimensional partial differential 

equation which is governing the joint probability density function ( , , )p tZΘ z θ  

of ( )tZ  and Θ , i.e. [5, 6] 

 

( ) ( )
1

, , , ,
( , ) 0

m

i
i i

p t p t
Z t

t z=

∂ ∂
+ =

∂ ∂ZΘ ZΘz θ z θ
θ

 

 (3)
 

In the case 1m = , one can have a one-dimensional partial differential 

equation: 

 
( ) ( ), , , ,

( , ) 0Z Zp z t p z t
Z t

t z
∂ ∂

+ =
∂ ∂

Θ Θθ θ
θ

 
 (4) 

The initial condition of Eq. (4) could be adopted as  

 0 0( , , ) | ( ) ( )Z tp z t z z pδ= = −Θ Θθ θ   (5) 

in which ( )δ ⋅  is Dirac’s delta function, 0z  is the deterministic initial 

value of ( )Z t  and ( )pΘ θ  is the joint probability density function of Θ .   

Eqs. (3) and (4) are the generalized density evolution equations (GDEEs). 

By solving Eq. (4), the joint probability density function Z ( , , )p z tΘ θ  could be 

obtained and then the probability density function of the physical quantities of 

concern, ( )Z t , could be estimated as: 
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 ( , ) ( , , )Z Zp z t p z t d
Ω

= 
Θ

Θ θ θ
 

 (6) 

It should be noticed that the dimension of GDEEs is independent of the 

dimension of the original system, n, and is determined by the number of 

physical quantities of interest, which means that a one-dimensional partial 

differential equation or the ones with any dimensions are available even a 

generic MDOF system is investigated. 

2.2. The Generalized F-discrepancy (GF-discrepancy) 

The numerical algorithm of PDEM could be based on the idea of point 

evolution or ensemble evolution [6], the probability assigned space ΩΘ  is 

firstly partitioned into a set of sub-domains qΩ , pt1,2, ,q n= , which satisfy 
pt

1
n

qq=
Ω = ΩΘ  and r q r q≠

Ω Ω = ∅ . Then a set of representative points 

1, 2, , pt{ ( , , , ) | 1,2, , } n q q q s q q nθ θ θ= = ∈Ω =θM Θ  is selected so that the 

probabilistic information of the sub-domain qΩ  could be represented by the 

representative point qθ  by calculating the assigned probability [11], i.e.  

 
( )

q
qP p d

Ω
=  Θ θ θ

 
 (7)

 

With the representative point set nM , Eq. (4) could be reduced to a set of 

point evolution based equations 

 ( )( , , ) ( , , )
, 0Z q Z q

q

p z t p z t
Z t

t z
∂ ∂

+ =
∂ ∂
θ θ

θΘ Θ

, pt1,2, ,q n=  (8)
 

in which ( , t)qZ θ  could be obtained by solving Eqs. (1) and (2). 

According to Eq. (6), the probability density function of ( )Z t  could be 

given by 

 
pt

1
( , ) ( , , )

n
Z Z qq

p z t p z t
=

= Θ θ
 
 (9) 

It could be noticed that the selection of representative points is of critical 

importance for both the accuracy and efficiency of the numerical algorithm of 

PDEM. It has been verified that both the accuracy and efficiency of PDEM 

could be guaranteed by minimizing the GF-discrepancy of the representative 

point set [7, 12]. Therefore, the strategy based on the generalized F-discrepancy 

(GF-discrepancy) [12]  could now be adopted as an efficient approach to 

implement the point selection.  
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The GF-discrepancy of the point set nM  associated with assigned 

probabilities pt,  1,2, ,qP q n=  is defined as [7] 

 { }GF ,
1

( ) max sup ( ) ( )n n i ii s
D F F

θ
θ θ

≤ ≤ −∞< <∞
= −M

 
 (10)

 

in which ( )iF θ  is the cumulative distribution function (CDF) in the i-th 

dimension and , ( )n iF θ  is the corresponding empirical CDF evaluated as 

 ( ) pt

, ,1
{ }

n
n i q i qq

F P Iθ θ θ
=

= ⋅ <  
 (11) 

and {}I ⋅  is the indicator function, qP  is the assigned probability defined 

in Eq. (7). Note that the empirical CDF defined in Eq.(11) is different from the 

usual definition because the assigned probabilities are involved, which implies 

that the spatial scattering configuration of the representative points and the joint 

PDF of the variates are captured in a sense. 

3. NUMERICAL EXAMPLE 

Consider a 12-storey shear frame structure subjected to earthquake 

excitations. The mean of lumped masses from bottom to top are 2.20, 2.05, 1.90, 

1.90, 1.90, 1.90, 1.90, 1.90, 1.90, 1.90, 1.90, 1.75 and 1.75 (×105 kg), 

respectively. The initial lateral inter-story stiffness from bottom to top are 3.30, 

3.15, 2.87, 2.87, 2.87, 2.87, 2.87, 2.87, 2.87, 2.87, 2.70 and 2.70 (×105 kN/m) in 

turn. The masses follow the lognormal distributions and the inter-storey stiffness 

follows the Weibull distributions. The coefficients of variation are 0.2 for all the 

24 independent random variables. The Rayleigh damping a b= +C M K  is 

employed, and a = 0.3755 s-1, b = 0.0050 s. To simulate the nonlinearity of the 

inter-story restoring force, the extended Bouc-Wen model [13] is adopted. All 

the thirteen parameters involved are α = 0.05, A = 1, n = 1, q = 0.25, p = 100, λ = 

0.5, ϕ = 0.05, ζ = 0.94, dϕ = 5, dv = 1, dη = 1, β = 370, and γ = 200, respectively.  

In order to study the influence of seismic inputs on the seismic analysis, 

three earthquake acceleration records (shown in Fig. 1) are chosen as the seismic 

inputs from the PEER Ground Motion Database [14] according to the design 

spectrum (shown in Fig. 2) in Chinese Code for Seismic Design of Buildings [7]. 

The peak ground accelerations of all these records are adjusted to 0.6g in the 

seismic analysis. 
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Figure 1 Earthquake acceleration records 
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Figure 2 Design spectrum

By employing the strategy of point selection based on GF-discrepancy [7, 

12], 300 representative points are selected and the corresponding 

GF-discrepancy is estimated as 0.0095. The Monte Carlo simulation (MCS) with 

100 000 pseudo random points is implemented to verify the accuracy of PDEM. 

Considering the inter-story drift of the first floor as the physical quantity of 

interest and define the relative errors as 

 2
PDEM MCS MCS2 2re r r r= −

, PDEM MCS MCSre r r r
∞ ∞ ∞

= −    (12) 

in which PDEMr  and MCSr  are the results of PDEM and MCS, respectively. 

2
⋅  stands for the 2-norm and 

∞
⋅  stands for the infinity-norm (i.e., the  
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maximum absolute value). Fig. 3 shows that all the seismic responses exhibit 

strong nonlinearity with three different seismic inputs and then the relative 

errors of mean values and standard deviations of the nonlinear seismic responses 

(also shown in Fig. 3) could be estimated as shown in Table 1. 
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Figure 3 Hysteretic curves and statistics of inter-story drift of first floor 
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Table 1 Relative errors of mean values and standard deviations 

Seismic inputs 2
μ  

2
σ  μ

∞
 μ

∞
 

ChiChi-1 0.0109 0.0294 0.0074 0.0391 

ChiChi-2 0.0104 0.0318 0.0087 0.0452 

Loma Prieta 0.0065 0.0357 0.0077 0.0476 

By introducing the equivalent-extreme-value events [10], the PDEM is 

employed to further obtain the extreme value distribution (EVD) [9] and the 

corresponding cumulative distributions functions (CDFs) of the inter-story drift 

angle of the first floor, which are shown in Fig. 4. Thus the failure probabilities 

of the nonlinear structure for different thresholds could be estimated [9, 10] as 

shown in Table 2. 
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Figure 4 Reliability analysis of inter-storey drift angle of first floor 

Table 2 Failure probabilities for different thresholds of inter-story drift angle of first floor 

Threshold 
ChiChi-1 (×10-2) ChiChi-2 (×10-2) Loma Prieta (×10-2) 

PDEM MCS PDEM MCS PDEM MCS 

0.06 0.7287 0.6224 1.1840 1.0090 18.07 18.02 

0.07 0.3087 0.2554 0.4670 0.4062 8.798 8.953 

0.08 0.1125 0.1067 0.1863 0.1800 4.326 4.785 

It could be seen in Tables 1 and 2 that with only 300 representative points, 

the accuracy of PDEM in both the stochastic seismic analysis and the reliability 
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evaluation of a nonlinear MDOF structure could be guaranteed, even though 

three different seismic inputs and different thresholds are considered. 

Furthermore, it is obvious in both Fig. 3 and Table 2 that different seismic inputs 

could have remarkable influence on the reliability evaluation of a nonlinear 

MDOF structure.  

4. CONCLUSION 

It is of great importance to consider the uncertainty of structural parameters 

in order to comprehensively capture seismic performance and reliability of 

practical engineering structures. PDEM is a feasible way to resolve the 

difficulties due to the coupling of the nonlinearity and randomness. The results 

of the stochastic seismic analysis and reliability evaluation of a nonlinear 

MDOF structure demonstrate that by adopting the criterion of minimizing the 

GF-discrepancy of the representative points, the accuracy of PDEM could be 

guaranteed even though different seismic inputs and different thresholds are 

considered. Furthermore, the seismic inputs which are all chosen according to 

the design spectrum in Chinese Code for Seismic Design of Buildings could 

have remarkable influence on the reliability evaluation of a nonlinear MDOF 

structure, which implies that more should be studied to capture the reliability of 

structures designed according to Code. 
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ABSTRACT: Based on the observed wind speed history data of the southeast 
coastal area of China in the past 60 years, a new generalized unitary probability 
method is proposed in this research. The distribution and parameters of the wind 
speed are fitted efficiently by the proposed method. The wind load was easy 
determined according to the return periods. A real high-rise building on the sea 
side was taken as the example to analysis the responds under the various wind 
loads. The analysis result shows that the structural respond 是 caused by the 
different wind pressure determined by the Chinese Load Code were much high 
than the real situation. It could induce the unreasonable design and the extra 
investigation.  
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Keywords: Generalized unified probability plot; Annual maximum wind speed; 
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INTRODUCTION 

The southeast coast of China is one of the areas most impacted by the wind 
disaster, like Typhoon. In this area, there are lots of high-rise skyscrapers and 
long span bridges crowded on the sea side in the big cities, like Xiamen. Those 
high-rise or long span structures are sensitive to the wind force. According to 
the Chinese Load Code for the Design of Building Structures (GB50009-2001), 
the wind load is generally determined by the basic wind pressure of the area. To 
design the high-rise buildings, the whole structures was revised time to time and 
some extra resisting shear elements were used to the structures to enhance 
rigidity and reduce the theoretical transform value caused by wind to pass the 
transform checking computation. Actually, some of the wind resistant designs 
are unreasonable and unnecessary. The reason of those expensive designs for the 
wind prevention is that wind load calculation based on the basic wind pressure 
was not accurate enough.  

For the purpose to figure out how different between the value of Load 
Code and real wind situation in the sea side area, Xiamen was taken as an 
example to be researched in this paper. The most appropriate distribution and its 
return period of the wind speed data is examined with a new and more effective 
probability plot method for the 61-year record of the annual maximum wind in 
Xiamen. A numerical simulation of a real 52-floors sea side building was 
analyzed for real wind pressure and its impaction. The comparison between the 
real wind data to the Load Code gave out some meaningful results. 

1. WIND SPEED DATA AND ANALYSIS 

1.1 Wind data preliminary analysis 

Original wind data of Xiamen was offered by Metrological Data Services, 
which includes the data from 1953 to 2014. The data from 1953 to 2004 is the 
average 2-minute speed recorded 4 times a day. Considering that the average 10-
minute wind speed is specified in the Chinese Load Code for the Design of 
Building Structures, all the recorded data was converted into the average 10-
minute wind (Chinese Load Specification Revise Work Group,1987).  The 
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annual maximum 10-minutes average wind speed at 10 meters high was 
calculated (Dong An zheng, 2002). The result of the calculation was shown in 
and Figure 1, the parameters of the wind speed was shown on Table 1, and the 
empirical cumulative distribution function (CDF) and probability density 
function (PDF) were plotted as Figure 2 and Figure 3, respectively. 

 

Fig 1 Average 10-Minute Annual Maximum Wind Speed from    1953 to 2014 
 

Table 1 Parameters of the annual maximum wind speed 

Mean Median Std Var Kurtosis CV CS 

18.75 18.57 4.786 22.90 4.38 0.25 0.997 

 

Fig. 2 Empirical CDF of Annual Maximum Wind Speed 

 
Fig. 3 PDF of Annual Maximum Wind Speed 

1.2 The new Generalized unified probability plot 

The traditional way to determine the appropriate probability distribution on 
the basis of a set of observed data is to plot the data on a probability paper (Ang 
and Tang, 2007), like quantile-quantile plot (QQ Plot), which is easy to verify 
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the validity of a hypothesized distribution.  There is also several goodness-of-fit 
tests are available. However, there are some of the limitations for the traditional 
probability plot. One is the types of probability paper are limited, and therefore 
not all the possible distributions can be examined through this method. The 
other one is that deferent distributions could not be plot on the same plot, which 
causes the difficulty to compare the plots with each other and determine directly.  

To overcome the two limitations and improve the efficiency when 
searching for the optimal distribution, a new method was put forward. 

The random variable X and Y are supposed to obey the distributions F(xi) 
and Ψ(yi), according to the Rosenblatt transformation shown as Eq. (1). 

( ) ( ) ( )1
X i i i X iF x Ψ y y Ψ F x−  = ⇔ =    (1) 

That is, a random variable X with distribution FX(x) will become a random 
variable Y with distribution Ψ(y). Therefore, X has distribution FX(x) is 
equivalent to Y having distribution Ψ(y), and goodness-of-fit test of X with FX(x) 
is changed into goodness-of-fit test of Y with Ψ(y).  

There may be several alternative distributions FXa(·), FXb(·), …) for 
observation xi（i=1,…,n）, and then which one of ya,i、yb,i、…（i=1,…,n）
best fits  Ψ(·)? This question could be answered by the probability plot based on 
the Ψ(·) distribution; in which Ψ(·) is called the reference distribution. This 
method is not limited by the specific probability paper, and could be used for 
any probability distribution. Therefore, it is called the generalized unified 
probability plot (GUPP).  

Usually, selecting Ψ(y) as the standard normal distribution or uniform 
distribution on the interval [0,1] is  convenient, as Eq. (2): 

( ) ( ) ( )( )iXYiiYiX xFyyxF 1−=⇔= φφ   (2) 

 1.3 Annual maximum wind speed distribution analysis 

Based on Fig. 2 and Fig. 3, there are 13 distributions that could be possible 
candidates, Which are the Birnbaum-Saunders, Gamma, Inverse Gaussian, 
Nakagami, Uniform, Normal, Rician, T-location-scale, Log-normal, Generalized 
Extreme Value, Pearson, Log-logistic, and Logistic Distribution. 
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For easy comparison the 13 distributions were divided into three groups 
and showed on the standard normal distribution probability plots. The scatter 
points of the Inverse Gaussian and Pearson-III were the fittest Distributions, and 
Generalized Extreme Value-I is the distribution recommend by Load Code. 
They were shown as Figures 4. 

 

Fig.4 GUPP of Inverse Gaussian & GEV- I& Pear-on-Ⅲ 

The result of the goodness-of-fit tests for the three candidate distributions 
were shown as Table 2. The K-S test with a confidence level of 95% and the 
Distance test were included. Distance test is the easy test for GUPP method, 
which is the average distance from the scatter points to the reference line.  

Table 2  Summary of Goodness-of-fit Test Results 

Hypothesis Distribution K-S Test Distance Test 

Inverse Gaussian 0.4778 0.1010 
Generalized Extreme Value-I 0.5777 0.1652 
Pearson-Ⅲ 0.7133 0.0606 

From Table 2, the variation trend of Distance Test parameter is match to K-
S test, but much easier to calculate and understand. The GUPP results in Fig.4 
and the goodness-of-fit results in Table2 all shows that the Pearson-III 
distribution is obviously better than Inverse Gaussian and Generalized Extreme 
Value-I. The Generalized Extreme Value- I distributions is recommend by the 
Chinese Load Code to model the probability distribution of the annual 
maximum wind speed. However, based on the present study the Pearson-III 
distribution is much better to model annual maximum wind speed in the Xiamen 
area. The formula shows as Eq. (3):  
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b=9.1022; 
c=13.3384; 
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K depends on 1)( =+∞xF . 

2. WIND DUCED STRUCTURE RESPOND ANALYSIS 

2.1 Wind speed and pressure to return periods 

High-rise building is sensitive to the wind load.  According to the Chinese 
Load Code for the Design of Building Structures (GB50009-2001) and 
Specification for basic wind pressure of building structure in Fujian (2011), the 
return period of the basic wind pressure should be 100 years for structure 
capacity design, 50 years for horizontal displacement estimation, and 10 years 
for comfort degree checking to the buildings over 150 meter high. Table 3 
shows the Xiamen wind speed and the according wind pressure determined by 
Pearson-III distribution and the basic wind pressure recommended by Chinese 
load code and the Fujian wind specification, which is s specific to the return 
periods of 10, 50 and 100 years. It could easy to figure out that the value of 
wind pressure determined by Pearson-III distribution from observed data is 
almost 15% to 25% lower to the Basic wind pressure determined by Code.  

Table 3 Wind Speed and Wind Pressure of various Return Periods 

Return Period 10 years 50 years 100 years 

WS (m/s） 
WP （kN/m2） 

WS WP WS WP WS WP 

Pearson- III 25.1 0.39 31.1 0.60 33.5 0.70 

Basic wind pressure ----- 0.5 ----- 0.8 ----- 0.95 
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2.2 Wind load of the structure  

A real high-rise building with 52 floors constructed on the sea side of 
Xiamen was taken as an example. The numerical modeling was shown as Fig 5. 

 
Fig.5 Structure numerical model of Ansys 

According to the Chinese Load Code for the Design of Building Structures, 
the wind load of the structure as Eq. (4). 

0z ww zsk μμβ=  (4) 

In which, βz is the wind fluttering factor of z height. μs is the structure 
shape factor for the wind load. μz is the height variation coefficient of wind 
pressure, calculated  by linear interpolation.  

However when evaluated the floors’ wind pressure by Pearson-III, it was 
transferred by wind speed on the same height directly (S.Y. Hu, L.L. Song, 
2011). The wind pressure was calculated by the Eq. (5), which is recommended 
by Code. 

2
0 2

1 vw ρ=  (5) 

The index percent of Davenport (Davenport, 1961) was used to the wind 
speed variation law as Eq. (6). 
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1010 z
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v
v =   (6) 

In the equation (6), α is the surface roughness coefficient. Depended on the 
recommendation of the Code, there are four types of the surface. A to D are 
different to the location of the building. In this paper, the building was located 
on the sea side, therefore the A type was more reasonable. 

As the Chinese Wind Code and Fujian Wind Specification, 10 years, 50 
years and 100 years return periods were taken into considering. The various 
wind pressures of floors were shown as Figure 6 to 8. 

 Wind Pressure of Building Floors for 10 years Return Period
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Fig.6 Comparison Wind Pressure Comparison of 10 years RP 

 Wind Pressure of Building Floors for 50 years Return Period
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Fig.7   Comparison Wind Pressure Comparison of 50  years RP 

 Wind Pressure of Building Floors for 100 years Return Period
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Fig.8   Comparison Wind Pressure Comparison of 100 years RP 

It could be figure out that when the return period is 10 years to the lower 
floors, which is for the comfort checking to living in the building, the basic 
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wind pressure of the Code is much higher than Pearson-III from the observed 
local wind data. From Fig 7 to 8, the return period are 50 and 100 years, the 
Pearson-III wind pressure is almost one third lower than Code pressure value. 
That is for the capacity calculation.  The result could explain why there are 
always some extra resistant shearing elements used for the high-rise building, 
and cost too much money. 

2.3 Wind caused structural respond analysis 

The foundation of the high-rise building always deep inside the ground, 
therefore the constraint of the bottom of the structure was taken as the fixed 
bearing.  Considering the shape of the building, the structure shape parameter μs 
was taken as 1.4 for this modeling, in which o.8 for windward side and 0.6 for 
leeward side. The linear wind pressure of the floor was integral of the 
linearization pressure between the two interfacing floors. The wind load model 
for the building was shown as Fig. 9. The modeling result of the structure shown 
as Fig. 10 and Table 4.  

                       
Fig.9 Wind load model                           Fig.10 Example of modeling results 

 
Table 4 Modeling results 

 Pearson-III Basic Wind Pressure 
Return Period  10y 50y 100y 10y 50y 100y
Displacement(m/s) 0.05 0.08 0.09 0.07 0.14  0.17 
Acceleration(m/s2) 0.06 0.11 0.13 0.08 0.15  0.18 
△u/h( *10-4) 3.5 5.2 6.1 4.5 9.7 12.0
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According to Technical Specification for concrete structures of tall 
building (JGJ3-2010) and Technical specification for steel structure of tall 
buildings (JGJ99-2015 on checking), the maximum acceleration of the top of 
the building and the ratio of the maximum interlayer displacement and the 
storey height Δu/h are all limited.  

Comparing the responds of the structure caused by the various wind loads 
of Pearson-III distribution reduced by the Xiamen local data and basic wind 
pressure of the Code, it is obviously that there are so much difference. 
Displacement concerns to the comfort degree of the building to live in. The 
displacement of Pearson-III is 30% to 50% lower than Code’s, acceleration of 
the Pearson-III is 20% lower, and interlayer displacement △u/h is also 30% to 
50% lower. The comparison shows the wind resistance structure design for the 
high-rise building according to the Code could be not reasonable and much 
higher than the real situation. The gap could be 30% to 50%.  

3. SUMMARY AND CONCLUSIONS 

Annual maximum 10-minute wind speeds recorded in the Xiamen area 
between 1953 and 2014 were exhaustively analyzed in detail, and 13 candidate 
probability distributions were examined to determine the best distribution to 
model the maximum wind in the Xiamen area. A new method called generalized 
unified probability plot was put into analysis to improve the efficiency. A real 
52 floors high-rise building on sea side was analyzed depend on the various 
wind load. Based on the results of this extensive study, the following 
conclusions can be drawn: 

1. The Pearson-III distribution, not extreme value- I distribution, is the best (i.e., 
most appropriate) for modeling the annual maximum 10-minute average wind 
speed for the Xiamen area.  

2. On the basis of the Pearson-III distribution, the maximum wind speed for 
design can be determined for a specified return period. 

3. The responds of the structure under the wind load determined by Pearson-III 
distribution are much lower to what are caused by the wind load determined 
by the Chinese current specification.  
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ABSTRACT: This paper studied the dynamic response and evaluate the 
reliability of a tunnel system  through modeling the surrounding soil as a random 
field. A 3D finite element model of the tunnel-soil system was established and 
the corresponding random field was simulated by the spectral representation 
method. The Wenchuan earthquake was chosen as input in the direction 
perpendicular to the longitudinal tunnel axis. The results revealed that internal 
forces are not uniformly distributed along the longitudinal position along axis of 
the tunnel; the hoop and shear forces are higher in the middle tunnel cross section 
whereas the bending moments are more uniform. The reliabilities of the tunnel 
for two limit-state functions were considered: one is defined as exceeding the 
design limit of concrete according to the Chinese design code, whereas the other 
is exceeding the ultimate strength of the concrete tunnel lining. The equivalent 
extreme events were formulated for the respective limit-state functions, from 
which the tunnel system reliability can be evaluated. The probability density 
evolution method (PDEM) was employed to calculate the reliability of the tunnel 
under the Wenchuan earthquake. 

Keywords: tunnel; random field; three-dimension model; reliability; PDEM 

1. INTRODUCTION 

Under severe earthquakes, underground structures including tunnels could 
suffer some damages. In the Kobe earthquake of Japan in1995, underground 
structures, such as the Daika subway station, were destroyed severely 
(Nishiyama et al., 2004), and during the Chichi earthquake in Taiwan in 1999, 49 
out of 57 mountain tunnels were destroyed to some extent(Wang et al., 2001). In 
2008, during the Wenchuan earthquake in China, 56 tunnels were damaged and 
required retrofitting (Wang et al., 2009). So the dynamic analysis and reliability 
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research of tunnels under catastrophic earthquakes can be very important. 
Besides the earthquake motion, the geotechnical conditions surrounding the 
tunnel can also have important effects on the potential damages or failure of the 
pertinent tunnels.  

It is well recognized that the soil or rock deposit around a tunnel is 
invariably non-homogeneous in properties due to its composition and deposition. 
These properties vary from point to point, with spatial correlations. The random 
field theory was put forward to simulate the spatial variation of the parameters 
with certain correlation structure of the rocks/soil. Vanmarcke (1977) studied the 
two dimensional random soil profile and put forward the scale of fluctuation to 
represent the spatial correlation; this study formed an important progress in the 
random field model simulation of soil profiles. The authors (Yue & Ang, 
2015)have done some research on the tunnel response and reliability analysis, 
and got some meaningful results. But the analysis is based on a two-dimensional 
model and therefore is approximate due to neglecting the third direction. The 
present study extends the modeling of the soil around a tunnel as a random field 
in 3D to obtain a more realistic response of the tunnel and its reliability under a 
strong scenario earthquake.  

2. RANDOM FIELD MODEL SIMULATION 

The random field simulation usually requires field data processing to 
evaluate the spatial correlation function and adopt a numerical simulation 
procedure. The process is briefly introduced below, in which only the elastic 
modulus was assumed to be spatially correlated and random. 

2.1 Site/laboratory Data Processing 

The spatial variation data of the soil can obtained from the site 
measurements.. Figure 1 is the actual measured data for the elastic modulus and 
the Poison ratio from different boreholes along the longitudinal direction of a 
tunnel. Phoon et al. (1999) revealed that the obvious trend in the data should be 
removed in the simulation of the random field.  
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Figure1 Site data variation along depth of the parameters  

2.2 Elastic Modulus in Random Field 

In the current study, the soil around a tunnel was treated as a plasticity 
model with a spatially random elastic modulus and a constant Poison’s ratio.  

The lognormal distribution was adopted for the generation of the elastic 
modulus field, so that the elastic modulus should not have a negative value 
(Fenton &Griffiths, 2005). Accepting the use of this distribution, the elastic 
modulus field can be obtained through the transformation. 

lnexp( ln g )i E iE μ ε σ= + ⋅  (1) 

where iE is the elastic modulus of the thi element; ig  is the corresponding 
standard Gaussian random field; and ln Eμ  and ln Eσ  are the mean and standard 
deviation of lognormal E  , which can be obtained using the following formula 

2 2 2
ln ln(1 / )E E Eσ σ μ= +   (2a) 

2
ln ln

1
ln( )

2E E Eμ μ σ= −  (2b) 

Assume the correlation coefficient along the depth z as 

)
2

exp()(
δ
τ

τρ −=
 (3) 

whereτ  is the spatial interval in the direction z  and δ  is the scale of fluctuation, 
which reflects the spatial correlation of the soil properties.  

Assuming separable and independent correlation coefficients in three 
directions, the 3D correlation coefficient can be expressed as 

1 2 3 1 2 3

1 2 3

1 2 3

( , , ) ( ) ( ) ( )

2 2 2
exp( )exp( )exp( )

ρ τ τ τ ρ τ ρ τ ρ τ
τ τ τ

δ δ δ

=

= − − −
 

(4) 

The correlation function is then, 
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2
1 2 3 ln 1 2 3( , , ) ( , , )ER τ τ τ σ ρ τ τ τ=  (5) 

and the power spectral density can be obtained using the Wiener-Khinchine 
theorem as follows:  

1 2 3

2 31 2
ln 2 2 2 2 2 2

1 1 2 2 3 3

( , , )

22 2

(4 ) (4 ) (4 )E

S k k k

k k k
δδ δσ

π δ π δ π δ
   

=    + + +     

(6) 

where 1 2 3, ,k k k  are the wave numbers and 1 2 3, ,δ δ δ  are the scales of fluctuations 
in the three directions, respectively. The correlation function or the power 
spectral density establishes the spatial probability structure of a Gaussian random 
field. 

2.3 Generation of Elastic Modulus Field 

There are various methods for generating the realizations of a random field, 
in which the spectral method is powerful and robust for synthesizing random 
fields and can simulate multi-variate and multi-dimensional processes, including 
non-Gaussian processes. So it is adopted in this paper. 

For three dimensional problems, assume 0 1 2 3( , , )f x x x  is the simulated random 
field. According to Shinozuka and Deodatis (1996), 0 1 2 3( , , )f x x x can be expressed 
as 

1 2 3 1 2 31 2 3
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where: 

1 2 3 1 2 3

(1)
1 2 3 1 2 32 ( , , )n n n n n nA S k k k k k k= Δ Δ Δ  (8) 

1 2 3 1 2 3

(2)
1 2 3 1 2 32 ( , , )n n n n n nA S k k k k k k= − Δ Δ Δ  (9) 

1 2 3 1 2 3

(3)
1 2 3 1 2 32 ( , , )n n n n n nA S k k k k k k= − Δ Δ Δ   (10) 

1 2 3 1 2 3

(4)
1 2 3 1 2 32 ( , , )n n n n n nA S k k k k k k= − − Δ Δ Δ  (11) 
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11 1 1nk n k= Δ ,   
22 2 2nk n k= Δ ,
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where
1 2 31 2 3( , , )n n nS k k k  is the spectral density function of 0 1 2 3( , , )f x x x .

1 2 3 1 2 3

(1) (2),n n n n n nφ φ , 
and 

1 2 3

(3)
n n nφ  are the random variables with uniform distribution in the interval [0, 2π] , 

and 1 2,u uk k , and 3uk are the upper cut-off wave numbers corresponding to 1 2,x x  and 

3x in the space domain, respectively. 

3. FINITE ELEMENT MODEL OF TUNNEL 

3.1 Tunnel Information 

The tunnel under consideration is a typical road tunnel for highways, 
located in Shandong province, China. The length of the tunnel is about 800m. 
Figure 2(a) shows the longitudinal geological conditions of the tunnel, with 5 
boreholes for measuring the site data of the soil. The tunnel is shallow buried, 
with the maximum depth of 40m. For the sake of simplicity, a horizontal ground 
surface was assumed, with the average depth of 30m to the center of the tunnel. 
The detailed section of the tunnel lining is shown in Figure 2(b), with height and 
width of 10.01m and 11.50m,respectively. The lining is assumed to be 0.7m thick 
of shotcrete.  

                 
(a) The longitudinal section                              (b) Cross section of the tunnel (cm) 

Figure 2 Tunnel information 

3.2 Finite Element Model of Tunnel System 

The ABAQUS finite element software is used to perform the soil-tunnel 
structure interaction analysis. The foundation is modeled using 8-node solid 
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elements, and the tunnel structure is modeled using 4-node shell elements. The 
full scale of the numerical model is 100m×40m×32m（length×width×depth, and 
the element size is 2m by 5m. For simplicity, the interface between the soil and 
structure is not modeled, which means their node are tied together. The soil-
tunnel structure interaction finite element model is illustrated in Figure 3.  

Infinite elements on both sides of the tunnel and on bottom longitudinal side 
are added..  

 
(a) soil-tunnel system       (b) tunnel model 

Figure 3  Three dimensional finite element model 

3.3 Material Parameters 

The Drucker-Prager constitutive model is adopted to simulate the plasticity 
of the soil, and the lining of the tunnel is assumed as elastic. The material 
parameters of the soil and lining are presented in Table 1. The elastic modulus of 
the soil is simulated as a random field.  

Table 1 Material parameters of the soil and structure 

parameters soil structure 
Unit weight(kN/m3) 19.6 24 

Poisson’s ratio 0.30 0.15 
Young’s modulus E (MPa) 2200(mean) 200000 

friction angel(degree) 50 ─ 
dilation angel(degree) 5 ─ 

k  1 ─ 
Coherence 1.76 ─ 

yielding stress(MPa) 2.0 ─ 

* k is the ratio of the flow stress in tri-axial tension to the flow stress in tri-axial 
compression 

The scale of fluctuation δ is determined by combining the site measured 
data and research results of Zhu and Zhang (2013); the vertical and horizontal 
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values of δ are 2m and is 5m, respectively. The spectral method (Eq.7) was then 
adopted in the numerical generation of the random field. Two samples of the 
elastic modulus random field of the soil deposit at the longitudinal position 0m 
and 50m is presented in figure 4, with dimensions of 40m by 32m in the 
horizontal and vertical directions, respectively. 

      
(a) 0m                                               (b)50m 

Figure 4 Samples of the random field 

3.4 Dynamic Input 

In the present study, the east-west component at the Qingping station during 
the Wenchuan earthquake in 2008 was considered. The acceleration time history 
during the strong motion from 30s though 65s is adopted, shown in Figure 5. 
This seismic acceleration was applied at the base of the finite element model in 
the perpendicular direction to the longitudinal axis of the tunnel. 

 
Figure 5 Acceleration time history of Qingping East-west components (30-65s duration) 

4. SEISMIC ANALYSIS RESULTS OF THE TUNNEL SYSTEM 

The results obtained with the finite element model of the random field for 
elastic modulus are shown in Figures 6 through 8. These results were obtained 
using the finite element software ABAQUS for the static and dynamic analyses. 

Figure 6(a)-(b) show the Mises stress distribution of the soil and tunnel, 
respectively. In order to display more clearly, only one half of the tunnel is 
shown here. It shows that the stresses in the tunnel are generally higher than the 
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stresses in the soil. For the tunnel, high stresses occur at its side corners and 
bottom corners which would be important in considering its design.  

       
(a) Soil Mises stress                                                (b) tunnel Mises stress 

Figure  6 The Mises stress distribution of soil and tunnel 

For the earthquake input at the perpendicular direction to the tunnel axis, the 
response at different cross sections of the tunnel are considered. Figure 7(a)-(c) 
display the maximum and minimum values of the hoop force Fφ , shear force yF  
and bending moment zM of the cross sections, respectively, along the tunnel 
during the entire analysis time. The peak hoop force and shear force are not 
uniform at different positions along the tunnel, these stresses are higher in the 
middle than at the two ends. Whereas the bending moment is more uniform than 
the hoop force or shear force. 

   
(a) hoop force Fφ                          (b) shear force yF

               (c) bending moment zM  

Figure 7 Peak values of internal forces along tunnel 

Figure 8 shows the time histories of the hoop force Fφ , shear force yF  and 
bending moment zM of cross sections at different locations in the tunnel. These 
show that the hoop force and shear force in the middle of the tunnel is higher 
than at the two ends. Whereas the bending moment does not show this trend. 
From this, it can be observed that for the same soil conditions around the tunnel 
and under similar earthquake input, the internal force time history at different 
positions will have some variations. 
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(a) hoop force Fφ                      (b) shear force yF

                 (c) bending moment zM  

Figure 8 Time histories of the tunnel longitudinal internal forces at different positions 

5. RELIABILITY EVALUATION 

In the evaluation of the reliability of the tunnel, the  mean value of the soil 
elastic modulus take the random field generated above, and the coefficient of 
variation (c.o.v) of the surrounding soil is taken as 0.3. And the lognormal 
distribution is adopted in the simulation.  

With the tunnel system model described above, and incorporating the 
probability density evolution method(PDEM) developed by Li and Chen(Li 
&Chen, 2004), the reliability of the tunnel system were evaluated with the 
equivalent extreme-value events (Li, et al., 2007).  

5.1 The Probability Density Evolution Method (PDEM) 

To provide a brief synopsis of the probability density evolution method, the 
main formulas of the method are briefly outlined below.  

According to Li &Chen (2006), the probability density evolution function 
equation is  

( , , ) ( , , t)
( , t) 0X Xp x t p xX

t t
θ θθ θθ∂ ∂

+ =
∂ ∂

&
 

(15) 

where ( , , )Xp x tθ θ  is the joint PDF of ( , )X x Θ ; ( , t)X θ& is the velocity of the 
structural response. 

The initial condition of Eq.(15) is  

00
( , , ) ( ) ( )X t

p x t x x pθ δ θΘ Θ=
= −   (16) 

Eq. (15) can be solved with the initial condition of Eq.(16) using finite-
difference method. The solution procedure may be described as follows: 
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(1)Select the representative points of the random variables. The selected points 
are ( 1, 2, , )q selq Nθ =  ,where selN  is the total number of the representative points. 

(2)Perform the response simulations based on the proposed random field model 
of the tunnel-soil system for each of the representative points. 

(3)The finite-difference computation method (Chen & Li, 2005) is used to obtain 
the joint probability density function. 

(4)Apply a numerical integration with respect to qθ  to obtain the numerical 
values of the PDF.  

5.2 PDEM-based Evaluation of the Extreme-value Distribution and System 
Reliability 

5.2.1 Limit-state Functions 

Two limit-state functions were considered in the evaluation of the reliability 
of the tunnel: the first one is the design limit-state which is defined according to 
the Code for Design of Road Tunnel (JTG D70-2004) of China. For this limit-
state, the cross section strength of the tunnel, as designed, can be divided into 
two types: (1) large eccentricity compression and (2) small eccentricity 
compression, in accordance with the relative compression height of the cross 
section, x , which is calculated as follows: 

0 0 0

0

3.2

4
y s y s

c y s

Nh f A h f A h
x

f bh f Aα
′ ′− +

=
+   

(17) 

When 00.55x h≤ , where 0h is the effective height of the tunnel, it is defined as 
the large eccentricity compression, then the dimensionless design limit-state 
function is  

1

1 0 0

1
( ) ( )

2c y s

MZ
f bx h x f A h aα

=
′ ′ ′− + −

  (18) 

Whereas, when 00.55x h> , it is defined as small eccentricity compression. In 
this case, the dimensionless design limit-state function is 

2 2
0 00.5 ( )a y s

MZ
R bh f A h a

=
′ ′+ −

  (19) 
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Based on the concept of the equivalent extreme-value event, the 
corresponding  extreme-value event for the design limit-state can be formulated 
as  

max 1 2
1 0
max(max(Z , Z ))

j m t T
Z

≤ ≤ ≤ ≤
=

 
(20) 

where j  is the element number and T is the duration of the earthquake. 

The dynamic reliability can then be obtained through one dimensional 
integration; namely, 

{ }
max( )

1

max 0
( ) 1

zZR T P Z p dz= < =    
 (21) 

The second limit-state function represents the ultimate failure of the tunnel. 
This limit-state is based on exceeding the ultimate compression strength of the 
concrete in the tunnel lining. The corresponding failure probability, and 
conversely its reliability, is calculated also with Eq.21 in which Zmax is the 
pertinent extreme-value event. 

5.2.2 Reliability Evaluation of the Tunnel 

The reliability under limit-state one, defined as not exceeding the design 
code-specified strength, is shown in Table 2. It can be seen that this reliability of 
the tunnel is reasonable in most cases even under such a strong earthquake 
acceleration (8.24m·s-2). For this limit-state, the design strength of the concrete is 
29.5MPa in the present study. It should be emphasized that the tunnel reliability 
shown in Table 2 are not against the failure of the tunnel.   

The reliability against failure of the tunnel is defined by the second limit-
state (defined above) in which the ultimate strength of the concrete must be 
considered. According to Li (2014), the mean ultimate concrete compression 
strength can range from 35MPa to 40MPa. Results for the reliabilities against 
ultimate failure (second limit-state) are shown in Table 3. Figure 9 is the PDF 
(probability density function) and CDF (cumulative probability density function) 
of the equivalent extreme-value event maxZ with ultimate strength 40MPa. 
According to these results, a tunnel thickness of 0.85m with a concrete ultimate 
strength above 35MPa would be necessary to ensure safety against the Wenchuan 
earthquake.  
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Table 2 Reliability of tunnel against design strength 

Case No. thickness /m Design strength /MPa Reliability Pr 
1 0.70 29.5 0.4618 
2 0.80 29.5 0.8724 
3 0.85 29.5 0.9190 

Table 3 Reliability of tunnel against ultimate strength 

Case No. thickness /m Ultimate strength /MPa Reliability Pr 
1 0.70 35 0.6521 
2 0.70 40 0.7095 
3 0.80 35 0.9101 
4 0.80 40 0.9197 
5 0.85 35 0.9904 
6 0.85 40 1.0 

  
(a) PDF and              (b) CDF (0.85m, 29.5MPa) 

 
(a) PDF  and            (b) CDF (0.85m, 35MPa) 

Figure 9  PDF (a) and CDF (b) of Zmax under ultimate strength (thickness 0.85 m) 

6. CONCLUDING REMARKS 

The soil/rock deposits around a tunnel clearly have spatial correlation and 
should be considered in the response analyses and its reliability evaluations. This 
paper focused on the analysis of the tunnel-soil system with a random field 
model using the finite element method and determining the effects of the random 
field on the response and reliability of a specific tunnel subjected to a scenario 

Reliability 

Reliability 
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earthquake. Based on this analysis, the following concluding remarks may be 
deduced. 

(1)The analysis results show that the hoop, shear forces and bending moments of 
the cross sections along the longitudinal direction are not uniformly 
distributed, and the middle part is higher than the two ends. 

(2)Using the PDEM, the reliability evaluation of the tunnel can be obtained 
effectively. 

(3)For the actual tunnel under consideration, its design against earthquakes was 
not considered. Therefore, the tunnel may not be safe against strong 
earthquakes such as the Wenchuan event. 
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ABSTRACT: Magnetorheological (MR) fluid is a kind of smart controllable 

materials, which has been widely used in the devices and components of 

engineering structures. In this paper, a numerical simulation of dynamics behavior 

of MR damper is investigated using the routine of computational fluid dynamics. 

The dynamics equations of MR fluid are firstly introduced. A finite element 

analysis tool FLUENT in the commercial software ANSYS is used to carry out 

the simulation on how the MR damper works. For highlighting the mechanical 

mechanism of dampers, a two-dimensional numerical model is built up. 

Herschel-Bulkley model is used to simulate the property of the MR fluid. By 

loading the sinusoidal displacement and random displacement on the MR damper 

with different current levels, the force of the damper piston is monitored and the 

relationship curves of damping force vs displacement and damping force vs 

velocity are gained. It is indicated that the MR damper exposes pronounced input 

current-dependent and load rate-dependent behaviors. The simulation results 

match well with previous experimental results. 

1. INTRODUCTION 

MR fluid is a kind of smart controllable materials which consists of metal 

micro-particles soaking in a carrier liquid. The metal particles are usually made of 

carbonyl iron, powder iron, or iron/cobalt alloys to achieve a high magnetic 

saturation. Silicone oil and mineral oil are generally employed as the carrier liquid 

depending upon the requirements for the application to be considered (Olabi AG, 

2007). When applied an external magnetic field, the fluid can transform from an 

ordinary Newtonian fluid to a viscoelastic solids in an instant (millisecond) and 

exhibits controllable yield strength. It is worth mentioning that the transformation 
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of phase change is reversible. The MR fluid has the characteristics of easy 

re-dispersing, high shear yield strength, low viscosity, fast response time, wide 

working temperature range and small energy demand. So it features broad 

application prospects in many fields, such as civil engineering, aerospace, 

automotive, mechanical precision polishing. 

The most widely use of MR fluid in civil engineering is the fabrication of 

MR dampers, which serves as one of the most effective and efficient 

vibration-control devices. MR dampers can dynamically adjust their parameters 

according to the vibration response of structures and provide controllable damping 

forces for structural vibration reduction (Tu et al., 2011). According to the 

difference of the force state and the flow characteristics, the MR damper can be 

classified as operating in four models: valve mode, direct shear model, squeeze 

mode and shear-valve mode. The shear-valve mode is one of the most promising 

modes, which serves as the research object in this paper. 

The MR damper has an excellent performance of damping force. While the 

dynamic test results show that it features a strong nonlinear hysteretic 

characteristic. The traditional tests can only gain some dynamic characteristics of 

MR damper with harmonic loads due to the limitation of experimental setup. The 

results, however, are not quite comprehensive especially for the investigation of 

load rate-dependent behaviors. So it is necessary to proceed the numerical 

simulation of MR dampers. In this paper, the simulation of MR damper with finite 

element software ANSYS 14.0 Fluent is carried out. The MR damper geometry is 

designed and created in Gambit 2.3.16 program, and then imported to the ANSYS 

software for two-dimensional numerical computations. The relationship curves of 

damping force against displacement and damping force against velocity are 

gained. 

2. SIMULATION OF MR DAMPERS 

1.1 Fluent 

Ansys 14.0 Fluent is currently an internationally popular commercial CFD 

packages. It has abundant physical model, advanced numerical methods and 

strong pre-processing and post-processing functions. The software is widely used 

in aerospace, automobile design, oil and natural gas and turbine design. 
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The software package of FLUENT is composed of the following parts: 

(i) GAMBIT - generation of geometric structures and meshes. 

(ii) FLUENT - a solver for performing fluid simulation calculations. 

(iii) prePDF - for simulating the combustion process of PDF. 

(iv) TGrid - generation body mesh from an existing boundary mesh. 

(v) Filter (Translator) – transform the grid generated by other programs for 

FLUENT calculation. 

The simulation steps using FLUENT software for fluid flow and heat transfer 

calculations are: firstly use GAMBIT to build flow area; define the boundaries 

and generate the type of grid; then import the GAMBIT grid file to FLUENT for 

solving; finally deal with the results of the calculation with post-processing tools.  

1.2 Modeling of MR dampers 

A large-scale 20-ton MR damper with double rod designed and tested by 

Yang (2001) is set as the prototype of numerical simulation. Considering the 

symmetry of the structured damper, only half of the structured damper is built up. 

Then a numerical model is provided in Gambit 2.3.16, as shown in Figure 1. 

Using a quadrilateral element to mesh the model, the grid size is defined as 0.5 

mm. The mesh file is then imported into the Fluent for simulations. The model of 

MR fluid used in numerical simulations employs Herschel-Bulkley model. With 

different current levels corresponding to the experimental cases, i.e. 0A, 0.25A, 

0.5A, 1A, 2A, the parameters of the viscosity model are set as Table 1. 

 

Figure 1. Meshed model of MR damper in Gambit. 

Dynamic behaviors of the MR damper is simulated under a sinusoidal 

displacement with loading amplitude 2.54 cm, loading frequency 0.5 Hz, and a 

random displacement with the same peak value is investigated as well. For a ready 

solution, a dynamic layering method is used. 
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1.3 Dynamic layering method  

Moving boundary is a challenge for the numerical simulation using finite 

element schemes. The layer of cells adjacent to the moving boundary (see the 

layer j  in Figure 2) is usually split or merged into the layer of cells next to it 

(see the layer i  in Figure 2), which typically relies upon the height h of the cells 

in the layer j . 

layer i

layer j

moving
boundary

h

 
Figure 2. Schematic diagram of dynamic layering method. 

If the cells in the layer j  are expanding, the cell heights are allowed to 

increase until 

min (1 )s idealh a h> +                         (1) 

where minh  denotes the minimum cell height of the layer j  ; idealh denotes 

the ideal cell height, and sa denotes the layer split factor. ANSYS 

FLUENT allows to define idealh  as either a constant value or a value that varies as 

a function of time or crank angle. When the condition in Eq. (1) is satisfied, the 

cells are split based on the specified layering option. This option could be based 

on height or ratio. 

In case of the height-based option, the cells are split to create a layer of cells 

with height idealh  and a layer of cells with height idealh h− . While in case of the 

ratio-based option, the cells are split such that locally, the ratio of the new cell 

heights is exactly sa . If the cells in the layer j  are being compressed, they can be 

compressed until 

min c idealh a h>                              (2) 

where ca denotes the layer collapse factor. When this condition is satisfied, the 

compressed layer of cells is merged into the layer of cells above the compressed 

layer; i.e., the cells in the layer j  are merged with those in the layer i . 
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3. SIMULATION ANALYSIS 

By monitoring the pressure on the left and right sides of the damper piston 

and the shear stress of the side near the gap, the damping force of the MR damper 

could be calculated. Then the relationship curves of damping force against 

displacement and damping force against velocity are gained. 

  
(a) Force-velocity relationship.             (b) Force- displacement relationship. 

Figure 3. Force-velocity and force-displacement relationships under 2.54 cm, 0.5 Hz 
sinusoidal displacement excitation. 

Figure 3 shows the force-velocity and force-displacement behaviors of MR 

damper under current levels and displacement load in sinusoidal function with 

amplitude 2.54 cm and frequency 0.5 Hz. As shown in the figures, we find that 

the effects of changing input currents are readily observed. When the input current 

be set to 0 A, the MR damper primarily exhibits the characteristics of a purely 

viscous device. The force-displacement relationship is approximately elliptical, 

and the force-velocity relationship is nearly linear. As the input current increases, 

the force required to yield the MR fluid in the damper also increases. Figure 4 

compares the simulated and experimentally-obtained damper responses under 

sinusoidal displacement excitations with input currents 1A. We find that in the 

experimental result, the force-displacement loop progresses along a clockwise 

path over time; the force-velocity loops progresses along a counter-clockwise path 

over time. However, the simulation results have a one-to-one mapping 

relationship between the force and velocity. The difference between them is due to 

the complex boundary condition posing upon the MR fluid in the damper so that 

the fluid does not completely submit to the Herschel-Bulkley model. 
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(a) Force-velocity relationship.             (b) Force- displacement relationship. 

Figure 4. Comparison between the simulated and experimentally-obtained damper responses 
under sinusoidal displacement excitations with input current 1A: (a) Force-velocity 
relationship; (b) Force-displacement relationship. 

There features a similar results in case of the input current set to be 0A, 

0.25A, 0.5A and 2A. When the input current increases, the simulation result is a 

little bigger than the experimental result. The maximum forces of the 

experimental results and simulation results and their differences in case of input 

currents are showed in Table 1. It is explained that the MR fluid exists shear 

thinning at high magnetic fields correspond to high current levels.  

Table 1. Maximum forces of experimental results and simulation results, and 
the errors between them with different input currents. 

Input current  0A 0.25A 0.5A 1A 2A 

Simulation 22.09 73.17 114.94 180.09 212.73  

Experiment 23.11 73.31 112.70 168.13 189.64  

Error 4.40% 0.18% 1.99% 7.12% 12.17% 

Further, applying the random excitation to the simulation of MR damper with 

different input currents, we could derive the relationship curves of damping force 

against displacement and damping force against velocity. Figure 5 shows the case 

with input current 1A. It is seen that the force-velocity profile is close to the first 

and third quadrant, and the force-displacement profile is still plump. While the 

both curves expose to be more complex than those in case of sinusoidal 

displacement load. A significant load rate-dependent behavior could be found in 

the figure. The simulation results are consistent with the expectation.  
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(a) Force-velocity relationship.               (b) Force- displacement relationship. 

Figure 5. Simulated damper responses under random displacement excitations with input current 
1A: (a) Force-velocity relationship; (b) Force-displacement relationship. 

4. CONCLUTION 

A finite element analysis software FLUENT is used in this paper to simulate 

how the MR damper works in a two-dimensional case. By posing a sinusoidal 

displacement and random displacement on the simulated damper, the force of the 

damper piston is monitored and its hysteretic curves of relationship between 

damping force and displacement or velocity are derived. Numerical results 

indicate that the simulation results match well with the experimental results when 

posing the sinusoidal displacement upon the damper. There is a small relative 

error in case of different current levels. While posing random displacement upon 

the damper, the simulation results are consistent with the expectation. A 

significant load rate-dependent behavior could be found in this case. The present 

work provides a practical manner towards the investigation of the dynamic 

behavior of MR dampers under complicated operation conditions, which bypasses 

the challenge linking in the traditional tests with harmonic loads due to the 

limitation of experimental setup. 
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Structural system identification and reliability evaluation are two important 
aspects of structural health monitoring. In most previous investigations, structural 
system identification and reliability evaluation are treated separately. The 
integration of structural reliability evaluation with the results from system 
identification (damage detection) is still in its infancy. In this paper, a method is 
presented for integrated structural identification and reliability evaluation of 
stochastic building structures, i.e., structural system identification is embedded in 
the procedure of reliability evaluation of a stochastic building structure. When 
uncertainties or random parameters, which are inescapable for building structures, 
are taken into account in system identification, all structural elemental stiffness 
parameters identified from measurement data are random parameters. The 
evaluating the component reliability of stochastic structures with only one limit 
state function is coupled with the structure system identification by directly using 
the probabilistic information of the random parameters considered in the 
structural identification. Partial measurements of structural displacement 
responses polluted by high level measurement noise are used to construct the 
measured statistical moment, which are treated as the observations. Numerical 
examples are used to demonstrate that the structural component reliabilities of a 
multi-story shear building structure with different damage scenarios can be 
effectively evaluated by the proposed method. 
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Engineering structures may be subject to various random excitations. Once 
the state of such a system leaves safety domain for the first time, the structure 
may be damaged, which is called the first-passage failure. It is important to 
investigate the conditional reliability function and the conditional probability 
density of first-passage time in engineering practice. However, the first-passage 
failure is one of the most difficult problems in random vibration theory. It has 
been studied for many years. The known analytical solutions are limited only to 
the case where the random phenomenon in question can be treated as 
one-dimensional diffusion process. 

In the present paper, the first-passage failure of multi-degree-of-freedom 
(MDOF) quasi non-integrable Hamiltonian systems under additive and/or 
parametric Gaussian white noise excitation is investigated. First, by using the 
stochastic averaging method for quasi non-integrable Hamiltonian systems under 
Gaussian white noise excitation, the Hamiltonian can be approximated as a 
one-dimensional diffusion process, from which a backward Kolmogorov 
equation for conditional reliability function and generalized Pontryagin equations 
for the moments of first- passage time can be established. The conditional 
reliability is approximately expressed as a series expansion in terms of Laguerre 
polynomial with time-dependent coefficients. By using the Galerkin method, the 
time dependent coefficients of the associated conditional reliability function can 
be solved by a set of differential equations. Finally, the proposed procedure is 
applied to some MDOF quasi non-integrable Hamiltonian systems under 
excitations of Gaussian white noises. The results are verified by those obtained 
from Monte Carlo simulation. 
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